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PREFACE. 

To preserve Euclid's order, to supply omissions, 
to remove defects, to give short notes of explanation 
and simpler methods of proof in cases of acknow- 
ledged diflBcnlty — snch are the main objects of this 
Edition of the Elements. 

The work is based on the Greek text, as it is 
given in the Editions of August and Peyrard. To 
the suggestions of the late Professor De Morgan, 
published in the Companion to the British Almanack 
for 1849, 1 have paid constant deference. 

A limited use of symbolic representation, wherein 
the symbols stand for words and not for operations, 
is generally regarded as desirable, and it is certain 
that the symbols employed in this book are admis- 
sible in the Examinations at Oxford and Cambridga 

I have generally followed Euclid's method of 
proof, but not to the exclusion of other methods 
recommended by their simplicity, such aa t\i<^ da- 
mxmBtrations by which I propose to le^^'C.^ ^^ 
difScult Theorems 5 and 7 in the "Evt^'t 'S.oo'^ ^ 



vi PREFACE. 



have also attempted to render many of the proofs, 
as, for instance, those of Propositions 2, 13, and 35 
in Book L, and those of 7, 8, and 13 in Book II., 
less confusing to the learner. 

In Propositions 4, 5, 6, 7, and 8 of the Second 
Book I have ventured to make an important change 
in Euclid's mode of exposition, by omitting the 
diagonals from the diagrams and the gnomons from 
the text 

In the Third Book I have deviated with even 
greater boldness from the precise line of Euclid's 
method. Thus I have given new proofs of the Pro- 
positions relating to the Contact of Circles : I have 
used Superposition to prove Propositions 26 to 29, 
so as to make each of those theorems independent 
of the others ; and I have directed the attention of 
the learner to the Intersection of Loci, and to the 
conception of an Angle as a magnitude capable of 
unlimited increase. 

In the Fourth Book I have made no change of 
importanca 

My treatment of the Fifth Book was suggested 
by the method first proposed, explained, and de- 
fended by Professor De Morgan in his Treatise 
^^ ^Ae Connexion of Nurnber and M agmtucEe. The 
oietbod ia simple and rigorous, pTeaeu\.m§, ^xvs^^^ 



PREFACE, ▼» 



reasoning in a clear and concise form, by means of 
a system of notation, to which, I think, no valid 
objection can be taken. I have altered the order of 
the Propositions in this Book, so as to give promi- 
nence to those which are of chief importance. 

The only changes in the Sixth Book to which I 
desire to call the reader^s special attention, are the 
applications of Superposition in the proofs of Pro- 
positions 4 and 19. 

The diagrams in Book XI. form an important 
feature of this Edition. For them I am indebted 
to the kindness of Mr. Hugh Godfray, of St. John's 
College, Cambridge. 

The Exercises have been selected with consider- 
able care, chiefly from the University and College 
Examination Papers. They are intended to be pro- 
gressive and easy, so that a learner may be induced 
from the first to work out something for himselt 

A complete series of the Euclid Papers set in the 
Cambridge Mathematical Tripos from 1848 to 1872 
will be found on pp. 198-210 and 342-349. 

I have made but little allusion to Projections, 
because that part of the subject is fully explained 
by Mr. Eichardson in his work on Couic Se.dxcyn& 
treated Oeometrtcally, forming a port oi "Brrss^Qftss^^ 
Mathematical Series, 
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During the two years in which I have been en- 
gaged on this work, I have received from Teachers 
of Geometry in all parts of the country so much 
encouragement to proceed, and so much assistance 
at each step of my progress, that I feel justified in 
asserting that no text-book on Elementary Geometry 
is likely to meet with general support in England, 
if it involve any wide departure from the Euclidean 
model 

It only remains for me to offer my thaQks to 
the friends who have improved this work by their 
advice, and to assure each reader of the book that 
any suggestion for its furl her improvement will be 
thankfully received by me. 

J. HAMBLIN SMITH. 
42 Trxjmpington Strelt, 

CAMBRIDaE, 1872. 
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ELEMENTS OF GEOMETRY. 



INTRODUCTORY REMARKS. 

When a block of atone is hewn from tlie rock, we otll it a 
Solid Body. The Btone-cutter Bhapea it, and brings it into 
that which we call reyydarily of form ; and then it beoomes 
a Solid Figurt. 

Now MippoBe the tgate to be each that the 
block tua six flat aidee, each the exa^ coonter- 
part of the others ; Bothat,toone whostanda 
&cing a comer of the block, the three side* 
which are visible present the appearance i«- 
presented in this diagram. 

Each side of the figure ia called a Surface; And when 
smoothed and polished, it is called a Phme Sur&oe. 

The sharp and well-defined edges, in which each pair o( 
Bides meets, are called Lina. 

The place, at which any three of the edges meet, b called 
« Point 

A Magniliide ia an^fthing which ia made up of parts in an; 
waj hke itself. Thus, a line is a magnitude ; because we may 
regard it aa made up of parta which are themselves lines. 

The properties Lengtb, Breadth (or Width), and Thickness 
(or Depth or Height) of a body are called ita JHmmiiimi. 

We make the following distinction between Solids, Surbcea, 
Linea, and Points : 

A Solid has three dimensions. Length, Breadth, Tliicknesa. 

A Surfoce haa two dimensions, Length, Breadtli. 

A Line has one dimeoaion, Length. 

A poiot lias no dimensions. 

S.K 
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DEFINITIONS. 

L A Point is that which has no parts. 

This is equiyalent to saying that a Point has no magnitude, 
since we define it as that which cannot be divided into smaller 
parts. 

IL A Line is length without breadth. 

We cannot oonceiye a visible line without breadth ; but 
we can reason about lines as if they had no breadth, and this 
is what Euclid requires us to do. 

III. The Extremities of finite Lines are points. 

A point marks position, as for instance, the place where a 
line begins or ends, or meets or crosses another line. 

IV. A Straight Line is one which lies in the same direction 
from point to point throughout its length. 

y. A Surface is that which has length and breadth only. 

YI. The Extremities of a Surface are lines. 

yn. A Plane Surface is one in which, if any two points 
be taken, the straight line between them lies wholly in that 
surface. 

Thus the ends of an uncut cedar-pencU are plane surfaces ; 
but the rest of the eaifauae of the pencil is not a plane surfEice, 
since two points may be taken in it such that the straight line 
joining them will not lie on the surface of the pencil 

In our introductory remarks we gave examples of a Surface, 
a line, and a Point, as we know them through the evidence 
of the senses. 
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The Sor&oeSy Lines, and Points of Geometry may be regarded 
as mental pictures of the surfjEuses, lines, and points which we 
know from experience. 

It is, however, to be observed that GJeometry requires us to 
conceive the possibility of the existence 

of a Surface apart from a Solid body, 
of a Line apart from a Surface, 
of a Point apart from a Line. 

YIIL When two straight lines meet one another, the inclina- 
tion of the lines to one another is called an Angle. 

When two straight lines have one point common to both, 
they are said to form an angle (or angles) at that point. The 
point is called the vtrUx of the angle (or angles), and the lines 
are called the armA of the angle (or angles). 




3 m 





Thus, if the lines OA^ OB are terminated at the same 
point 0, they form an angle, which is called the angle cU 0, or 
the angle AOBy or the angle 50^,— the letter which marks 
the vertex being put between those that mark the arms. 

Again, if the line CO meets the line DE at a point in the 
line DEf so that is a point common to both lines, CO is said 
to make with DE the angles COD, COE ; and these (as having 
one arm, CO, common to both) are called adjacent angles. 

Lastly, if the lines FG, HK cut each other in the point 0, 
the lines make with each other four angles FOR^ HOG^GOK^ 
KOF; and of these GOH, FOK are caWed •oertlcol^ ot^^^^vXa 
angles, as also are FOH and QOK. 
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AVhen Hhru or more straight lines as OA, OB, 00, OD have 
a point common to all^ the angle formed by one of them, OB, 




with OA may be regarded as being made up of the angles AOB, 
BOG, COD ; that is, we may speak of the angle AOD as a 
whole, of which the parts are the angles AOB, BOG, and COD- 

Hence we may regard an angle as a Magnitude, inasmuch 
as any angle may be regarded as being made up of parts which 
are themselves angles. 

The size of an angle depends in no way on the length of 
the arms by which it is bounded. 

We shall explain hereafter the restriction on the magnitude 
of angles enforced by Euclid's definition, and the important 
results that follow an extension of the definition. 

IX. When a straight line (as AB) meeting another straight 
line (as CD) makes the adjacent ^ 

angles {ABC and ABD) equal 
to one another, each of the angles 
is called a Right Angle ; and 
each line is said to be a Per- 
pendicular to the other. a B D 

X. An Obtuse Angle is one 
which is greater than a right 
angle. 

XI. An Acute Angle is one 
which is less than a right angle. 

XII, A Figure ia that which is enclosed by one or more 
boundaries. 
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XIII. A Circle is a plane figure contained by one line, 
which is called the Circumference, and is such, that all 
straight lines drawn to the circumference from a certain point 
(called the Centre) within the figure are equal to one> 
another. 

XrV. Any straight line drawn from the centre of a circle to 
the circumference is called a Radius. 

XV . A Diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 




Thus, in the diagram, is the centre of the circle ABCDf 
OA, OBf OCy OD are Radii of the circle, and the straight line 
AOD is a Diameter. Hence the radius of a circle is half the 
diameter. 

XYI. A SEMiaRCLE is the figure contained by a diameter 
and the part of the circumference cut off by the diameter. 

XVII. Rectilinear figures are those which are contained 

by straight lines. 

The Perimeter (or Periphery) of a rectilinear figure is the 
sum of its sides. 

XVIII. A Triangle is a plane figure contained by three 
straight lines. 

XIX. A Quadrilateral is a plane figure contained by 
four straight lines. 

XX. A Polygon is a plane figure contained by more than 
four straight lines. 

When a polygon has all its sides eqvia\ au^ «2\ \\a «si^«^ 
eqaal it is called a regular polygon. 
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XXI. An EQUiiiATERAL Triangle is one which 
has all its sides equal. 

XXII. An Isosceles Triangle is one which 
has two sides equal. 

The third side is often called the 6ase of the / 
triangle. /_ 






The term 6(we is applied to any one of the sides of a 
triangle to distinguish it from the other two, especially when 
they have been previously mentioned. 

XXIII. A KiGHT-ANOLED Triangle is 
one in which one of the angles is a right 
angle. 

The side svhtendingf that is, which is opposite the right angle, 
is called the Hypotenuse, 

XXIV. An Obtuse-angled Triangle is 
one in which one of the angles is obtuse. 

It will be shewn hereafter that a triangle can have only 
one of its angles either equal to, or greater than, a right angle. 

XXV. An Acute-angled Triangle is one in 
which ALL the angles are acute. 

XXVI. Parallel Straight Lines are such 

as, being in the same plane, never meet when "~ 

continually produced in both directions. 

Euclid proceeds to put forward Six Postulates, or Requests, 

ihab he maj be allowed to make certain assumptions on the 

construction ofHgiiresand the propeTtiea oi gBom^\,i\<Qal nia^;- 
■^'tades. 
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Postulates 

Let it be granted — 

L That a straight line may be drawn from any one point to 
any other point. 

n. That a terminated straight line may be produced to any 
length in a straight line. 

III. That a circle may be described from any centre at any 
distance from that centre. 

IV. That all right angles are equal to one another. 
y. That two straight lines cannot enclose a space. 

VL That if a straight line meet two other straight lines, 
so as to make the two interior angles on the same side of it, 
taken together, less than two right angles, these straight 
lines being continually produced shall at length meet upon 
that side, on which are the angles, which are together less 
than two right angles. 

The word rendered ''Postulates'* is in the original 
olr^fuzra, "requests." 

In the first three Postulates Euclid states the use, under 
certain restrictions, which he desires to make of certain in- 
struments for the construction of lines and circles. 

In Post. I. and ii. he asks for the use of the straight ruler, 
wherewith to draw straight lines. The restriction is, that the 
ruler is not supposed to be marked with divisions so as to 
measure lines. 

In Post. ni. he asks for the use of a pair of compasses, 
wherewith to describe a circle, whose centre is at one extremity 
of a given line, and whose circumference passes through the 
other extremity of that line. The restriction is, that 
the compasses are not supposed to be capable of conveying 
distances. 

Post. IV. and y. refer to simple geometrical facts, which 
Euclid desires to take for granted. 

Post. VL may, as we shall shew hereafter, be deduced 
from a more simple Postulate. The student itras^i ^^i^x 
the consideration of this Postulate, till be \i&a t«m^^ ^^ 
17th VwpodiAon of Book I. 

Endidnext enumerates^ as statements oi lact^ mti^ KxioToa 
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or, as he calls them, Common Notions, applicable (with the 
exception of the eighth) to all kinds of magnitudes, and not 
necessarily restricted, as are the Postulates, to geometrical 
magnitudes. 

AxiOMa 

L Things which are equal to the same thing are equal to 
one another. 

II. If equals be added to equals, the wholes are equal 

III. If equals be taken from equals, the remainders are 
equal 

IV. If equals and unequals be added together, the wholes 
are unequal 

y. If equals be taken from unequals, or unequals from 
equals, the remainders are unequal 

YL Things which are double of the same thing, or of equal 
things, are equal to one another. 

YIL Things which are halyes of the same thing, or of equal 
things, are equal to one another. 

VIIL Magnitudes which coincide with one another are 
equal to one another. 

IX The whole is greater than its part. 

With his Common Notions Euclid takes the ground of 
authority, saying in effect, '* To my Postulates I request, to 
my Common Notions I claim, your assent." 

Euclid deyelops the science of Geometry in a series of 
Propositions, some of which are called Theorems and the rest 
Problems, though Euclid himself makes no such distinction. 

By the name Theorem we understand a truth, capable of 
demonstration or proof by deduction from truths previously 
admitted or proved. 

By the name Problem we understand a construction, capable 
of being effected by the employment of principles of construc- 
tion previously admitted or proved. 

A CcToUcury is a Theorem or Problem easily deduced from, 
or effected by means o^ a Proposition to which it is attached. 

We shall divide the First Book of the Elements into three 
aeoMons, The reason for this division wiU appear in the ooursp 
of the work. 
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SYMBOLS AND ABBREVIATIONS USED IN BOOK L 



•/ for because 

.* therefore 

» 18 (or are) equal to 

L angle 

A triangle 

equilat. equilateral 

extr exterior 

intr. interior 

pt point 

rectil rectilinear 



© for circle 

Oce circumference 

il parallel 

O parallelogram 

X perpendicular 

reqd required 

rt right 

8q. square 

sqq squares 

8t straight 



It is well known that one of the chief difficulties with 
learners of Euclid is to distinguish between what is assumed, 
or giyen, and what has to be proved in some of the Ph>- 
pofiitions. To make the distinction clearer we shall put in 
italics the statements of what has to be done inaProblem, 
and what has to be proved in a Theorem. The last line in the 
proof of every Proposition states, that what had to be done 
or proved has been done or proved 

The letters q. e. f. at the end of a Problem stand for (^itod 
mdfaeiimdwn^ 

The letters q. e. d. at the end of a Theorem stand for Quod 
erai demonstrandum. 

In the marginal references : 

Post, stands for Postulate. 

Def. Definition. 

Ax Axiom. 

1. 1 Book I. Propos\\.\oiL\. 

Hyp. ttaoda for Hjrpotheaia, suppositifm^ axA T^ic« ^a 
^metMug granted, or assumed to be true. 
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SECTION I. 
On the Properties of Triangles, 

Proposition I. Problem. 

To describe an equilateral triangle on a given straight 
line. 



a. 




Let ^JB be the given st. line. 

It is required to describe an equilat, A on AB, 

With centre. -4 and distance AB describe © BCD, Post. 3. 
With centre B and distance BA describe © ACE, Post. 3. 

From the pt. C, in which the © s cut one another, 

draw the st. lines CA, CB, Post. 1. 

Then will ABC be an equilat. A . 

For •.• ^ is the centre of © BCD, 

.', AC=AB, Def. 13. 

And •.• B is the centre of © ACE, 

,\ BC=AB, Def. 13. 

Now •.• AC, BC are each=-45, 

.-. AC=BC, Ax. 1. 

» 

Thus AC, AB, BC are all equal, and an equilat. A ABC 
lias been described on AB. 
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PROPOSITION II. 



It 



Proposition II. Problem. 

From a gimn point to draw a straight liiie equal to a 
given straight line. 




Let A be the given pt., and BC the given st. line. 
It is reqtivred to draw from A ast line equal to BC. 



From AtoB draw the st. line AB. Post. 1. 

On AB describe the equilat. A ABD. I. 1. 

With centre B and distance BC describe © CQH. Post. 3. 

Produce DB to meet the Qce CQH in O. 
With centre D and distance BG describe © OKL. Post. 3. 

Produce DA to meet the qqq GKL in L, 

Then will AL=BC. 

For •/ 5 is the centre of © COH, 

.-. BC^BG. Def. 13. 

And •.• D is the centre of © GKL, 

.'. DL=:DG. Def. 13. 

And parts of these, DA and DB, are equal. Def. 21. 

.'. remainder -4X= remainder BG. Ax. 3. 

But BC^BG ; 

.-. AL=BC. KilA, 



Thnsfrom pt A a st line AL has been drawn^BC. 



ct. '«..'»• 
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Proposition III. Problem. 

-From ^ greater of two given straight lines to cut off 
a pa/rt equal to the less. 




Let AB he the greater of the two given st. lines ABj CD. 
It is required to cut off from AB a part = CD. 

From A draw the st. line AE= CD. I. 2. 

With centre A and distance AE describe EFH, 

cutting AB in F, 

Thenwm AF=CD. 

For '.• -4 is the centre of © EFH, 

.-. AF=AE. 
But AE^ CD ; 

.-. AF=CD. Ax. 1. 

Thus from AB a part AF has been cut off= CD. 

Q. B. F. 

Exercises. 

1. Shew that if straight lines be drawn from A and B in 
the diagram of Prop. i. to the other point in which the circles 
intersect, another equilateral triangle will be described on 
AB. 

2. By a construction similar to that in Prop. iii. produce 
the less of two given straight lines that it may be equal to the 
greater. 

3. Draw a figure for the case in Prop, ii., in which the 
given point coincides with B. 

4. By a similar construction to that in Prop. i. describe 
on a given straight line an isosceles triangle^^hoE^ equal sides 

sAa/J be each equal to another given stTOi\g)i^\\ne. 
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Proposition IV. Theorem. 

If two triangles have two sides of the oru egucd to two sides 
of the other, each to each, and have likewise the angles contained 
by those sides equal to 07ie another, they mxut have their third 
sides equal ; and the two triangles must be equal, and the other 
angles must be equal, each to each, viz. those to which the equal 
sides are opposite. 




0_ 

In the A 8 ABC, DEF, 
let AB^DE, and AC=DF, and z BAC^' l EBF. 
Then must BC^EF and A ABC = A DEF, and tht other 
IS, to which the equal sides are opposite, must be equal, thai 
is, L ABC^ L DEF and l ACB^ i DFE. 

For, if A ABC be applied to A DEF, 
so that A coincides with D, and AB falls on DE, 
then •/ AB=DE, ,', B will coincide with E. 

And •/ AB coincides with DE, and z BAC= i EDF, Hyp. 

/. ^CwiUfallonDJ^. 
Then •.• AC=DF, ,\ C will coincide with F. 
And •/ B will coincide with E, and C with F, 

.\ BC will coincide with EF ; 

for if not, let it fall otherwise as EOF: then the two st. 
lines BC, EF will enclose a space, which is impossible. Post. 5. 

.". BC will coincide with and .*. is equal to EF, Ax. 8. 

and A ABC A DEF, 

and z ABC L DEF, 

and I ACB l DFE. 

<^ It. 'Si. 
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Note 1. On the Method of Superposition, 

Two geometrical magnitudes are said, in accordance with 
Ax. VIII. to be equalf when they can be so placed that the 
boundaries of the one coincide with the boundaries of the 
other. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide : and two angles 
are equal, if they can be so placed that their vertices coincide 
in position and their arms in direction : and two triangles are 
equal, if they can be so placed that their sides coincide in 
direction and magnitude. 

In the application of the test of equality by this Method of 
Superposition, we assume that an angle or a triangle may be 
moved from one place, turned over, and put down in another 
place, without altering the relative positions of its boundaries. 

We also assume that if one part of a straight line coincide 
with one part of another straight line, the other parts of the 
lines also coincide in direction ; or, that straight lines, which 
coincide in two points, coincide when produced. 

The method of Superposition enables us also to compare 
magnitudes of the same kind that are unequal. For example, 
suppose ABC and DEF to be two given angles. 





Suppose the arm BG to be placed on the arm EF, and the 
vertex B on the vertex E, 

. Then, if the arm BA coincide in direction with the arm J^D, 
the angle ABC is equal to DEF. 

If BA fall between ED and EF in the direction EF, 
ABC is less than DEF, 

If BA Ml in the direction EQ so that ED is between 
JS'g and HF, ABC is greater than DEP. 
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Note % On the Conditions of EguaUty of two TriangUi. 

A Triangle is composed of six parts, three sides and three 
angles. 

When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the Triangles are said 
to be equal in all respects. 

There are four cases in which Euclid proves that two tri- 
angles are equal in all respects ; yiz., when the following parts 
are equal in the two triangles. 

1. Two sides and the angle between them. I. 4. 

2. Two angles and the side between them. I. 26. 

3. The three sides of each. 1. 8. 

4. Two angles and the side opposite one of them. 1. 26. 

The Propositions, in which these cases are proved, are the 
most important in our First Section. 

The first case we have proved in Prop. rv. 

Availing ourselves of the method of superposition, we can 
prove Gases 2 and 3 by a process more simple than that em- 
ployed by Euclid, and with the further advantage of bringing 
them into closer connexion with Case 1. We shall therefore 
give three Propositions, which we designate A, B, and 0, in 
tiie Place of Euclid's Props, v. vi. vii. viii. 

The displaced Propositions will be found on pp. 108-112. 

Proposition A corresponds with Euclid I. 5. 

B I. 26, first part, 

L 8. 
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Proposition A. Theorem. 



If two sidei of a triangle be equal, the angles opposite those 
sides rnAJLst also be equal 





a a 



In the isosceles triangle ABC, let AC^AB, (Fig. 1.) 

Then must i ABC= l ACB. 

Imagine the A ABC to be taken up, turned round, and set 
down again in a reversed position as in Fig. 2, and designate 
the angular points A\ Bf, (7. 

Then in lb ABC, A'CB', 

V AB=A'C, and AC-^A'Bf, and z BAC^ l CA'B^, 

:, lABC^lA'CB, 1.4. 

But L A'CB'= I ACB ; 

.'. I ABC= I ACB, Ax. 1. 

Q.E.D. 

Cor. Hence every equilateral triangle is also equiangular. 

Note. When one side of a triangle is distinguished from 
the other sides hy being called the Base, the angular point op- 
posite to that side is called the VerUx o{ t^e \.miv^<&« 
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Proposition B. Thkorbm. 

If two triangles have two angles of the one equal to two 
angles of the other, each to each, and the sides adjacent to 
the equal angles in each also equal ; then must the triangles 
he equal in all respects. 





In A s ABC, DEF, 
let z ABC= L DEF, and z ACB^ i DFE, and BC=EF. 
Then must AB==DE,and AC=DF, and l BAC= l EDF. 

For if A DEF be applied to £^ABC, so that E coincides 
with B, and EF falls on BC ; 

then •/ EF=BC, .'. F will coincide with C ; 

and •/ z DEF=- z ABC, .-. ED wUl fall on BA ; 

.*. D will fall on BA or BA produced. 

Again, '/ z DFE= z ACB, ,\ FD will fall on CA ; 

.'. D will fall on CA or CA produced. 

.*. D must coincide with -4, the only pt. common to BA 
and CA, 

.'. DE will coincide \^ith and /. is equal to AB, 

a,nd DF AC, 

and z EDF z BAC, 

and A.DEF A ABC; 

and .'. the triangles are equal in all respects. 

Q. E. D. 

Cor. Hence, by a process like that in Prop. A, we can prove 
the following theorem : 

If two angles of a tricmgU he eqiialf the sides loMch, subUu^ 
/Aem are also equcd, (Eucl. L 6.) 



i8 
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Proposition C. Theorem. 

If two triangles have the three sides of the one equal to the 
three sides of the other, each to each, the triangle must he equal 
in all respects. 




Let the three sides of the A s ABC, DEF be equal, each 
to each, that is, AB=DE, AC^BF, and BC=EF. 

Then must the triangles be equal in all respects. 

Imagine the *a DEF to be turned over and applied to the 
A ABC, yi such a way that EF coincides with BC, and the 
vertex D falls on the side of BC opposite to the side on which 
A falls ; and join AD, 

Case I. When AD passes through BC, 




Then in t^ABD, v BD=BA, ,\ l BAD= l BDA, I. A. 

And in aACD, v CD^CA, .v z CAD= l CD A, I. A. 

.-. sum of z s BAD, a^I>=sum of z s BDA, CD A, Ax. 2. 
that is, lBAC^ L BDC, 

Hence we see, referring to the original triangles, that 

z BAC^ L EDF, 
- :, hy Prop, 4, the triangles ate equal m «\\ t^^^^\s. 
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Case II. When the line joining the vertices does not pass 
through J?0. 




Then in A ABB, v BD^BA, :. l BAD= l BDA, I. A. 
And in A^GD, •/ GD-^CA, .'. z CAD-= i CD A, I. A. 
Hence since the whole angles BAD, BDA are equal, 
and parts of these CAD, CD A are equal. 
.'. the remainders BAC, BDC are equal. Ax. 3. 
Then, as in Case I., the equality of the original triangles 
may be proved. 



Case III. When AC and CD are in the same straight 

line. 

A 




Then in A ABD, v BD=BA, .-. z BAD^ z BDA, I. A. 

that is, iBAC=- A BDC 

Then, as in Case I., the equality oi the oti^\i«\ USsasi^'y^ 
may he proved 
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Proposition IX. Problem. 
To bisect a given angle. 




Let BAC be the given angle. 

It is required to bisect L BAC, 

In AB take any pt. D. 

In AC make AE=AD, and join DE, 

On DE, on the side remote from A, describe an 
eqm[a.i,LDFE. I. 1. 

Join^i^. Then ^i^ will bisect i BAC, 

For in £,aAFD,AFE, 

••• AD=AE, and AF is common, and FD=FE, 

,\ I DAF= L EAF, I. c. 

that is, z BAC is bisected by ^^. 

Q. E. F. 

Ex. 1. Shew that ye can prove this Proposition by means 
of Prop. rv. and Prop. A., without applying Prop. C. 

Ex. 2. If the equilateral triangle, employed in the constmc- 
tion, be described with its vertex towards the given angle ; 
shew that there is one case in which the construction will fail, 
and two in which it will hold good. 

JVoTK— The line dividing an angle into two equal parts is 
called the Bisector of the angle. 
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Proposition X. Problem. 
To bisect a given finite straight lint. 




Let AB be the given at. line. 
It is required to bisect AB, 

On AB describe an eqoilat. tiACB. 

Bisect I ACB by the st line CD meeting AB in D ; 
then AB shall* be bisected in D. 



1.1. 
1.9. 



For in j^b ACD, BCD, 
*.• AC^BC, and CD is common, and z ACD= i BCD, 

.-. AD=BD ; I. 4. 

.'. AB is bisected in D. 

Q. E. F. 

Ex. 1. The straight line, drawn to bisect the vertical angle 
of an isosceles triangle, also bisects the base. 

Ex. 2. The straight line, drawn from the vertex of an 
isosceles triangle to bisect the base, also bisects the vertical 
angle. 

Ex. 3. Produce a given iinite straig][it Ime to & "^Vsi^)) vsq^Ocl 
that ibe part produced may be one-third of t\ie\mft>^^^^'^ 
made up of the whole and the part produced. 
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Proposition XI. Problem. 

To draw a straight line at right angles to a given straight 
line from a given point in the sa/me. 








:e 



3 



Let AB be the given st. line, and C a given pt. in it. 
It is required to draw from C a st line ± to AB, 

Take any pt. D in ^C, and in CB make CE= CD, 
On DE describe an equilat. A DFE. 

Join FC, FC shall be x to AB. 



I. 1. 



For in A 8 DCF, EOF, 

V DC=CE, and CF is common, and FD=FE, 

,; iDCF= lECF) I.e. 

and .-. FG\&JLio AB. Def. 9. 

Q. E. F. 

Cor. To draw a straight line at right angles to a given 
straight line AChom one extremity, 0, take any point D in 
-40, produce AC io E, making CE=CD, and proceed as in 
the proposition. 

Ex. 1. Shew that in the diagram of Prop. tx. -4-Fand ED 
intersect each other at right angles, and that ED is bisected 
by^jp^. 

Ex. 2. If be the point in which two lines, bisecting AB 
and -40, two sides of an equilateral triangle, at right angles, 
meet; shew that OA, OB, OC are all equal. 

-S'-r. ,9, Shew that Prop. xi. is a patticulax case o^^t«^, \^. 
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Proposition XIL Problem. 

To draw a straight litie perpendicular to a gvvm straight 
line of an unlimited length from a given point without it. 




Let AB be the given st. line of unlimited length ; the 
given pt without it. 

It is required to draw from C ast, line A. to AB, 

Take any pt. D on the other side of AB. 

With centre C and distance CD describe a © cutting AB 
in E and F, 

Bisect EF in 0, and join CE, CO, CF. I. 10. 

Then CO shall be ± to AB. 

For in L^ COE, COF, 

V EO=FO, and CO is common, and CE=CF, 

.'. L COE= L COF ; I. c. 

.-. 00 is X to AB. Def. 9. 

Q. E. F. 

Ex. 1. If the straight line were not of unlimited length, 
how might the construction fail % 

Ex. 2. If in a triangle the perpendicular from the vertex 
on the base bisect the base, the triangle is isosceles. 

Ex. 3. The lines drawn from the anguAat '^\si\& q?1 %c^ 
equilateral triangle to the middle points oi tine o^^ci«i\.^ ^\^^ 
are equal 
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Miscellaneous Exercises on Props. I. to XII. 

1. Draw a figure for Prop. ii. for the case when the given 
point A is 

(o) below the line BC and t« the right of it. 
(j3) below the line BG and to the left of it. 

2. Divide a given angle into four equal parts. 

3. The angles B, C, at the base of an isosceles triangle, are 
bisected by the straight lines BD, CD, meeting in D ; shew 
that BDC is an isosceles triangle. 

4. D, E, F are points taken in the sides BC, CA, AB, of 
an equilateral triangle, so that BD=CE=AF. Shew that 
the triangle DEF is equilateral. 

5. In a given straight line find a point equidistant from 
two given points ; 1st, on the same side of it ; 2d, on opposite 
sides of it. 

6. ABC is a triangle having the angle ABC acute, ki BA, 
or BA produced, find a point D such that BD==CD. 

7. The equal sides AB, AC, of an isosceles triangle ABC 
are produced to points JF^and 0, so that AF^AO. BG and 
CF are joined, and H is the point of their intersection. Prove 
that BH=CH, and also that the angle at ^ is bisected 
by AH. 

8. BAC, BDC are isosceles triangles, standing on oppo- 
site sides of the same base BC. Prove that the straight line 
from A to D bisects BC at right angles. 

9. In how many directions may the line AE he drawn in 
Prop. III. ? 

10. The two sides of a triangle being produced, if the 
angles on the other side of the base be equal, shew that the 
triangle is isosceles. 

11. ABC, ABD are two triangles on the same base AB 
and on the same side of it, the vertex of each triangle being 
outside the other. If AC=AD, shew that BC cannot =BD. 

12. From C any point in a straight line AB, CD is drawn 
at right angles to AB, meeting a circle described with centre 
A »nd disfcance AB in D ; and from AD, AE is cut off =AC : 

tf^ew that ABB is a right angle. 
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Proposition XIII. Theorem. 

The. angles which one straight line makes with another upon 
one side of it are either two right angles, or together equal to two 
right angles. 

Fig. 1. Fig. 2. 




a 

Let AB make with CD upon one side of it the z s ABC, 

ABD, 

Then must them he either two ri. l s, 

or together equal to tvjo rt l s. 
First, if I ABC= l ABD as in Fig. 1, 

each of them is a rt. z . Def . 9. 

Secondly, if i ABC be not= z ABD, as in Fig. 2, 

from B draw BE ± to CD, I. 11. 

Then sum of z s ABC, ABD^anm of z s EBC, EBA, ABD, 
and sum of z s EBC, EBD =s\im of z s EBC, EBA, ABD ; 
.-. sum of z s ABC, ABD=sum of z s EBC, EBD ; 

Ax. 1. 
.*. sum of z s ABC, ABD=swoi of a rt. z and a rt z ; 
.*. z s ABC, ABD are together = two rt. z s. 

Q. E. D. 

Ex. Straight lines drawn connecting the opposite angular 
points of a quadrilateral figure intersect each other in 0. 
Shew that the angles at are together equal to four right 
angles. 

Note (1.) If two angles together make up a right angle, 
each is called the Complement of the other. Thus, in fig. 2, 
z ABD is the complement of z ABE. 

(2.) If two angles together make up two n^Vit axv^^^, «w3cl 
18 called the Supplement of the other. Thus, m \io\\v ^?>ait%a», 
^ABDia the supplement of z ABC, 
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Proposition XIV. Theorem. 

jy, at a point in a straight line, two other straight lines, upon 
the opposite sides of it, make the adjacent angles together equal 
to two right angles, these two straight lines must he in one, and 
tlie same straight line. 




At the pt. B in the st. line AB let the st. lines BC, BD, 
on opposite sides of AB, make z s ABC, ABD together = two 
rt. angles. 

Then BD must he in the same st line with BG. 

For if not, let BE be in the same st. line with BC. 

Then z s ABC, ABE together=two rt. z s. I. 13. 

And I s ABC, ABB together = two rt. z s. Hyp. 

.-. sum of z s ABC, ABE=s\im of z s ABC, ABD. 

Take away from each of these equals the z ABC ; 

then z ABE=:^ z ABD, Ax. 3. 

that is, the less = the greater ; which is impossible, 

. *. BE is not in the same st. line with BC. 

Similarly it may be shewn that no other line but BD is in 
the same st. line with BC. 

•*. BD is in the same st. line with BC. 

Q. E. D. 

Ex, Shew the necessity of the words the opposite sides in 
(Ae enunciation. 
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Proposition XV. Theorem. 

If two gtraight lines ait one another^ the vertically oppoaUe 
angles must he equal. 




Let the st. lines AB, CD cut one another in the pt. E, 

Then must l AEC^ l BED and l AED^ l BEC. 
For •.• AE meets CD, 

.-. sum of z s AEG, AED=two rt. z s. I. 13. 

And •.' DE meets AB, 

:, sum of z s BED, AED=iwo rt. z s ; I. 13. 
.-. sum of z s AEC, AED=a\im of z s BED, AED ; 

.-. z AEC= L BED. * Ax. 3. 

Similarly it may be shewn that z AED=: z BEC. 

Q. E. D. 

CoROLLART I. From this it is manifest, that if two straight 
lines cut one another, the four angles, which they make at the 
point of intersection, are together equal to four right angles. 

Corollary II. All the angles, made by any number of 
straight lines meeting in one point, are together equal to four 
right angles. 

Ex. 1. Shew that the bisectors of AED and BEC are in 
the same straight line. 

Ex. 2. Prove that z AED is equal to the angle between 
two straight lines drawn at right angles from E to AE and 
EC, if both lie above CD. 

Ex. 3. If AB, CD bisect each other in E •, ^e^i ^^\. ^'ii 
trmngles ABB, BBC are equal in all respects. 



28 EUCLID'S ELEMENTS. [Bo<* L 



Note 3. On Eudid!% definition of an Angle, 

Euclid directs us to regard an angle as the inclination of 
two straight lines to each other, which meet, hut are not in 
tlie same straight line. 

Thus he does not recognise the existence of a single angle 
equal in magnitude to two right angles. 

The words printed in italics are omitted as needless, in 
Def. viii., p. 3, and that definition may be extended with 
advantage in the following terms : — 

Def. Let WQE be a fixed straight line, and QP a line 
which revolves about the fixed point Q, and which at first 
coincides with QE, 




Then, when QP has reached the position represented in 
the diagram, we say that it has described the angle EQP, 

When QP has revolved so far as to coincide with QW, 
we say that it has described an angle equal to two right 
angles. 

Hence we may obtain an easy proof of Prop. xiii. ; for what- 
ever the position of PQ may be, the angles which it makes 
with WE are together equal to two right angles. 

Again, in Prop. xv. it is evident that i AED= L BEC, 
since each has the same supplementary z A EC, 

We shall shew hereafter, p. 149, how this definition may be 
extended, so as to embrace angles greater tfwtu two right 
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Proposition XVI. Theorem. 

If one side of a triangle be produced, the exterior angle is 
greater than either of the interior opposite angles. 




D 



Let the side BC of a ABC be produced to D. 
Then must l ACD he greater than either i CAB or l ABC. 
Bisect ACmE, and join BB, I. 10. 

Produce BE to F, making EF=BE, and join FC. 
Then in A s BE A, FEC, 

V BE=FE, and EA=EC, and z BEA= l FEC, I. 15. 

.-. L ECF= L EAB. I. 4. 

Now lACBSa greater than l ECF ; Ax. 9. 

.*. z J. CD is greater than i EAB, 
that is, L ACD is greater than z CAB, 

Similarly, if J. be produced to G^ it may be shewn that 
L BCG is greater than i ABC, 

and I BCG^ l ACD ; I. 15. 

.*. I ACD is greater than z ABC, 

Q. E. D. 

Ex. 1. From the same point there cannot be drawn more 
than two equal straight lines to meet a given straight Une. 

Ex. 2. If, from any point, a straight line be drawn to a 
given straight line making with it an acute and an obtuse 
angle, and if, from the same point, a perpendiculaiYi^ ^tw«XL\^ 
the given line / the perpendicular will fall on t\i© s\<i^ oi >i^cl^ 
seate angle. 



so 
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Proposition XVII. Theorem. 

Any two angles of a triangle are together less than two right 
angles. 




a B 

Let ABC be any a . 

Then must any two of its is he together less than two 

rt. L s. 

Produce BO to D. 

Then z AGB is greater than l ABC, I. 16. 

.*. z s ACD, ACB are together greater than z sABC, ACB. 

But ^ z 8 ACD, ACB together = two rt z s. I. 13. 

.'. z s ABCy ACB are together less than two rt. z s. 
Similarly it may be shewn that z s ABC, BAC and also 
that z s BAC, ACB are together less than two rt. z s. 

Q. E. D. 

Note 4. O/i the Sixth Postulate. 
We learn from Prop. xvii. that if two straight lines BM 
and CN, which meet in A, are met by another straight line 
DE in the points 0, P, 

D 



/■ 




the angles MOP and ^PO are together less than two right 
angles. 
The Sixth Postulate asserts that if a line DE meeting two 
oilier line» BM, CN makes MOP, NPO, ^.Vi^ vw^ vox^Y^ix 
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angles on the same side of it, together less than two right 
angles, BM and ON shall meet if produced on the same side 
of DE on which are the angles MOP and NPO, 



Proposition XVIII. Theorem. 

Ij one side of a triangle be greater than a second, the 
angle opposite the first must he greater than that opposite the 
second. 




In A JBC, let side ^C be greater than AB, 
Then must L ABC be greater than l ACB. 

From A C cut off AD=AB, and join BD. I. 3. 

Then vAB=AD, 

,\ L ADB=: L ABD, I. A. 

And *.' CDj a side of A BDG, is produced to A. 

/. z ADB is greater than i ACB ; I. 16. 

.'. also z ABD is greater than z ACB. 
Much more is z ABC greater than z ACB, 

Q. E. D. 

Ex. Shew that if twx) angles of a triangle be equal, the 
sides which subtend them are equal also (EucL I. 6). 
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Proposition XIX. Theorem. 

Ij one aitgle of a triangle he greaJUr than a second^ the 
side apposite the first mi(st he greater than that opposite the 
second. 




In A ABC, let z ABC be greater than z ACB. 
Then must AC he greater than AB. 

For \£ AChe not greater than AB, 

AC must either ==-45, or be less than AB. 
Now AC cannot =JL5, for then I. A. 

z ABC would = z -4 CB, which is not the case. 
And AC cannot be less than AB, for then I. 18. 

z ABC would be less than z ACB, which is not the case ; 

.*. -40 is greater than AB. 

Q. E. D. 

Ex. 1. In an obtuse-angled triangle, the greatest side is 
opposite the obtuse angle. 

Ex. 2. BC, the base of an isosceles triangle BAC, is pro- 
duced to any point D ; shew that AD is greater than AB. 

Ex. 3. The perpendicular is the shortest straight line, which 
can be drawn from a given point to a given straight line ; and 
ofotberst th&t which is nearer to the perpendicular is less than 
one more remote. 
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Proposition XX. Theorem. 
Any two sides of a triangle are together greater than the 
third side. 




Let ABC he A A. 
Then any two of its sides must he together greater than 
the third side. 
Produce BA to D, making AD^AG, and join DC. 

Then •/ AD=AC, 

.-. z ACD= L ADC, that is, z BDC. I. a. 

Now z BCD is greater than z ACD ; 

.*. z BCD is also greater than z BDC ; 

/. BD is greater than BC. I. 19. 

But BD=BA and .41) together ; 

that is, BD=BA and -4(7 together ; 

/. BA and -4C together are greater than BC. 

Simihirly it may be shewn that 

AB and BC together are greater than AC, 

and JBOand CA AB. 

Q. E. D. 

Ex. 1. J*rove that any three sides of a quadrilateral figure 
are together greater than the fourth side. 

Ex. 2. Shew that any side of a triangle is greater than 
the diflference between the other two sides. 

Ex. 3. Prove that the sum of the distances of any point 
from the angular points of a quadrilateral is greater than 
half the perimeter of the quadrilateral. 

Ex 4. If one side of a triangle be bisected, the sum of the 
two other sides shall be more than double of the lin^ y^m\\v^ 
the vertex and the point of bisection. 
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Proposition XXI. Theorem. 

Jf, frrnn, the ends of the side of a triangle, there he 
drawn two straight lines to a point wiikin the triangle; 
these will he together less than the other sides of the triangle, 
hut will contain a greater angle. 




Let ABC be a A , and from D, a pt in the A , draw st. 
lines to B and 0. 

Then will BD, DG together he less than BA, AC, 
hut I BDCwill he greater than z BAC 

Produce BD to meet ACia E. 

Then BA, AE are together greater than BE. ^ I. 20. 

Add to each EC, 
Then BA, AC are together greater than BE, EC. 

Again, DE, EC are together greater than DC, I. 20. 

Add to each BD, 
Then BE, EC are together greater than BD, DC. 
And it has been shewn that BA, AC are together greater 
than BE, EC ; 

.*. BA, AC are together greater than BD, DC, 
Next, •/ L BDC is greater than l DEC, I. 16. 

and L DEC is greater than i BAG, I. 16. 

.'. L BDC is greater than i BAC. 

Q. E. D. 

Ex. 1. Upon the base AB of a triangle ABC is described 

a quadrilateral figure ADEB, which is entirely within the 

triangle. Shew that the sides AC, CB of the triangle are 

together greater than the sides AD, DE, EB of the quadri- 

lateral 
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Ex. 2. Shew that the sum of the straight lines, joining 
the angles of a triangle with a point within the triangle, is 
less than the perimeter of the triangle, and greater than half 
the perimeter. 

Proposition XXII. Problem. 
To make a triangle^ of which the sides shall he equal to 
three given stra/ight lineSy any ttoo of which a/re together greater 
than ihp. third. 




Let A, By C he the three given lines, any two of which 
are together greater than the third. 

It is required to make a A ha/oing its sides = A, B, C 
respectively. 
Take a st. line DE of unlimited length. 
In DE make DF=A, FG^B, and GH^C. I. 3. 

With centre F and distance FD, describe © DKL. 
With centre G and distance GH, describe © HKL. 

Join FK and GK. 
Then A KFG has its sides ^Ay B, C respectively. 

For FK-=^FD ; Def. 13 

.-. FK^A ; 
mdGK^GH; Def. 13. 

.-. GK=G; 
and FG=B; 
. •. a A KFG has been described as reqd. c^ is». ^ . 

Ex. Draw an iaoscelea triangle having eac\i oi VJsvft ^ojfiSiX. 
sides doable of the base. 
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Proposition XXIII. Problem. 

Ai d given point in a given straight line, to make an 
angle equal to a given angle. 




Let A be the given pt., BC the given line, DEF the 
given z . 

It is reqd, to make at pt, A an angle = z DEF, 
In EDy EF take any pts. D. J?" ; and join DF, 

In ABy produced if necessary, make AG=DE. 

In ACy produced if necessary, make AH—EF, 

In HC, produced if necessary, make HK=FD, 

With centre A^ and distance AG, describe © GLM, 
With centre H, and distance HK, describe © LKM. 
Join AL and HL. 
Then •.' LA=AG, ,', LA=DE ; Ax. 1. 

and •.' HL^HK, .'. HL=FD. Ax. 1. 

Then in A s LAB, DEF, 

-.' LA=DE, and AH=EF, and HL^FD ; 

.-. iLAH= /.DEF, I.e. 

. : an anffle LAH has been made at pt. A as was reqd.^ 

<^. "Bu Y. 
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Note. — ^We here give the proof of a theorem, necessary to 
the proof of Prop. XXFV. and applicable to several proposi- 
tions in Book III. 



Proposition D. Theorem. 

Every straight line, drawn from ike vertex of a triangle to 
the base, is less than tlie greasier of the tivo sides, or thaji either ^ 
if they be equal. 




In the A ABC, let the side AC be not less than AB, 
Take any pt. D in BC, and join AD. 

Then must AD he less than AC, 



For \' AGSa not less than AB ; 

.'. z ABD is not less than i ACD. 
But L ADC is greater than i ABD ; 

.'. L ADC is greater than i A CD ; 
. •. JO is greater than AD. 



I. A. and 18. 
I. 16. 



q. "B.. !>. 



38 EUCLIiyS ELEMENTS. [Boi* I. 



Proposition XXIV. Theorbm. 

If two triangles have two sides of the one equal to two 
sides of the other, each to eachy but the angle contained by 
the tivo sides of one of them greater than the angle cmitained by 
the two sides equal to them of the other ; the base of thcU which 
has the greater angle mv^t be greater than the base of the other. 





In the AS ABO, DBF, 

let AB=DE and AC^BF, 

and let z BAG be greater than l EDF, 

Then must BC be greater than EF, 

Of the two sides DE, DF let BE be not greater than DF.* 
At pt. D in St. line EB make z EBG^ z BAG, I. 23. 

and make BG=^AG or BF, and join EQ, QF. 

Then-.-^i5=i)^, and AG^BG, and z BAG= z EBG, 

.\ BG=EG, I. 4. 

Again, v BG^BF, 

.-. z BFG::^ z BGF ; I. a. 

.-. z EFG is greater than z BGF ; 
much more then z EFG is greater than z EGF ; 

/. EG is greater than EF. I. 19. 

But EG =BG; 

.-. BG is greater than EF, 

Q. B. D. 

*This line was added by Simson to obviate a defect in Euclid's 
proof. Without this condition, three distinct cases must be discussed. 
With the condition, we can prove that F must lie below EO. 

For since DF is not less than DE, and DG is drawn equal to DF, 
DO is not less than DE. 

Hence by Prop. D, any line drawn from D to meet EG is 
Jess than DG, and therefore DF, being equal to DG, must extend 
beyond EG. 
For another method of proving the PropoaVtVou, ^^^ ^. "VY^. 
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Proposition XXV. Theorem. 

If two triangles ha/ve two sides of the one equal to two sides 
of the other, eaxh to each, hut the hose of the one greater than 
the hoMe of the other ; the angle also, contained hy the sides of 
thai which has the greater base, must be greater than the angle 
contained by the sides equal to ihem of the other. 

JL 





w 



In the A s ABC, BEF, 

let AB^BE and AC=BF, 

and let BC be greater than EF. 

Then must l BAG be greater than i EBF, 

For I BACSb greater than, equal to, or less than i EBF. 

Now I BAG cannot= i EBF, 

for then, by i. 4, BG would =j&^ ; which is not the case. 
And I BAG cannot be less than i EBF, 
for then, by i. 24, BG would be less than EF ; which is 
not the case ; 

.*. I 5^0 must be greater than i EBF. 

Q. E. D. 

Note. — In Prop. xxvi. Euclid includes two cases, in which 
two triangles are equal in all respects ; viz., when the following 
parts are equal in the two triangles : 

1. Two angles and the side between them. 

2. Two angles and the side opposite one of them. 

Of these we have already proved the first case, in Prop, b, 
so that we have only the second case left, to form tbs swb>^<i^\» 
of Prop. XXVI., which we shall prove \)y t\ie me^iJtiSi^ ^1 
snpeipositiom 

For Euclid's proof of Prop, xxvi., see pp. 114-\\b. 
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Proposition XXVI. Theorem. 

If two triangles have two angles of the one equal to two angles 
of the other J each to each, a'nd one side equal to one side, ihose 
sides being opposite to eqvxil angles in each; then mmt the 
triangles he equal in all respects. 





S 



In A s ABC, DEF, 
let I ABC= L DBF, and z ACB== l DFE, and AB=DE. 

Then must BC^EF, and AC^DF, and i BAG= i EDF. 
Suppose A DEF to be applied to A ABC, 
so that D coincides with A, and DE falls on AB, 

Then •/ DE=AB, .'. -& will coincide with B ; 
and •.• z DEF= l ABC, .'. EF wiU faU on BG, 

Then must F coincide with C : for, if not, 
let F fall between B and 0, at the pt. H, Join AH. 
Then '.• z AHB=^ z DFE, I. 4. 

.-. iAHB= lACB, 

the extr. z = the intr. and opposite z , which is impossible. 

.'. F does not fall between B and C. 

Similarly, it may be shewn that F does not fall on BC 
produced. 

.-. F coincides with 0, and .*. BC=EF ; 

.-. AC=DF, and z BAC^ z EDF, I. 4. 

and . '. the triangles are equal in aW t^^^c^^a. 

<^ "E.. Ti, 
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Mucdlan^iAiA Exercises on Props, I, to XXVI, 

1. Af is the middle point of the base BC of an isosceles 
triangle ABC, and ^ is a point in ^C Shew that the 
difference between MB and MN is less than that between 
A:B and AN, 

2. ABG is a triangle, and the angle at ^ is bisected by a 
straight line which meets BC at D ; shew that BA is greater 
than BD^ and CA greater than CD, 

3. AB, AC are straight lines meeting in A^ and D is 
a given point. Draw through D a straight line cutting off 
equal parts from AB, AC, 

4. Draw a straight line through a given point, to make 
equal angles with two given straight lines which meet. 

5. A given angle BAC^a bisected ; if CA be produced to 
G and the angle BAG bisected, the two bisecting lines are at 
right angles. 

6. Two straight lines are drawn to the base of a triangle 
from the vertex, one bisecting the vertical angle, and the other 
bisecting the base. Pn)ve that the latter is the greater of the 
two lines. 

7. Shew that Prop. xvii. may be proved without pro- 
ducing a side of the triangl& 

8. Shew that Prop, xviii. may be proved by means of the 
following construction : cut off AD^AB, draw AE^ bisecting 
I BAC and meeting BC in E, and join DE, 

9. Shew that Prop. xx. can be proved, without producing 
one of the sides of the triangle, by bisecting one of the angles. 

10. Given two angles of a triangle and the side adjacent 
to them, construct the triangle. 

11. Shew that the perpendiculars, let faill oii \:^q ^\\<^ 
of a tnstngle torn an/ point in the straig\itAiii^\i\a^^\i\x^\j»'0«\ft 

angle contained by the two sides, are equal. 
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We conclude Section I. with the proof (omitted by Euclid) 
of another case in which two triangles are equal in all 
respects. 

Proposition E. Theorem. 

If two triangles have one angle of the one equal to one 
angle of the other, and the sides about a second angle in 
each equal: then, if the third angles in each be both acute, 
both obtuse, or if one of them be a right angle, the triangles 
are equal in all respects. 





In the AS ABC, DEF, let lBAC= lEBF, AB=DE, 
BC=EF, and let l^ACB, DFE be both acute, both obtuse, 
or let one of them be a right angle. 

Then must A s ABC, DEF be equal in all respects. 

For if AC be not =DF, make AG^DF ; and join BQ. 

Then in A s BAG, EDF, 

•.• BA:=ED, and AG=DF, and i BAG= L EDF, 

,'. BG=EF and i AGB= l DFE, I. 4. 

But BC=EF, and .-. BG=BC ; 

/. z BCG= L BGC I. A. 

First, let lACB and l DFE be both acute, 

then z AGB is acute, and .*. z BGC is obtuse ; I. 13. 
.'. z BCG is obtuse, which is contrary to the hypothesis. 
Next, let z ^OJB and z DFE be both obtuse, 

then I AGB is obtuse, and .*. l BGC ia wsvjAa -, I. 13. 
. : z BCG is acute, which is contrary to t^e\^T&ot\i^^^. 
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Lastly, let one of the third angles ACB, DFE he a right 
angle. 

If z ACB be a rt. z , 

then /. BQC is also a rt z ; I, a. 

.*. zs jBOG, BGO together b two rt z 1, which is im- 
possible. I. 17. 

Again, if i DFE be a rt. z , 

then I AOB is a rt z , and .*. i BOC is a rt z . L 13. 

Hence l-BCG is also a rt z . 

.'. z s BGO, BOO together a* two rt z s, which is impossible. 

I. 17. 

Hence ^C7 is equal to DFy 

and the A 8 ABC^ DBF are equal in all respects. 

Q. £. D. 

Cor. From the first case of this proposition we deduce 
the following important theorem : 

If two right-omgUd tricmgles have the hypotenuse aiid 
one side of t?ie one equal respectively to the hypotenuse and 
one side of the other, the triarvgles are equal in all respects. 

Note. In the enunciation of Prop, b, if, instead of the 
words if one of them he a right angle, we put the words both 
right angles, this caso of the proposition would be identical 
with I. 2a 
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SECTION II. 
The Theory of Parallel Lines, 

INTRODUCTION. 

We have detached the Propositions, in which Euclid treats 
of Parallel Lines, from those which precede and follow them in 
the First Book, in order that the student may have a clearer 
notion of the difficulties attending this division of the subject, 
and of the way in which Euclid proposes to meet them. 

We must first explain some technical terms used in this 
Section. 

If a straight line BF cut two other straight lines AB^ CD, 
it makes with those lines eight angles, to which particular 
names are given. 




The angles numbered 1, 4, 6, 7 are called Interior angles. 

2,3,5,8 Exterior 

The angles marked 1 and 7 are called altamate angles. 

The angles marked 4 and 6 are also called alternate angles. 

The pairs of angles 1 and 5,,2 and 6, 4 and 8, 3 and 7 are 
called corresponding angles. 

Note. From I. 13 it is clear that thei aii^lea 1, 4^ 6, 7 are 
together equal to four right angles. 
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Proposition XXVII. Theorem. 

If a stra/lght line, falling upon two other straight lines, make 
the alternate angles equal to one another; these two straight 
liim must he parallel. 




Let the st. line EF, falling on the st. lines AB, CD, 

make the alternate z s AGH, GHD equal. 

Then must AB he II to CD, 

For if not, AB and 02) will meet, if produced, either towards 
B, D, or towards A, C. 

Let them be produced and meet towards B, DinK. 

Then GHK is a a ; 

and .'. z AGH is greater than z GHD. I, 16. 

But z AGH=: L GHD, Hyp. 

which is impossible. 

.'. AB, CD do not meet when produced towards B, D. 

In like manner it may be shewn that they do not meet 
when produced towards A, C. 

,'. AB and CD are parallel. "^^'^^ '^^^ 
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Proposition XXVIII. Thbobem. 

If a straight line, falling upon two other straight lines, mak 
the exterior angle equal to the interior and opposite upon Ik 
same side of the line, w make the int&rior a/ngUs upon ike same 
side together equal to two right angles; the two straight linn 
are parallel to one another. 




Let the st. line EF, falling on st. lines AB, CD, make 
I. z EG^JB= corresponding z GHD, or 
II. z s BGH, OHD together=two rt. z s. 
Then, in either case, AB must he \\ to CD. 

I. V L EGB is given= z GHD, Hyp. 

and z EGB is known to be= z AGH, L 15. 
.-. aAGH=iGHD', 
and these are alternate z s ; 

.-. AB is II to CD. I. 27. 

II. ••• z s BGH, GHD together=two rt. z s, Hyp. 

and z s BGH, AGH together = two rt. z s, I. 13. 
.-. z s BGH, AGH together= z s BGH, GHD together ; 

.-. iAGH=iGHD; 

.'. AB is II to CD. I. 27. 
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Note 5. On the Sixth Post-date, 

In the place of Euclid's Sixth Postulate many modern 
writers on Geometry propose, as more evident to the senses, 
the following Postulate : — 

" Two straight lines which cut one another cannot both be 
parallel to the sa/me straight lineP 

If this be assumed, we can prove Post. 6, as a Theorem, 
thus: 

Let the line EF falling on the lines AB^ CD make the i s 
BG^By GHD together less than two rt. z s. Then must AB, 
CD meet when produced towards B, D. 




For if not, suppose AB and CD to be parallel. 
Then '.' l s AGH, BGH tog^ther=two rt. z s, L 13. 

aDd I s GHD, BGH are together less than two rt. z s, 
.'. z AGH is greater than z GHD. 
Make z MGH= z GHD, and produce MG to N, 
Then '.* the alternate z s MGH, GHD are equal, 

.-. MN is II to CD. I. 27. 

Thus two lines MN, AB which cut one another are both 
parallel to CD, which is impossible. 

.'. AB and CD are not parallel. 
It is also clear that they meet towards B, J), because GB 
lies between GN and HD. 

^. ^. \i. 
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Proposition XXIX. Theorem. 

// a straight line fall upon two pa/rcdlel straight lineij H 
makes the two interior angles upon the same side together egvd 
to two right angles, and also the alternate angles equal to om 
another, and also the exterior angle equal to the interior and 
opposite upon the same side. 




Is 
Let the st. line EF fall on the parallel st. lines AB, CD, 
Then must 

I. z s BGH, GHD together = two rt. z s. 
n. z ^(3fir= alternate z GHD. 
III. z ^Gf5= corresponding z GHD, 

L L s BGH, GHD cannot be together less than two rt. z s, 
for then AB and CD would meet if produced towards 
B and D, Post. 6. 

which cannot be, for they are parallel. 
Nor can z s BGH, GHD be together greater than two 
rt. zs, 
for then z s AGH, GHC would be together less than 
two rt. z s, I. 13. 

and ABy CD would meet if produced towards A and C 

Post. 6 
which cannot be, for they are parallel, 
.-. z s BGHy GHD together = two rt. z s. 

II. •.• z s BGHy GHD together = two rt. z s, 

and z s BGH, -4 G^J?" together == two rt z s, I. 13. 
.'. z s BGH, AGH together^ z s BGH, GHD together, 
and .-. z AGH= z GHD. Ax. 3. 

III. •.• z AGH= L GHD, 

and A AGH= I EGB, 1.15. 

.'. z EGB= L GHD. Ax. 1. 

Ct. Y.. \i. 
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EXBBCISES. 

1. If through a point, equidistant from two parallel 
straight lines, two straight lines be drawn cutting the parallel 
straight lines; they will intercept equal portions of the 
parallel lines. 

2. If a straight line be drawn, bisecting one of the angles 
of a triangle, to meet the opposite side ; the straight lines 
drawn from the point of section, parallel to the other sides 
and terminated by those sides, will be equal 

3. If any straight line joining two parallel straight lines 
be bisected, any other straight line, drawn through the point of 
bisection to meet the two lines, will be bisected in that point. 

Note. One Theorem (A) is said to be the converse of another 
Theorem (B), when the hypothesis in (A) is the conclusion in 
(B), and the conclusion in (A) is the hypothesis in (B). 

For example, the Theorem I. a. may be stated thus : 

Hypothesis, If two sides of a triangle be equal 

Conclusion, The angles opposite those sides must also be 
equal 

The converse of this is the Theorem I. b. Cor. : 

Hypothesis. If two angles of a triangle be equal 

Condusion. The sides opposite those angles must also be 
equal 

The following are other instances : 

Postulate vi. is the converse of I. 17. 
L 29 is the converse of I. 27 and 28. 



a ja 
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Proposition XXX. Theorem. 

Straight lines which are parallel to the same drai^ht 
line are parallel to one another. 




Let the st. lines AB, CD be each |I to EF. 

Then must AB he \\ to CD. 

Draw the st. line GH, cutting AB, CD, EF in the pts. 
0, P, <?. 

Then •/ GH cuts the H lines AB, EF, 

,\ L ^OP=altemate l PQF, I. 29. 

And ••• GH cuts the || Unes CD, EF, 

.'. extr. I OPD=mtT. l PQF ; I. 29. 

.-. L AOP= L OPD ; 

and these are alternate angles ; 

.-. AB is II to CD. I. 27. 

Q. E. D. 

The following Theorems are important. They admit of 
easy proof, and are therefore left as Exercises for the 
student. 

1. If two straight lines be parallel to two other straight 
lines, each to each, the first pair make the same angles with 
one another as the second. 

2. If two straight lines be perpendicular to two other 
straight lines, each to each, the first pair make the same anf^les 
with one another an the second. 
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Pkoposition XXXI. Problem. 

To draw a straight line through a given point imralld 
U) a given straight line. 



E 



B 15 ^ 

Let A be the given pt. and BC the given st. line. 
It is required to draw through A a st, line \\ to BC, 

In BC take any pt. D, and join AD, 

Make z DAE= l ADC, I. 23. 

Produce EA to F, Then EF shall be !! to BC, 

For *.• AD, meeting EF and BC, makes the alternate 
angles equal, that is, i EAD= l ADC, 

,\ EF ia \\ to BC. 1.27. 

.'. a St. line has been drawn through u4 || to BC. 

Q. E. r. 

Ex. 1. From a given point draw a straight line, to make 
an angle with a given straight line that shall be equal to 
a given angle. 

Ex. 2. Through a given point A draw a straight line 
ABC, meeting two parallel straight lines in B and C, so that 
BC may be equal to a given straight line. 



52 EUCLIiyS ELEMENTS, [Bo<* L 



Proposition XXXII. Theorem. 

If a side of any triangle he 'produced, the exterior an^U 
is equal to the two interior and opposite angles, ard the 
three interior angles of every triangle are together eqml to 
two right angles. 




Let ABC be a A , and let one of its sides> BC, be pro- 
duced to D, 

Then will 
L L ACD= L s ABQ, BAC together. 
II. z 8 ABC, BAC, ACB together = two rt z s. 

From C draw CE \\ to AB, I. 31. 

Then I. •.' BD meets the lis EC, AB, 

.*. extr. z ^Ci>=intr. z ABC, I. 29. 

And '.• ^0 meets the lis EC, AB, 

,\ L uiaE= alternate z BAC, I. 29. 

.-. z. s ECB, ACE together = z s ABC, BAC together ; 
.'. z ACD= L B ABC, BAC together. 

And II. •.• /.s ABC, BAC together= z ACD, 
to each of these equals add z ACB ; 
then z s ABC, BAC, ACB together = a a ACD, ACB together, 
.-. z s ABC, BAC, ACB together=two rt. z s. I. 13. 

Q. E. D. 

Ex. 1. In an acute-angled triangle, any two angles are 
greater than the third. 

Ex, 2, The straight line, which bisects tbe external vertical 
angle of an isoaceks triangle is pataWeWiO t\i^'Vi«»^» 
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Ex. 3. If the side BG of the triangle ABO be produced to 
D, and AE be drawn bisecting the angle BAC and meeting 
BG in B'j shew that the angles ABD^ AGD are together 
double of the angle AED. 

Ex. 4. If the straight lines bisecting the angles at the base 
of an isosceles triangle be produced to meet ; shew that they 
will contain an angle equal to an exterior angle at the base of 
the triangle. 

Ex. 5. If the straight line bisecting the external angle of a 
triangle be parallel to the base; prove that the triangle is 
isosceles. 

The following Corollaries to Prop. 32 were first given in 
Simson's Edition of Euclid. 

Cor. 1. The swm of the interior angles of any rectilinear 
figure together vrithfov/r right angles is equal to twice as many 
f^)\X angles as the figure his sides. 




Let ABODE be any rectDinear figure. 

Take any pt. F within the figure, and from F draw the 
8t lines FA, FB, FG, FD, FE to the angular pts. of the figure 

Then there are formed as many z s as the figure has 
aides. 

The three z s in each of these As together = two rt. z s, 

.'.aU the z s in these as together = twice as many right 
z s as there are A s, that is, twice as many right z s as the 
figure has sides. 

Now angles of all the As= z s at A, B, 0, Z), E and l s 
at I?', 

that is, = z s of the figure and z s at jP, 
and .*. = z s of the figure and four rt. L 8. 1. \^ . ^cft. *1« 

.'. z 8 of theGgure and four rt. z 8=tVice wa Tascoj ^ l^ 
98 the Sgare has aides. 
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Cor. 2. The, exterior angles of any convex rectilinear figv/re, 
made hy ^producing each, of its sides in succession, are together 
equal to four right angles. 

Every interior angle, as ABC, and its adjacent exterior 
angle, as ABD, together are = two rt. i s. 




.'. all the intr. z s together with all the extr. z s 
= twice as many rt. z s as the figure has sides. 

But all the intr. z s together with four rt. z s 
=twice as many rt. z s as the figure has sides. 

.*. all the intr. z s together with all the extr. z s 
=all the intr. z s together with four rt. z s. 

.'. all the extr. z s=four rt. z s. 
Note. The latter of these corollaries refers only to convex 
figures, that is, figures in which every interior angle is less 
than two right angles. When a figure contains an angle greater 




than two right angles, as the angle marked by the dotted line 
in the diagram, this is called a refiex angle. See p. 149. 

Ex. 1. The exterior angles of a quadrilateral made by pro- 
ducing the aides successively are toget\iet ^ci^\ \» ^\vft interior 
aag/es. 



[K>|E L] PROPOSITION XXXIII. 55 



Ex. 2. Prove that the interior angles of a hexagon are equal 
) eight right angles. 

Ex. 3. Shew that the angle of an equiangular pentagon is | 
f a right angle. 

Ex. 4. How many sides has the rectilinear figure, the sum 
f whose interior angles is double that of its exterior angles ? 

Ex. 5. How many sides has an equiangular polygon, four 
»f whose angles are together equal to seven right angles ? 



Proposition XXXIII. Theorem. 

Tkt straight lines which join the extremities of two equal and 
parallel straight lines, towwrds the same parts, are also them- 
se^es eqiLol and pa/rallel. 




C 

Let the equal and || st. lines AB, CD be joined towards the 
3ame parts by the st lines AG, BD, 

Then must AC and BD he equal and II. 

Join BC, 

Then '.• ^JB is || to CD, 

.-. z u4J5a= alternate i DCB. I. 29. 

Then in A s ABC, BCD, 

'.'AB=CD, and BCis common, and i ABC== l DCB, 

.-. AC^BD, and z ACB= z DBC I. 4. 

Then •.' BC, meeting AC and BD, 

makes the alternate z s ACB, DBC eqvx^l, 

.'.^^is 11 to BD, 
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Mi8cell€meoiL8 Exercises on Sections 1. and II. 

1. If two exterior angles of a triangle be bisected by 
straight lines which meet in ; prove that the perpendicnlars 
from on the sides, or the sides produced, of the triangle are 
equal. 

2. Trisect a right angle. 

3. The bisectors of the three angles of a triangle meet in 
one point. 

4. The perpendiculars to the three sides of a triangle drawn 
from the middle points of the sides meet in one point. 

5. The angle between the bisector of the angle BAG of the 
triangle ABC and the perpendicular from A on BC, is equal 
to half the difference between the angles at B and C, 

6. If the straight line AD bisect the angle at A of the 
triangle ABC, and BDE be drawn perpendicular to AD, and 
meeting ^C, or AC produced, in B; shew that BD is equal 
toJDJ^. 

7. Divide a right-angled triangle into two isosceles tri- 
angles. 

8. AB, CD are two given straight lines. Through a point 
E between them draw a straight line GEH, such that the in- 
tercepted portion GS shall be bisected in E. 

9. The vertical angle of a triangle OPQ is a right, acute^ 
or obtuse angle, according as OB, the line bisecting PQ, is 
equal to, greater or less than the half of PQ. 

10. Shew by means of Ex. 9 how to draw a perpen- 
dicular to a given stKtight line from its extremity without pro- 
ducing it. 
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SECTION III. 



On the Equality of Rectilinear Figures in respect of Area, 



Tbb amount of space enclosed by a Fi^re is called the 
Area of that figure. 

Euclid calls two figures equal when they enclose the same 
amount of space. They may be dissimilar in shape, but if the 
areas contained within the boundaries of the figures be the 
same, then he calls the figures equal. He regards a triangle, 
for example, as a figure hayii« sides and angles and area, and 
he proves in this section that two triangles may have equality 
of area, though the sides and angles of each may be unequal. 

Coincidence of their boundaries is a test of the equality of 
all geometrical magnitudes, as we explained in Note 1, 
page 14. 

In the case of lines and angles it is the only test : in the 
case of figures it is a tesi^ hut not the only test ; as we shall 
shew in this Section. 

The sign =», standing between the symbols denoting two 
figures^ must be read is equal in a/rea to. 

Before we proceed to prove the Propositions included in 
this Section, we must complete the list of Definitions required 
in Book I., continuing the numbers prefixed to the definitions 
in page 6. 
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Definitions. 



XXVII. A Parallelogram is a 
four-sided figure whose opposite 
sides are parallel. 





For brevity we often designate a parallelogram by two 
letters only, which mark opposite angles. Thus we call the 
figure in the margin the parallelogram AG, 

XXVIII. A Rectangle is a par- 
allelogram, having one of its angles 
a right angle. 

Hence by I. 29, all the angles of a rectangle are right 
angles. 




XXIX. A Rhombus is a par- 
allelogram, having its sides equal 



XXX. A Square is a paral- 
lelogram, having its sides equal 
and one of its angles a right 
angle. 

Hence, by I. 2d, all the angles of a square are right 
angles. 




XXXI. A Trapezium is a 
four-sided figure of which two 
sides only are parallel. 




XXXII. A Diagonal of a fouT-a\ded. ^^t^ \a t\\e «,trai?ht 
^ line joining two of the opposite ansruAax povivXa. 
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XXXIII. The Altitude of a Parallelogram is the perpen- 
dicular distance of one of its sides from the side opposite, 
regarded as the Base. 

The altitude of a triangle is the perpendicular distance of 
one of its angular points from the side opposite, regarded as 

the base. 

Thus if ABCD be a parallelogram, and AE a perpendicular 
let fall from A to CD, AE is the aXtitvde of the parallelogram, 
and also of the triangle ACD. 

A B 




If a perpendicular be let fall from B to DC produced, meet- 
ing DC in Fy BF is the altitude of the parallelogram. 

Exercises. 
Prove the following theorems : 

1. The diagonals of a square make with each of the sides 
an angle equal to half a right angle. 

2. If two straight lines bisect each other, the lines joining 
their extremities will form a parallelogram. 

3. Straight lines bisecting two adjacent angles of a paral- 
lelogram intersect at right angles. 

4. If the straight lines joining two opposite angular points 
of a parallelogram bisect the angles, the parallelogram has all 
its sides equal. 

5. If the opposite angles of a quadrilateral be equal, the 
quadrilateral is a parallelogram. 

6. If two opposite sides of a quadrilateral figure be equal to 
one another, and the two remaining sides be also equal to one 
another, the figure is a parallelogram. 

7. If one angle of a rhombus be equal to Ivio-toc^^ Cil \r^^ 
right Bugles, the diagonal drawn from tlaat aa^"Kt ^c>ydJ^ 
divides the rhombus into two equilateral tx\ang\ea. 
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Proposition XXX.TV. Theorem. 

The opposite sides and angles of a parallelogram a/re equal to 
one another, and the diagonal bisects it. 




a D 

Let ABBC be a O, and BC a diagonal of the O. 
Then must AB=DC and AC=^DB, 
and L BAC= l CDB, and z ABD= l ACD 
and A ABC= a BOB. 

For •.• AB is || to CD, and BC meets them, 

.-. I ^5(7= alternate z DGB \ I. 29. 

and •.• -40 is II to BB, and BC meets them, 

.-. z ^C5= alternate z BBC I. 29. 

Then in a s ABC, BGB, 

'.' L ABC= L BCB, and z AGB= z DJBO, 

and £0 is common, a side adjacent to the equal z s in each ; 
.-. AB=-BC, and AC=BB, and z BAC= z Ci)5, 

and A ABC= A DCjB. I. b. 

Also ••• z ABC= L BCB, and z BBC= z ^OJB, 

.-. z s ABC, BBC together = z s BCB, ACB together, 
that is, lABB-=iACB. 

Q. £. D. 

Ex. 1. Shew that the diagonals of a parallelogram bisect 
each other. 

Ex. 2. Shew that the diagonals of a rectangle are equal. 
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Proposition XXXV. Theorem. 

Parallelograms on the same base and between the same 
'parallels are equal. 

T> :e it 




Let the Os ABCD, EBCF be on the same base BC 
and between the same || s AF, BC, 

Then must CJ ABCD^HJ EBCF. 
Case I. K AD, EF have no point common to both, 
Then in the as FDC, EAB, 

V extr. z J^'DO^intr. z EAB, 
and intr. z DFC= extr. z AEB, 
and DC=AB, 
.-. £^FDC-=^i\EAB. 

Now O ABCD with a 2^D0=figure ^-BC^ ; 
and O ^BOi^ with A ^^5=figure ^5CF; 
.-. O ABCD with A FDC^EJ EBCF with A ^^JB ; 
.'. O ABCD=nj EBCF. 



1.29. 
1.29. 
1.34. 
I. 26. 



Case II. If the sides AD, EF overlap one another, 




the same method of proof applies. 
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Case III. If the sides opposite to BG be terminated in 
the same point 2), 




a 

the same method of proof is applicable, 
but it is easier to reason thus : 
Each of the Os is double of A BBC ; I. 34. 

.-. O ABCB^EJ DBCF, 

Q- B. D. 

Proposition XXXVI. Theorem. 

ParalUlogranis on equal hoses, and between the same 
'parallels, are equal to one another. 

A. D E s 




BO T a 

Let the £7s ABCD, EFGH be on equal bases BC, FG, 
and between the same ||s AH, BG. 

Then must CJ ABCD=nJ EFGH. 

Join BE, CH. 

Then •.• BG^FG, Hyp. 

and EH=FG ; I. 34. 

.\BC=EH; 

and BC is || to EH. Hyp. 

.-. EB is II to CH ; I. 33. 

.'. EBCH is a parallelogram. 

Now O EBCH= EJABCD, I. 35. 

*.' they are on the same base BC and between the same ||s ; 

and O EBCH^CJEFGH, I. 35. 

'.' they are on the same base EH and between the same || s ; 

.\ CJ ABCD^CJ EFGR, 
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Proposition XXXVII. Theorem. 

Triangles upon the same base, and between the same 
parallels, are equal to one another. 




Let A s ABG^ DBG be on the same base BC and between 
the same ||s AD, BC, 

Then must A ABC=^ lDBC, 

From B draw BE || to CA to meet DA produced in E, 
From C draw CF || to BD to meet AD produced in F. 

Then EBCA and FCBD are parallelograms, 

and O EBCA=nj FCBD, I. 35. 

'.' they are on the same base and between the same ||s. 

Now A ABC is half of O EBjA, I. 34. 

and A DBC ia h&if of £D FCBD ; 1.34. 

.-. aABC=aDBC, Ax. 7. 

Q. E. D. 

Ex. 1. If P be a point in a side AB of a parallelogram 
ABCD, and PC, PD be joined, the triangles PAD, PBC are 
together equal to the triangle PDC. 

Ex. 2. If A, B be points in one, and C, D points In 
another of two parallel straight Hnes, and the lines AD, BC 
intersect in E, then the triangles AEC, BED are equal. 
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Proposition XXXVIII. Theorem. 

Triangles upon equal hases^ and between the same paraUelSf 
a/re equal to one another. 




Let AS ABC, DBF be on equal bases, BC, EF, and 
between the same ||s BF, AD. 

Then must A ABC^ A DEF. 

From B draw BG || to OA to meet DA produced in G, 

From F draw FH U to ED to meet AD produced in H, 

Then CG and ^B" are parallelograms, and they are equal, 

•/ they are on equal bases BC, EF, and between the same 
Hs BF, GH, I. 36. 

Now A ^^C is half of O C(?, 

and LDEFiah^oiCJ EH\ 

. \ A ABO^ A DEF. Ax, 7. 

Q. K D. 

£x. 1. Shew that a straight line, drawn from the vertex 
of a triangle to bisect the base, divides the triangle into two 
equal parts. 

Ex.2. In the equal sides AB, AC oi an isosceles triangle 
ABG points D, E are taken such that BD'^ AE. Shew that 
the triangles OBD, ABE are equal. 



—J 
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Proposition XXXTX. Thkorbm. 

Equal triangles upon (he same bcue^ and upon Ike same na 
of it, wre between the same pa/raUels, 




Let the eqnal A 8 ABO, DBO be on the same base EC, and 
on the same side of it 

Join AD, 

Then must AD he ^ to BO. 

For if not, through A draw ^10 || to BC, so as to meet BD, 
or BD produced, in 0, and join 00, 

Then v as ABO, OBO are on the same base and between 
ihe same |s, 

/. A ABO" A OBO. L 37 

But A ABO=' A DBO ; Hyp. 

.-. A 050- A DBO, 

the less —the greater, which is impossible ; 

.'. -40 is not m to BO, 

In the same way it may be shewn that no other line passing 
ough A but AD is D to BO ; 

.'. AD IB Hi to BO. 

Q. B. D. 

c 1. ^D is parallel to BO; AO, BD meet in ^; J50 is 
iced to P so that the triangle FEB is equal to the 
^le ABO : shew that PD is parallel to -40. 

2. If of the four triangles into which the diagonals 
a quadrilateral, two op]X)site ones are eqvxol, \i)ti% q^qaj^t 
has two opposite sidee parallel 
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Proposition XL. Theorem. 

Equal triangles upon equal hawses, in the same straight line^ 
and towaflrds the sa/me pa/rts, a/re between the same parcMels. 




Let the equal lb ABC, DEF be on equal haaes BG, EF 
in the same st line BF and towards the same parts. 

Join AD, 
Thm must AD be B to BF. 

For if not, through A draw ^0 || to BF, so as to meet ED, 
or ED produced, in 0, and join OF, 

Then A ABC'^^ A OEF, •.* they are on equal bases and 
between the same ||s. L 38. 

But A ABC^ A DEF ; Hyp. 

.-. aOEF^lDEF, 

the less Bs the greater, which is impossible. 

.-. ^0 is not II to ^J*. 

In the same way it may be shewn that no other line passing 
through A but AD is || to BF, 

.*. ^D is D to BF. 

Q. E. D. 

Ex. 1. The straight line, joining the points of bisection of 
two sides of a triangle, is parallel to the base, and is equal to 
half the base. 

Ex. 2. The straight lines, joining the middle points of the 
sides of a triangle, divide it into four equal triangles. 
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Proposition XLI. Theorem. 

If a parallelogram and a triangle he upon the same base, and 
between the same pa/ralldsy the pa/rdllelogram is double of the 
triangle. 




Let the O ABCD and the a EBC be on the same base BC 
and between the same ||s AE^ BC, 

Then rrmst EJ ABCD be double of A EBC, 

Join A C. 

Then lABC= lEBC, v they are on the same base and 
between the same lis ; I. 37. 

and O ABCD is double of a ABC, v ACia a, diagonal of 
ABCD ; L 34. 

.-. O ABCD is double of A EBC. 

Q. E. D. 

Ex 1. If from a point, without a parallelogram, there be 
drawn two straight lines to the extremities of the two opposite 
sides, between which, when produced, the point does not lie, 
the difference of the triangles thus formed is equal to half the 
parallelogram. 

Ex. 2. The two triangles, formed by drawing straight lines 
from any point within a parallelogram to the extremities of 
its opposite sides, are together half of the paialklo^tObtcu 
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Proposition XLII. Problem. 

To describe a pa/raUdogram that shall he equal to a given 
triangle, and have one of its angles equal to a given angle. 




Let ABC be the given A , and D the given i . 

It is required to describe a O equ^ to A ABC, having on^ 
of its is= iD, 

Bisect BC in E and join AE. I. lO- 

At E make z CEF= l D. I. 23- 

Draw AFC || to BC, and from G draw CC l| to EF. 
Then FECC is a parallelogram. 

Now i^AEB^i^AEC, 
'.' they are on equal bases and between the same lis. I. 38- 

.-. A^jBOis double of lAEG, 
But O FECC is double of A AEC, 
V they are on same base and between same (|s. I. 41. 

. •. O FECC= A ABC ; Ax. 6. 

and O ^^OG^ has one of its z s, C^i^= z D. 
.'. O FECC has been described as was reqd. 

Q. B. p. 

Ex. 1. Describe a triangle, which shall be equal to a given 

parallelogram, and have one of its angles equal to a given 

rectilineal angle. 

Ex. 2. Construct a parallelogi-am, equal to a given triangle, 

' and such that the sum of its sides shall be equal to the sum 

of the sides of the triangle. 

Ex. 3. The perimeter of an isosceles triangle is greater than 
tiAe perimeter of a rectangle, whicli ia of the same altitude 
jn'ili, and equal to, the given tiian^e. 
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Proposition XLIIL Theorem. 

The complements of the pardUelograms, which are about 
t/ie diameter of any parallelogram, are equal to one another. 




Let ABCD be a O, of which BD is a diagonal, and 
^ HK the O3 about BD, that is, through which BD 



and AFy FC the otiier Os, which make up the whole 
figure ABCD, 

and which are /. called the Complements. 

Then must complement AF= complement FC, 

For *.• BD is a diagonal oi EJ AC, 

.-. A ABD^ A CDB ; L 34. 

and •.* BF is a diagonal of OJ HK, 

.'. L HBF^lKFB] L34. 

and •.* FD is a diagonal of O EG, 

.-. t.EFD=^ t.GDF. L 34. 

Hence sum of as HBF, EFD= sum of as KFB, GDF. 

Take these equals from A s ABD, CDB respectively, 

then remaining O -42''= remaining O FC, Ax. 3. 

Q. £. D. 

Ex. 1. If through a point 0, within a parallelogram 
ABCD, two straight lines are drawn parallel to the sides, 
and the parallelograms OB, OD are equal ; the point is 
in the diagonal AC. 

Ex. 2, ABCD is a parallelogram, AMN a straight line 
meeting the sides BC, CD (one of thetn being -yto^w^^^i^ \^ 
M, N, Shew that the triangle MBN is equal to V^ie \.t^3Ka^^ 
MDa 
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Proposition XLIV. Problem. 

To a given straight line to a/pply a pa/rallelogram, whi^ 
shall be equal to a given triangle, arid have one of its angles 
equal to a given angle. 




XiCt AB be the given st. line, C the given A, D th^ 
given z . 

It is required to apply to AB a EJ ^ lG and having on^ 
of its 18= iD, 

Make a 0= A C, and having one of its angles = z J), I. 42. 

and suppose it to be removed to such a position that one of 
the sides containing this angle is in the same st. line with AB, 
and let the O be denoted by BEFG, 

Produce FG to H, draw AH \\ to BG or EF, and join BE. 

Then •.' FH meets the ||s AH, EF, 

.'. sum of z s AHF, HFE=two rt. z s ; I. 29. 

.'. sum of z s BHG, HFE is less than two rt. z s ; 

.*. HBj FE will meet if produced towards B, E. Post. 6. 

Let them meet in K, 

Through K draw KL \\ to EA or FH, 

and produce HA, GB to meet KL in the pts. Z, M. 

Then HFKL is a CJ, and HK is its diagonal ; 

and AG, ME are Os about BX, 

.*. complement 5X= complement BF, I. 43. 

/. OBZ= aC. 

Also the O BL has one of its z s, ABM= z j&5(3^, and 
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Proposition XLV. Problem. 

To describe a parallelogram, which shall he equal to a 
^un rectilinear figure, arid have one of its angles equal to a 
p>vm angle. 




Let ABCJD be the given rectil. figure, and E the given z . 
It is required to describe a O = to ABCD, having one 

of Us 18= jlK 

Join AC. 

Describe a O FGHK= a ABC, having z FKH^ l E. 

1.42. 

To GH apply a O GHML= A CDA, having z G^HM=» z E. 

I. 44. 
Then Z^ML is the O reqd. 

For *.• z OJ?M" and z FKH are each= z JS7 ; 

.% lGHM=lFKH, 

.-. sum of z s 6?HM, G^ffiK:=sum of z s i^ZJT, GHK 

=two rt. z s ; I. 29. 

.*. KHM is a st. line. I. 14. 

Again, •.• HG meets the ||s i^G^, XM, 

z 1?^6?^= z 6?ffM, 

.-. sum of z s FGH, LGH=s\im of z s GEM, LGH 

=two rt. z s ; I. 29. 

.% jPG^i is a St. line. I. 14. 

Then •.' KF is || to HG, and JTG^ is || to LM 

.-. iCF is II to LM ; I. SO. 

and KM has been shewn to be II to FL, 

.', FKML is a parallelogram, 

and •.• FE:= a ABC, and GM= A OD^, 

.-. £7 -FJlf =-whole rectil. fig. ^^OD, 

and £7 i^Mhas one of its z s, FKM= z J57. 

In the same way a ZI7 maj be constructed e(\yi«\ \iO «* ^^<s^ 
TBctiL £g. of any number of sides, and having on© oi SXa «ci^<^"s» 
equal to a given angle, q,, 'e.. "». 
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Miscellaneotis Exercises* 

1. Ijt one diagonal of a quadrilateral bisect the other, i^ 
divides the quadrilateral into two equal triangles. 

2. If from any point in the diagonal, or the diagonal prO' 
duced, of a parallelogram, straight lines be drawn to th»^ 
opposite angles, they will cut off equal triangles. 

3. In a trapezium the straight line, joining the middL^ 
points of the parallel sides, bisects the trapezium. 

4. The diagonals AG, BD of a parallelogram intersect 
0, and P is a point within the triangle AOB ; prove that thi 
diflference of the triangles CPD, APD is equal to the sum o:M 
the triangles APC, BPD. 

5. If either diagonal of a parallelogram be equal to » 
side of the figure, the other diagonal shall be greater thaD 
any side of the figure. 

6. If through the angles of a parallelogram four straight 
lines be drawn parallel to its diagonals, another parallelogram 
will be formed, the area of which will be double that of the 
original parallelogram. 

7. If two triangles have two sides respectively equal and 
the included angles supplemental, the triangles are equal. 

8. Bisect a given triangle by a straight line drawn from 
a given point in one of the sides. 

9. The base AB of a triangle ABC is produced to a point 
D such that BIJ is equal to AB, and straight lines are drawn 
from A and D to E, the middle point of BC ; prove that the 
triangle ADE is equal to the triangle ABC, 

10. Prove that a pair of the diagonal of the parallelograios, 
which are about the diameter of any parallelogram, are parallel 

t0 each other. 
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Proposition XLVI. Problem. 
To describe a squa/re upon a given straight line. 





Let AB be the given st. lme# 
It is required to describe a square oil AB, 



From A draw AC ± to AB, 


LI] 


I. Cor. 


In AC mskQ AD=AB, 






Through D draw DE II to AB, 




L31. 


Through B draw BE \\ to AD, 




L31. 


Then AE\aB, parallelogram, 






and.*. AB=^ED, and AD=BE. 




L34. 


MAB=AD; 






.'. AB, BE, ED, DA are all equal ; 






.*. AE is equilateral. 






And z BAD is a right angle. 






.*. AE is& square, 


Def 


XXX. 


and it is described on AB, 







Q. E. P. 

Ex. 1. Shew how to construct a rectangle whose sides are 
equal to two given straight lines. 

Ex. 2. Shew that the squares on equal straight lines are 
equal 

Ex. 3. Shew that equal squares must be on equal straight 
lines. 

Nore, The theorems in Ex, 2 and 3 are aBSVxui^^ \il "^xx^^^ 
m che proof oi Prop, xlvlu. 
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Proposition XLVII. Theorem. 

In any right-angled triangle the square which is described on 
the side subtending the right angle is equal to the squares 
described on the sides which contain the right angle. 




Let ABC be a right-angled A , having the rt. i BAC. 
Then must sq. on BC= sum of sqq. on BA, AC, 
On BC, CA, AB descr. the sqq. BDEC, CKHA, AQFB. 
Through A draw AL \\ to BD or CE, and join AD, FC, 
Then •/ z BAC and z BAG are both rt. z s, 

.*. CAG is a St. line ; I. 14. 

and •.• z BAC and z CAH are both rt. z s ; 

/. jB^ff is a St. line. I. 14. 

Now '.• z DBC= L FBA, each being a rt. z , 
adding to each z ABC, we have 

z ABD= L FBC Ax. 2. 

Then in A s ABD, FBC, 

V AB^FB, and BD=BC, and z ABD= z FBC, 

.-. £,ABD=aFBC 1.4. 

Now O BL is double of A ABD, on same base BD and 

between same || s AL, BD, I. 41. 

and sq. BG is double of A FBC, on same base FB and be- 

^ir^^z? same jls FB, OC ; I. 41. 

.-. OBL^sq. BO. 
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Similarly, by joining AE^ BK it may be shewn that 

O GL=Bq. ^-ff. 

Now sq. on ^Oasum of O ^X and O OX, 

Bsum of sq. BG and sq. ^Z*, 
<=sam of sqq. on BA and AO, 

Q. X. D. 

Ex. 1. Proye that the square, described upon the diagonal 
of any ^yen square, is equal to twice the giyen square. 

Ex. 2. Find a line, the square on which shall be equal to 
the sum of the squares on three giyen straight lines. 

Ex. 3. If one angle of a triangle be equal to the sum of 
the other two, and4>ne of the sides containing this angle being 
diyided into four equal parts, the other contains three of those 
parts ; the remaining side of the triangle contains five such 
parts. 

Ex. 4. The triangles ABOy DBF, haying the angles ACB, 
DFE right angles, haye abo the sides AB, AO equal to BE, 
DFy each to each ; shew that the triangles are equal in eyery 
respect. 

NoTB. This Theorem has been already deduced as a Co- 
rollary from Prop. E, page 43. 

Ex. 5. Diyide a giyen straight line into two parts, so that 
the square on one part shall be double of the square on the 
other. 

Ex. 6. If from one of the acute angles of a right-angled 
triangle a line be drawn to the opposite side, the squares on 
that side and on the line so drawn are together equal to the 
sum of the squares on the segment adjacent to the right angle 
and on the hypotenuse. 

Ex. 7. In any triangle, if a line be drawn from the yertex at 
right angles to the base, the difference between the squares on 
the sides is equal to the difference between t\ie «c^QXQi& ^tlVXil^^ 
segments of the base. 
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Proposition XLVllL Theoresl 

If th-! square ducrihed upon oru of the sides of a triangle be 
equal to the squares describe! upon the other two sides of itythe 
angle contained by those sides is a right angle. 




O 

Let the sq. on BC, a side of A ABC, be equal to the sum of 
the sqq. on AB, AC, 

Then must l BAC be art, angle. 

From pt. A draw ADi. to AC. 1. 11. 

Make AD=AB, and join DC, 

Then '.' AD^AB, 

.'. sq. on ^i>=sq. on AB ; I. 46, Ex. 2. 

add to each sq. ou AC. 

then sum of sqq. on AD, -40= sum of sqq. on AB, AG. 

But '.' z DAC is a rt. angle, 

.'. sq. on Z>C7=sum of sqq. on AD, AC ; I. 47. 

and, by hypothesis, 

sq. on jBO=sum of sqq. on AB, AC ; 
.*. sq. on DO=sq. on BC; 

.\ DO=BC. I. 46, Ex. 3. 

Thenin^BABaADC, 

-: AB=AD, and J.Cis common, and BC=DC, 

.-. iBAC==lDAC; Lc. 

and I DAC is a rt. angle, by construction ; 

/. z BAC is a it. axi^e. 

c^. ^ ^, 
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INTRODUCTORY REMARKS. 

The geometrical figure with which we are chiefly concerned 
in this book is the Rectangle. A rectangle is said to be eon- 
tained by any two of its adjacent sides. 

Thus if ABCD be a rectangle, it is said to be contained by 
AB^ AD, or by any other pair of adjacent sides. 

^ D 




We shall use the abbreviation rect AB, AD to express the 
words " the rectangle contained by AB, AD,'* 

We shall make frequent use of a Theorem (employed, but not 
demonstrated, by Euclid) which may be thus stated and proved . 

Proposition A. Theorem. 
If the adjacent sides of one rectangle he equal to the adjacent 
sides of a/nother rectangle, ea/ih to eack, ike rectangles are equal 
in area. 
Let ABCD, EFGH be two rectangles : 
and let AB^EF and BC=FG. 
A D E n 



B c T o 

Then must rect, ABCD-rect, EFGH. 

For if the rect. EFGH be applied to the rect. ABCD, so 
that EF coincides with AB, 
then FG wiU faU on BC, v L EFG^ i ABC, 

and G wiU coincide with C, v BC=FG. 
Similarly it may be shewn that H will coincide with D, 
.*. rect. EFGH coincides with and is therefor© e(\v\a\ Vi t^^ 
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Proposition I. Theorem. 

If there he two straight lines, one of which is divided ink 
any number of parts, the rectangle contcdned by the tivo straigU 
lines is equal to the rectories contained by the v/ndivided Um 
and (he several parts of the divided Une. 



w :»» J> 







ff 


'» 




J. 


^ L 2£ 



Let AB and CB be two given st. lines, 
and let CD be divided into any parts in E, F. 

Then must red, AB, CD = sum of rect AB, CE and fid. 
AB, EF and red, AB, FD, 

From C draw CG ± to CD, and in CG make CH^AB. 
Through H draw EM \\ to CD. I. 31. 

Through E, F, and D draw EK, FL, DM \\ to CH, 
Then EK and FL, being each=C!ff, are each= J.5. 

Now CM"=sum of CK and EL and FM. 
And OM=rect. AB, CD, :• CH=AB, 

CK=Tect. AB, CE, v CH=AB, 

EL^iect, AB, EF, \- EK=AB, 

FM=Tect. AB, FD, v FL=^AB ; 

.-. rect. AB, CD = sum of rect. AB, CE and rect. AB, EF 
and rect. AB, FD. 

Q. E. D. 

Ex. If two straight lines be each divided into any number 
of parts, the rectangle contained by the two lines is equal to 
the rectangles contained by all tbe "^a,t\» ol \)aft ot^^ teiken 
separately with all the parts of the oIVt. 
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Proposition IL Theorem. 



If a straight line he divided into any two parts, ike rectangles 
contained by the whole and each of the pa/rts are together equal 
to the squa/re on the whole line. 




Let the st. line AB be divided into any two parts in C, 

Then must 

sq, on AJB^swm of red. AB, AC and rect AB, CR 

On AB describe the sq. ABEB. 
Through C draw CF \\ to AD. 
Then J.^=sum of AF and CB. 
Now AE is the sq. on AB, 

AF^TQct, AB, AC, •.* AD=AB, 
CE=Tect AB, CB, V BE=AB, 
,\ sq, on -4B=sum of rect. AB, AC and rect. AB, CB. 



1.46. 
I. 31. 



Q. B. D. 



Ex. The square on a straight line is equal to four times the 
square on half the lina 
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Proposition III. Theorem. 

If a straight line he divided into cmy two parts, the rectangle 
contained by the whole and one of (he parts is equal to the rect- 
angle contained by the two parts together vjith the squa/re on the 
aforesaid part 







F 



D 



S 



Let the st. line AB be divided into any two parts in O, 

Then must 

rect AB, CB=sum ofrect. AC, CB and sq, on GB. 

On OB describe the sq. CDEB, I. 46. 

From A draw AF II to CD, meeting ED produced in F, 

Then AE^mm of AD and CE, 
Now J.^=rect. AB, CB, v BE^CB, 
^D=rect. AC, CB, v CD^CB, 
CE=sq. on CB. 
.*. rect. AB, CB =8um of rect. AC, CB and sq. on CB, 

Q. E. D. 

Note. When a straight line is cut in a point, the distances 
of the point of section from the ends of the line are called the 
segments of the line. 

If a line AB be divided in 0, 
AC and CB are called the internal segments of AB, 

If a line AC he produced to B, 
AB and CB are called the exteruoX ^^^oi^iika ^1 AC. 
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Proposition IV. Theorem. 

If a straight line he divided into any two parts, tlie square 
on the whole line is equal to the squares on the two parts together 
with twice the rectangle contained by the parts. 

A a B 



F 



D ax 

Let the st line AB be divided into any two parts in C. 
Then must 
sq. on AB=s^im ofsqq. on AC, CB and twice rect AC, CB. 

On AB describe the sq. ADEB. I. 46. 

From AD cut off AH = CB. Then HD=AC. 

Draw CG II to AD, and HK \\ to AB, meeting CG in F. 

Then •.' BK=AH, .\ BK= CB, Ax. i. 

.-. BK, KF, FC, CB are aU equal ; and KBCia& rt. i ; 

.*. CK is the sq. on CB. Def. x^x. 

Also iI6?=sq. on AC, '.' HF and ED each=^0. 

Now ^^=sum of HG, CK, AF, FE, 

-4J57=sq. on AB, 



and 



HG^=sq. on AC, 
CK=sq. on CB, 
AF-=Tect. AC, CB, 
FE=Tect. AC, CB, 



CF^CB, 
FG=^ACmdFK=CB. 



.'. sq. on AB=iB\im of sqq. on AC, CB and twice rect. AC, CB. 

Q. E. D. 

Ex. In a triangle, whose vertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
base. Shew that the rectangle, contained "by t\i© sft^yj^feTLXa q.\ 
the base, is equal to the square on the perpendicvvYw. 



S.K. 



6 
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Proposition V. Theorem. 

If a straight line he divided into two equal parts and also 
into two unequal parts, the rectangle contained by the unequcd 
parts, together xoith the sqiiare on the line between the points of 
section, is equal to the square on half the line. 



A 


a j> B 






JH 




I 


C 


i 





JU 



w 



Let the st. line ^B be divided equally in C and unequally 
inD. 

Then must 

rect. AD, DB together with sq. on CD=sq, on CB. 



On CB describe the sq. CEFB, 
Draw DG \\ to CE, and from it cut off DH=DB. 
Draw HLK || to AD, and AK \\ to DEL. 



1.46. 
I. 31. 
I. 31. 



Then rect. jDjP=rect. AL, 
Also iO=sq. on CD, 



\'BF=AC,SiJidBD=CL. 
V LH^CD, and HG^CD. 



Then rect. AD, DB together with sq. on CD 
= AH together with LG 
=sura of AL and CH and LG 
= sum of DF and CH and LG 
= CF 
«=sq. on CB. 



Q. E. D. 
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Proposition VI. Theorem. 

If a straight line he bisected and produced to any pointf Hie 
rectangle contained by the whole line thus ^yroduced and the part 
of it prodv^ed, together with the square on half the line bisected, 
is equal to the square on the straight line which is made up of 
the half and the part produced. 



O 



M ^ 



^ 



E 



U 



Q T 



Let the st. line AB be bisected in C and produced to D. 

Then must 

rect. AD, DB together with sq, on CB=sq. on CD. 



On CD describe the sq. CEFD, 
Draw BG\\ to CE, and cut off BH=-BD. 
Through H draw KLM \\ to AD 
Through A draw AK \\ to CE, 

Now ••• BG= CD and BH=^BD ; 
.,HG=^CB; 
.*. rect. Jf6r=rect. AL. 

Then rect. AD, DB together with sq. on CB 
=sum of AM and LG 
= sum of AL and CM and LG 
=sum of MG and CM and LG 

=:CF 

=8q. on CD, 



1.46. 

1.31 

1.31. 



Ax. 3. 
II. A. 



^. IS.. "O. 
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Note. We here give the proof of an important theorem, 
which is usually placed as a corollary to Proposition V. 



Proposition B. Theorem. 

The, difference between the squares on any two straight lines 
IS equal to the rectangle contained by the sum and difference of 
those lines. 



^ S 




Let ACf CD be two st. lines, of which -40 is the greater, 
and let them be placed so as to form one st. line AD, 

Produce AD to JB, making CB—AC. 

Then -4D=the sum of the lines AC, CD, 

and D5=the difference of the lines AC, CD. 

Then must difference between sqq, on AC, CD=rect. AD, DB. 

On GB describe the sq. CBFB, I. 46. 

Draw DO \\ to CTE, and from it cut off DH=DB, I. 31. 

Draw HLK \\ to AD, and AK \\ to DH. I. 31. 

Then rect. DF^iect. AL, .'BF^AC, and BD=CL. 

AIbo LG=>&q, on CD, '.' LH= CD, and HG:== CD. 

Then (''fference, between sqq. on AC, CD 

= difference between sqq. on CB, CD 
^sum of CH md DF 
=sum of CH and AL 
^AH 

=rect. AD, DH 
^rect. AD, DB. 

^ Q. E. D. 

J-oaj th' ^ *^** Propositions V. and VI. might be deduced 
\ ^"^^ ^'•oposition. 
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Proposition VII. Theorem. 

If a straight line he divided into any two parts, the 
squares on the whole line and on one of tJie parts are equal 
to twice the rectangle contained by the whole and that part 
together with the square on the other part. 





d OB 




a 




r 


M. 










> J 


r 1 


I 



Let AB be divided into any two parts in 0. 

Then must 
sqq. on AB, BC=^ twice rect, AB, BC together with sq. on AC. 

On AB describe the sq. ADEB. I. 46. 

From AD cut off An= CB. 

Draw CF \\ to AD and HGK || to AB. I. 31. 

Then HF=8q. on AC, and CJK'=sq. on CB. 

Then sqq. on AB, BC=a\im of AE and CK 

=:8um of AK, HF, GE and CK 
=sum of AK, HF and GE. 

Now AK==Tect. AB, BC, •/ BK=BC ; 
OJS;=rect. AB, BC, '.' BE^AB ; 
J3r^=sq. on AC. 

. \ sqq. on AB, BC= twice rect. AB, BC together with sq. on AC 

Q. E. D. 

Ex. If Btraight lines be drawn from G to B «l\A Ixwcs. ^\ 
to I?, shew that BGD 13 a straigbt line. 
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Proposition VIII. Theorem. 
If a straight (me be divided into any tiro parts, four 
twui the reetasigh contained hy the wkoU line and one of the 
parts, together mth Oie sgwaTe on fke other part, t> 'equal to 
the sqvare on (he stratght line uhtch is madt up of Oie whoU 
and the JtTst part. 









a 

























Let the at. line AB be diTided into anj two parts in 
Produce AB to D, ho that BD=BC. 



Then muel foi 
dC=sq. on AD. 

On AD describe the oq. AEFD. 
¥ioai AE cvLt oS AM and MX eaoh=CB. 
Through C, B draw CM, BL || to AE. I. 3X, 

Through M, X draw MGKN, XPEO || to ^D. I. 31 . 
Now ■.■ XE=AG, and XP=AG, .: XH=b:i. on AO. 

Also AG=MP=FL=BF, II. a. 

and CK=GB^BN=KO ; 
.'. sum of these eight rectangles 

=four times the sum of AG, CK 
= four times -ii" 
=four times rect. AB, BC. 
Then four timea rect. AB, BG and sq. on AG 
^sum of the eiglit rectangles and XH 
-AEFD 
=eq. on AD. 



timet rect. AB, BC together with sq. on 
1.46. 



II. A. 
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Proposition IX. Theorem. 

If a straight line he divided into tioo equal, and also into 
two unequal parts, the squares on the two unequal parts ore 
together double of the squa/re on half the line and of the 
square on the line between the points of section* 




Let AB be divided equally in C and unequally in D. 
Then must 
s%im of sqq. on AD, DB^ twice sum ofsqq. on AC, CD. 
Draw CE=AC at rt. z s to AB, and join EA, EB. 
Draw DF at rt. z s to AB, meeting EB in F, 
Draw FCfittt, z s to EC, and join AF. 

Then •.' z ^CT is a rt z, 
.'. sum of z s AEC, EAC=^a. rt. z ; 
and •.• z AEC=^ z EAC, 
.-. zJ[-E70.= half art. z. 
So also z BEC and z EBC are each = half a rt. z . 

Hence z JLjE'i^ is a rt. z , 
Also, •/ z 6r^^ is half a rt. z , and z j^G^J" is a rt. z 
.-. z ^J^G« is half a rt. z ; 
.-. z ^J^C?= z C/^i^, and .'. EG=GF. 
So also z 5J7) is half a rt. z , and BD=^DF, 



1.32. 

I. A. 



I. B. Cor. 



Now sum of sqq. on AD, DB 

=sq. on AD together with sq. on DF 
=sq. on AF I. 47. 

=8q. on J.jB' together with sq. on EF I. 47. 

=sqq. on AC, EG together with sqq. on EGy GF I. 47. 
= twice sq. on AC together with twice bc\. oh (3^13* 
^ twice sq. on AC together with twice ac^. on CD. 

C^,. 'C.. x>» 
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Proposition X. Theorem. 

If a straight Him he bisected and produced to any pointy 
the sqiiare on the whole line thus produced and the square on 
the pofrt of it produced are together double of the square on 
half the line bisected and of the square on iM line made up 
of the half and the part produced. 




Let the st. line AB be bisected in C and produced to D. 

Then must 

surivofsqq. on AD, BD^tioice sum ofsqq. on AG, CD, 

Draw CEi. to AB, and make CE=AG, 
Join EA, EB and draw EF \\ to AD and DF 11 to CE, 
Then •/ z s FEB, EFD are together less than two rt. z s, 
.'. EB and FD will meet if produced towards B, D 
in some pt. G, 

Join AG, 

Then •/ z AGE is a rt. z , 
/. z s EAG, AEG together = a rt. z , 

and •/ z EAG= z AEG, I, a. 

/. z^J570= half art. z. 

So also z s BEG, EBG each=half a rt. z . 

.*. z AEB is a rt. z . 

Also z DBG, which= z EBG, is half a rt. z , 
and .'. z BGD is half a rt. z ; 

.-. BD^DG, I. B. Cor. 

Again, '.• z i^G^fc^ half a rt. z , and z EFG is art. z , I. 34. 
.-. z i^^J^^G^^half a rt. z , and EF=FG, I. b. Cor. 
Then sum of sqq. on AD, DB 
=sum of sqq. on AD, DG 
=sq. on -46!^ 

=sq. on AE together with sq. on EG 
=sqq. on AG, EG together with sqq. on EF, FG I. 47. 
= twice sq, on AG together witli tmce sc\. otv E¥ 
= twice sq, on ^(7 together mt\i\mc» ^c^. oxv CB. c^..^.\i. 



1.47. 
1.47. 
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Proposition XI. Problem. 

To divide, a given straight line into two parts, so that the rect- 
angle co7itained by the whole and one of the parts shall be eqiuU 
to the squa/re on the ether part 

JP ff 




1.46. 
I. 10. 

1.46. 



IC rf 

Let AB be the given st. line. 

On AB descr. the sq. ADCB, 

Bisect AD in E and join EB, 
Produce DA to F, making EF=EB. 

On AF descr. the sq. AFGH. 

Then AB is divided in H so that red. AB, BH—sg. on AH. 

Produce GH to K. 

Then •.* DA is bisected in E and produced to F, 
.'. rect, DF, FA together with sq. on AE 
=sq. on EF 

=sq. on EB, v EB=EF, 
=sum of sqq. on AB, AE. 

Take from each the square on AE. 

Then rect. DF, FA=sq. on AB. Ax. 3. 

Now i?^^=rect. DF, FA, v FG=FA. 

.-. FK=AC. 

Take from each the common part AK. 

Th&n FH^HC \ 

that is, sq. on -4J3'=rect. AB, BH, v BC=AB. 

Thus AB is divided in H as was reqd. 

<^. "a. "«, 
Ex. Shew that the squares on the whole line wi^ on^ ^\ >iJcvft 
partmare equal to three times the square on tihe oWiet ^w\*. 



II. 6. 
1.47. 
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Proposition XII. Theorem. 

In ohtust-angUd triangleSy if a perpendiculcur be drawn from 
either of the acute angles to the opposite side produced, the square 
on the side svhtending (he obtvM angle is greater than the squares 
on the sides containing the obtuse angle, by twice the rectangle 
contained by the side, upon which, when produced, the perpendi- 
cular falls, and the straight line intercepted without the triangle 
between the perpendicular and the obtuse angle. 




Let ABC be an obtuse-angled L, having i AGB obtose. 

From A draw AD x to BO produced. 
Then must sq, on AB be greater than sum of sqq. on BC, 
OA by twice rect BC, CD, 

For since BD is divided into two parts in 0, 

sq. on jBD=sum of sqq, on BC, CD, and twice rect. BC, CD. 

11.4. 
Add to each sq. on DA : then 

sum of sqq. on BD, DA ^aum of sqq. on BC, CD, DA and 

twice rect. BC, CD. 

Now sqq. on BD, DA=^sq. on AB, L 47. 

and sqq. on CD, D-4=sq. on CA ; I. 47. 

.'. sq. on -4B=sum of sqq. on BC, CA and twice rect. BC, CD. 
.', sq. on AB is greater than sum of sqq. on BC, CA by 
twice rect. BC, CD. 

Q. E. D. 

Ex. The aqnares on the diagonals of a trapezium are 
together equal to the squares on its two sides, which are not 
parallel^ and twice the rectangle contained b^ the sides, which 
are pamlleL 
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Proposition XIII. Theorem. 

In every triangle, the squa/re on the side subtending any of 
the a/mte a/ngles is less than the squares on the sides containing 
thai angle, by tvjice the rectangle contained by either of these sides 
and the straight line intercepted between the perpendicular, let 
fall upon it from the opposite angle, and the acute angle, 

Fio. 2. 





w IJ a B c 

Let ABC be any A , having the z ABC acute. 
From A draw AD ± to BC or BC produced. 
Then must sq. on AC be less than the sum of sqq. on AB^ 
BCy by twice rect. BC, BD. 

For in Fig. 1 BC is divided into two parts in D, 

and in Fig. 2 BD is divided into two parts in ; 

.'. in both cases 

sum of sqq. on BC, BD =aMm of twice rect. BC, BD and 

sq. on CD. II. 7. 

Add to each the sq. on DA, then 

sum of sqq. on BC, BD, DA=aum of twice rect. BC, BD 
and sqq. on CD, DA ; 

.'. sum of sqq. on BC, J.J5=»sum of twice rect BC, BD and 
sq. on AC; I. 47. 

/. sq. on -40 is less than sum of sqq. on AB, BC by twice 
rect. BC, BD. 

The case, in which the perpendicular AD coincides with AC, 
needs no proof. 

Q. E. D. 

Ex. Prove that the sum of the squares on any two sides of 
a triangle is equal to twice the sum of the squares c«i ViSiM \}w^ 
base and on the line joining the vertical ang\a mlYi MJcv^ im.^^'i 
poini of the base. 
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Proposition XIV. Problem. 

To describe a sqiuire that shall be equal to a given rectilinear 
figwe. 





Let A be the given rectiL figure. 
It is reqd, to describe a squa/re thai shall=A, 

Describe the rectangular O BODE —A. I. 45. 
Then if BE=ED the O BCDE is a square, 
and what was reqd. is done. 

But if BE be not = ED, produce BE to F, so that EF=ED. 
Bisect BF in G ; and with centre G and distance GB, 
describe the semicircle BHF, 
Produce DE to H and join GH, 

Then, *.• BF is divided equally in G and unequally in E, 
.-. rect. BE, EF together with sq. on GE 

s=sq. on GF II. 5. 

=sq. on GH 

=sum of sqq. on EH, GE. I. 47. 
Take from each the square on GE, 

Then rect. BE, EF =sq. on EH, 
But rect. BE, EF^BD, v EF^ED ; 
.'. sq. on EH=BD; 
.'. sq. on -Efl'=rectil. figure A, 

Q. E. F. 
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MiscdlaneotLs Exercises on Book II. 

1. In a triangle, whose vertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
base ; shew that the square on either of the sides adjacent to 
the right angle is equal to the rectangle contained by the 
base and the segment of it adjacent to that side. 

2. The squares on the diagonals of a parallelogram are to- 
gether equal to the squares on the four sides. 

3. If ABOD be any rectangle, and any point either 
within or without the rectan^e, shew that the sum of the 
squares on OA, OC is equal to the sum of the squares on OB, 
OD. 

4. If either diagonal of a parallelogram be equal to one of 
the sides about the opposite angle of the figure, the square on 
it shall be less than the square on the other diameter, by twice 
the square on the other side about that opposite angle. 

5. Produce a given straight line AB to C, so that the rect- 
angle, contained by the sum and di£ference of AB and AC^ may 
oe equal to a given square. 

6. Shew that the sum of the squares on the diagonals of any 
quadrilateral is less than the sum of the squares on the four 
sides, by four times the square on the line joining the middle 
points of the diagonals. 

7. If the square on the perpendicular from the vertex of a 
triangle is equal to the rectangle, contained by the segments 
of the base, the vertical angle is a right angle. 

8. If two straight lines be given, shew how to produce one 
of them so that the rectangle contained by it and the produced 
part may be equal to the square on the other. 

9. If a straight line be divided into three parts, the square 
on the whole line is equal to the sum of the squares on the parts 
together with twice the rectangle contained by each two of the 
parts. 
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10. In any quadrilateral the squares on the diagonals are 
together equal to twice the sum of the squares on the straight 
lines joining the middle points of opposite sides. 

11. If straight lines be drawn from each angle of a triangle 
to bisect the opposite sides, four times the sum of the squares 
on these lines is equal to three times the sum of the squares on 
the sides of the triangle. 

12. CD is drawn perpendicular to AB^ a side of the triangle 
ABCy in which AC=^AB. Shew that the square on CD is 
equal to the square on BD together with twice the rectangle 
AD, DB. 

13. The hypotenuse AB of a right-angled triangle ABCh 
trisected in the points D, E ; prove that if CD, CE be joined, 
the sum of the squares on the sides of the triangle CDE is 
equal to two-thirds of the square on AB. 

14. The square on the hypotenuse of an isosceles right angled 
triangle is equal to four times the square on the perpendicular 
from the right angle on the hypotenuse. 

15. Divide a given straight line into two parts, so that 
the rectangle contained by them shall be equal to the square 
described upon a straight line, which is less than half the line 
divided. 
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Note 6. — On the Measurement of Areas, 

To measure a Magnitude, we fix upon some magnitude of the 
same kind to servo as a standard or unit ; and then any 
magnitude of that kind is measured by the number of times it 
contains this unit, and this number is called the Mrasure of 
the quantity. 

Suppose, for instance, we wish to measure a straight line 
AB, We take another straight line EF for our standard, 



A B C D E F 

m 

and then we say 

if AB contain EF three times, the measure of ^ B is 3, 

if four 4, 

if X ,', X, 

Next suppose we wish to measure two straight lines AB^ 
CD by the same standard EF, 

If AB contain EF m times 
and CD n times, 

where m and n stand for numbers, whole or fractional, we say 
that AB and CD are commensurable, 

« 

But it may happen that we may be able to find a standard 
line EFy such that it is contained an exact number of times in 
AB ; and yet there is no number, whole or fractional, which 
will express the number of times EF is contained in CD, 

In such a case, where no unit-line can be found, such that it 
is contained an exact number of times in each of two lines 
AB, CD, these two lines are called inconmiensurable. 

In the processes of Geometry wo constantly meet with 
incommensurable magnitudes. Thus the side and diagonal of 
a square are incommensu rabies ; and so are the di&meV^t «jiv^ 
thauDlerence of a circle. 
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Nest, suppose two linea AB, AC to be at right angleato 
each other and to be commensurable, 80 that AB contains fonr 
times a certain unit of linear measurement, which is contained 
by AC three times. 



Divide AB, AC into four and three equal parts respectively, 
and draw lines through the points of division parallel to AG, 
AB respectively ; then the rectangle AGDB is divided into a 
number of equaJ squares, each constTucted on a line equal to 
the onit of linear measure tnent. 

If one of these squares be taken as the unit of area, the 
meaev/rt of the area of the rectangle ACDB will be ^e number 
of these squares. 

Now this number will evidently bo the same as that obtained 
by multiplying the measure oC AB by the measure of AG ; 
that is, the measure of ^5 being 4 and the measure oi ACS, 
the measure of ACDB is 4 X 3 or 12. (Algebra, Art. 38.) 

And generally, if the measures of two adjacent sides of a 
rectangle, supposed to be commensurable, be a and b, then Qie 
measure of the rectangle will be ab. (Algebra, Art. 39.) 

If all lines were commensurable, then, whatever fnight be the 
length of two adjacent sides of a rectangle, we might select the 
unit of length, so that the measures of the two sides should be 
whole numbers ; and then we might apply the processes of 
Algebra to eslahlish many Propositions in Geometry by simpler 
methods than those adopted by Euclid. 

Take, for example, the theorem in Book ii. Prop, iv. 

If nil lines were commensurable we might proceed thus ; — 
Xiet the measure of AG be x, 

of OB ... i;. 

Then the measure of AB is x+y. 

Now (ic+i()'-a;= + v' + 23Ta, 

vAjch provea the Cbeorem. 



ft IL] ON THE MEASUREMENT OF AREAS. 97 

inasmuch as all lines are not commensurable, we have 
netry to treat of fno^ittuiM and not of iMamrt%: 
when we use the symbol A to represent a line (as 
2), A stands for the line itself and not, as in Algebra, 
number of units of length contained by the line. 

nethod, adopted by Euclid in Book II. to explain the 
s between the rectangles contained by certain lines, is 
cact than any method founded upon Algebraical prin- 
an be ; because his method applies not merely to the 
which the sides of a rectangle are commensurable, but 
the case in which they are incommensurable. 

(tudent is now in a position to understand the practical 
ion of the theory of Equivalence of Areas, of which 
ndation is the 35th Proposition of Book L We shall 
few examples of the use made of this theory in Men- 



Area of a Parallelogram. 

area of a parallelogram ABCD is equal to the area 
rectangle ABEF on the same base AB and between 
e parallels AB, FC. 




BE is the altitude of the parallelogram ABCJJ if 
taken as the base. 

« area of O J[JBCD=rect. AB, BE, 
3n the measure of the base be denoted by 6, 

altitude h, 

leasure of the area of the O will be denoted by hh 
is, when the base and altitude are coinmenfiV]Lt«2t\<(^, 
are of Area = measure of base into measuie ol Q^!6LVoA^ 
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Area of a Triangle, 

If from one of the angular points ^ of a triangle ABC, a 
perpendicular AD be drawn to BC, Fig: 1, or to BC produced, 
Fig. 2, 





B D d -B 

and if, in both cases, a parallelogram ABCE be completed 
of which AB, BC are adjacent sides, 

area of A J[50=-half of area of O ABCE, 
Now if the measure of BC be 6, 

and AD... h, 

measure of area of ZZ7 ABCE is bh ; 

.'. measure of area of A ABC is — • 

Area of a Rhombus, 

Let ABCD be the given rhombus. 

Draw the diagonals -40 and BD, cutting one another in 0. 




J} c 

It is easy to prove that A C and BD bisect each other at 
right angles. 
Then if the measure of JO be 05, 

and BD ...i/, 

measure of area of rhombus = twice measure of A ACD, 

=twice^ 

4 
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Arm of a Trapezium, 

Let ABCD be the given trapezium, having the sides A B, 
CD parallel. 

Draw AE Sit right angles to CD. 




Produce DC to F, making CF^AB. 

Join AF, cutting BC in 0. 

Then in As ^0J5, COF, 

v L BAO= L CFO, and z AOB^ l FOC, and AB^CF ; 

.-. hCOF=£^AOB. 1.26. 

Hence trapezium ABCD= lADF, 

Now suppose the measures of ABy CD, AE to be m, n, p 
respectively ; 

.-. measure of D-F=m + n, •/ CF=^AB. 

Then measure of area of trapezium 

=} (measure of DF X measure of AE) 
=i(m + 7i)X J?. 

That is, the measure of the area of a trapezium is found by 
multiplying half the measure of the sum of the parallel sides 
by the measare of the perpendicular distance "W^w^evi >Otift 
parallel ddee. 



ICX) 



EUCLID'S ELEMENTS, [BookB L & II 



Area of an Irregular Polygon. 

TLere are three methods of finding the area of an irregular 
polygon, which we shall here briefly notice. 

I. TJie 2)olygoii niay he divided into triangles^ and the 
area of each of these triangles be found separately. 




E D 

Thus the area of the irregular polygon ABCDE is equal 
to the sum of the areas of the triangles ABE, EBD, DBG. 

II. The polygon mxiy he converted into a single triangle 
of equal area. 

If ABCDE be a pentagon, we can convert it into an 
equivalent quadrilateral by the following process : 




i 



jg If Jf 

Join BD and draw CF parallel to BD, meeting ED pro- 
duced in F, and join BF. 

Then will quadrilateral ^5i^E= pentagon ABCDE. 

For A BDF= A BCD, on same base BD and between 
same parallels. 

If^ then, from the pentagon we remove lBCD, and add 
A BDF to the remainder, "we obtoiiv «k ^\\3kaAx\\a.tAtal ABFE 
'Univalent to the pentagon A BCDE. 
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The quadrilateral may then, by a similar process, be con- 
verted into an equivalent triangle, and thus a polygon of any 
number of sides may be gradually converted into an equiva- 
lent triangle. 

The area of this triangle may then be found. 

III. The third method is chiefly employed in practice by 
Surveyors. 




Let ABGDEFG be an irregular polygon. 

Draw AEj the longest diagonal, and drop perpendiculars 
on AE from the other angular points of the polygon. 

The polygon is thus divided into figures which are either 
right-angled triangles, rectangles, or trapeziums ; and the areas 
•f each of these figures may be readily calculated. 
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Note 7. On Projections. 



The projection of a point By on a straight line of unlimited 
length AE, is the point M at the foot of the perpendicular 
dropped from J5 on ^J^. 

The projection of a straight line BC, on a straight line of 
unlimited length AE, is MN, — ^the part of AE intercepted 
between perpendiculars drawn from B and G, 

When two lines, as AB and AE, form an angle, the pro- 
jection of AB on AE is AM. 




We might employ the term projection with ad^anti^ to 
shorten and make clearer the enunciations of Props, xii. and 
XIII. of Book II. 

Thus the enunciation of Prop. xii. might be : — 

'' In oblique-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the squares on the 
sides containing that angle, by twice the rectangle contained 
by one of these sides and the projection of the other on it.** 

The enunciation of Prop. xiii. might be altered in a similar 
manner. 
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Note 8. On Loci. 

Suppose we have to determine the position of a point, 
which is equidistant from the extremities of a jjriven straight 
line^C. 

There is an infinite number of points satisfying this con- 
dition, for the vertex of any isosceles triangle, described oil 
BQ as its base, is equidistant from B and C. 




Let ABG be ont of the isosceles triangles described on 
BQ, 

If BC be bisected in D, MN^ a perpendicular to BQ 
drawn through D, will pass through A, 

It is easy to shew that any point in MN^ or MN produced 
in either direction, is equidistant from B and (7. 

It may also be proved that no point out of MB is equi- 
distant from B and Q. 

The line MN is called the Locus of all the points, infinite 
in number, which are equidistant from B and C 

Def. In plane Geometry Locua is the name given to a 
line, straight or curved, all of whose points satisfy a certain 
geometrical condition (or have a common pToi^T\."f^, \» ^^ 
exclusion of all other points. 
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Next, suppose we have to determine the position of a point, 
which is equidistant from three given points A^B^ C, not in 
the same straight line. 

B\ /L> 




If we join A and B, we know that all points equidistant 
from A and B lie in the line PD, which bisects AB at right 
angles. 

If we join B and 0, we know that all points equidistant 
from B and C lie in the line QEy which bisects BC at right 
angles. 

Hence 0, the point of intersection of PD and QE, is the 
only point equidistant from Ay B and C. 

PD is the Locus of points equidistant from A and B, 
QE J5and C, 

and the Intersection of these Loci determines the point, 

which is equidistant from A, B and C. 

Examples of Loci. 
Find the loci of 

(1) Points at a given distance from a given point. 

(2) Points at a given distance from a given straight line. 

(3) The middle points of straight lines drawn from a 
^ven point to a given straight line. 

(4) Points equidistant from the arms of an angle. 
(^) Points equidistant from a given circle. 

(^) I^oints eqnaUy distant from two straight lines which 
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NoTB 9, OnHu Methods employed in the iolutum of 

ProhUme, 

In the solation of Geometrical Exercises, certain methods 
may be applied with saccess to particular classes of questions. 

We propose to make a few remarks on these methods, so far 
as they are applicable to the first two books of Euclid's 
Elements. 

The Method of SyrUheeii. 

In the Exerdses, attached to the Propositions in the pre- 
ceding pages, the construction of the diagram, necessary for the 
solution of each question, has usually been fully described, or 
sufficiently suggested. 

Th^ student has in most cases been required simply to 
apply the geometrical fact, proved in the Proposition preceding 
the exercise, in order to arrive at the conclusion demanded in 
the question. 

This way of proceeding is called Synthesis {irvvBtais^cam- 
position), because in it we proceed by a regular chain of reason- 
ing from what is given to what is sought. This being the 
method employed by Euclid throughout the Elements, we have 
no need to exemplify it here. 

The Method of Analysis, 

The solution of many Problems is rendered more easy by 
mpposing the problem solved cmd the diagram constructed. 
It is then often possible to observe relations between lines, 
angles and figures in the diagram, which are suggestive of the 
steps by which the necessary construction might have been 
effected. 

This is called the Method of Analysis (dvaXt;o-iff= resolution). 
It is a method of discovering truth by reasoning concerning 
things unknown or propositions merely supposed, as if the one 
were given or the other were really true. The process can 
best be explained by the following examples. 

Our first example of the Analytical proc^^^ ^^'V^^s^^^'^V 
PwpoeitioD ofEuclid'a First Book. 
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Ex. 1. To draw a straight line thrcyugh a given point parallel 
to a given straight line. 

Let A be the given point, and BC be the given straight line. 

Suppose the problem to be effected, and EF to be the 
straight line required. 

K A ^ 



Now we know that any straight li\.e AD drawn from A to 
meet BQ makes equal angles with EF and J50. (i. 29.) 

This is a fact from which we can work backward, and arrive 
at the steps necessary for the solution of the problem ; thus : 

Take any point D in J5(7, join J.D, make l EAD=: l ADC, 
and produce EA to F : then EF must be parallel to BC, 

Ex. 2. To inscribe in a triangle a rhombus^ having one of its 
angles coincident with an angle of the triangle. 

Let ABC be the given triangle. 

Suppose the problem to be effected, and DBFE to be -the 
rhombus. 




Then if EB be joined, i DBE=z t FBE, 

This is a fact from which we can work backward, and deduce 
the necessary construction ; thus : 

Bisect z ABC by the straight line BE, meeting AC m E. 

Draw JSD and EF parallel to BC and AB respectively. 
TTien DBFB is the rhombus reqmted. l,^^^ "^y.. \, ^. ^^:^ 
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Ex. 3. To determine the point in a given straight Hiie, at 
which straight lines, drawn from tvco given points, on the sa/mc 
side of the gvven line, make equal angles with it 

Let CD be the given line, and A and B the given points. 
Suppose the problem to be effected, and P to be the point 
required. 




We then reason thus : 

If BP were produced to some point A% 

L GFA', being= z BFB, will be= z AFQ, 
Again, if TA' be made equal to PA, 

A A' will be bisected by OP at right angles. 

This is a fact from which we can work backward, and find 
the steps necessary for the solution of the problem ; thus : 

From A draw AO ± to CD. 
Produce -40 to A', making OA'=^OA. 
Join BA', cutting CD in P. 
Then P is the point required. 

Note 10. On Symmetry, 

The problem, which we have just been considering, suggests 
the following remarks : 

If two points, A and A', be so situated with respect to a 
straight line CD, that CD bisects at right angles the straight 
line joining A and A\ then A and A^ are said to be symmdrical 
with regard to CD. 

The importance of s/mmetrical relations, aa ^w^^^sXa^^ ^'^ 
methods for the solution of problems, cannot \>e ivXV^ ^«w^ 
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to a learner, who is onacqaamted with the properties of the 
circle. The following example, however, will illastrate this 
part of the subject sufficiently for our purpose at present 

"Find, a point in a given straight line, iuck that the svm of its 
distances from two fixed points on the same side of the line is a 
minimwn, that is, less than the sum of the distances of a/ny other 
point in the line from the fixed points. 

Taking the diagram of the last example, suppose CD to be 
the given line, and A, B the given points. 

Now if A and A' be symmetrical with respect to CD, we 
know that every point in CD is equally distant from A and A\ 
(See Note 8, p. 103.) 

Hence the sum of the distances of any point in CD from A 
and B is equal to the sum of the distances of that point from 
A' and J5. 

But the sum of the distances of a point in CD from A' and 
B is the least possible when it lies in the straight line joining 
A' and B. 

Hence the point P, determined ax in the last example^ is the 
point required. 

NoTB. Propositions ix., x., xi., xii. of Book I. give good 
examples of symmetrical constructions. 



Note 11. Euclid^s Proof of L 5. 

The angles at the base of an isosceles triangle are equal to one 
a/nother ; and if the equal sides he produced, the angles upon the 
other side of the base shall he equal. 

Let ABC be an isosceles A , having AB=^AC. 

Produce AB, ^C to D and ^. 

Then must i ABC^ l ACB, 

and L DBC^ i EOB. 
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BB take any pt. F. 

From AE cut off AG^AF. 
Join FO and GB, 




en in A s AFC, AOB, 

FA=GA, and AC=AB, and z i^^C= z 6?^B, 

»0=G5, and z AFC= z ^6?J5, and iACF= z ^5G. 



;ain, •.* AF=AG, 

of which the parts -4^, AC are equal, 
.*. remainder J51^= remainder CG. 

en in ^a BFC, CGB, 

• BF^CG, and FC=GB, and z jBI^O- z 0(?jE?. 
.-. z 1^J5C= z G^OB, and z BCF= z 0^0, 

)w it has been proved that z ACF= z ^J5G^, 
of which the parts z jBCF and z 0J5(t are equal ; 

.', remaining z -4 OjB= remaining z ABC, 

so it has been proved that z FBC= z G^CB, 
is, z i>^6''= z FCB, 



1.4. 



Ax. 3. 



1.4. 



Ax. 3. 



(i. 1£». Ti, 
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Note 12. Eudvfs Proof of L 6. 

If two angles of a triangle be equal to one another, the 
Met also, whick svibtend ifc« equal angles, shall he equal to 
one another. 




In A JBClet z ACB=^ i ABO. 
Then must AB^ AC. 
For if not, JB is either greater or less than AC 
Suppose AB to be greater than AC. 
From AB cut off BB^AC, and join hC. 
Then in /^a DBC, ACS, 
•/ DB^ACy and BC is common, and z DBC^ L ACB, 

.'. A BBC^ A ACB ; I. 4. 

that is, the less = the greater ; which is absurd. 

.*. AB is not grater than AC. 
Similarly it may be shewn that AB is not less than A C ; 

.-. AB^AC. 

Q. S. D. 

Note 13. EucUtTs Proof of I. 7. 

Upon the sa/me hose and on the same side of it, there 
cannot be two triangles that have their sides which are ter- 
minaled in one extremity of ihe base equal to one another, 
and their sides which are termmated in the other extremity 
of the base equal also. 

If it be possible, on the same base AB, and on the same 
side of it, let there be two A s ^ CB, ABB, such that AC'^AD, 
and also BC=^BB. 
Join CD. 
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First, when the vertex of each of the as is outside the 
other A (Fig. 1.) ; 

Fi« 1- Fio. 2. 

C 2) 





-4. 

V AD^AC, 

.-. L ACD=^ L ADC. I. 5. 

But z ACD is greater than i BCD ; 

. . ^ ADC is greater than z ^CD ; 

much more is z BDC greater than z £ri>. 

Again, •.• BC=BD, 

.-. z BDC-= L BCD, 

that is, z 5i)C is both equal to and greater than z BCD ; 
which is absurd. 

Secondly, when the vertex D of one of the A s falls loithin 
the other a (Fig. 2) ; 

Produce JC and AD to J^ and F 

Then \- AC^AD, 

.'. L ECD= L FDC. I. 5. 

But z JS70D is greater than z ^OD ; 

.*. z J'DO is greater than z jBOi> ; 

much more is z J5D0 greater than z 56*i>. 

Again, •.• BC=BD, 

.-. z jBDC= z JBOD ; 

that is, z J5DC is both equal to and greater than z BCD : 
which is absurd. 

Lastly, when the vertex D of one of the as falls on a 
side BC of the other, it is plain that BC an^ BD ckkwc^. 
be equnL ^ lE.. \>. 
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Note 14. E^ccMs Proof of I. 8. 

If two triangles have two sides of the one equal to two 
sides of the other, each to each, and have likewise their bases 
equal, the angle which is contained by the two sides of the 
one must he equal to the angle co^itained by the two sides of 
tlie other. 





Let the sides of the A s ABC, DEF be equal, each to each, 
that is, AB=DE, AC=DF and BC=EF. 

Then must iBAC= i EDF. 



Apply the A ABC to the A DEF. 

so that pt. B is on pt. E, and BC on EF. 

Then •.• BC=EF, 

.'. C will coincide with F, 

and BC will coincide with EF. 

Then AB and AC must coincide with DE and DF. 

For if AB and AC have a (Jifferent position, as GE, GF, 
then upon the same base and upon the same side of it there 
can be two A s, which have their sides which are terminated in 
one extremity of the base equal, and their sides which are tei> 
minated in the other extremity of the base also equal : which 
is impossible. I. 7. 

.'. since base BC coincides with base EF, 

AB must coincide with DE, and AC with DF ; 

. '. I BA C coincides with and is equal to l EDF. 
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Note 15. Anothm- Froof of 1. :i4. 

In the AS ABC, DEF, let AB==^DE and ^0-2>i^, and 
let z JB^C be greater than z i/DJ". 
Tfee7t must BC be greater than EF, 





Apply the A DEF to the A ABC 
so that DE coincides with AB. 

Then *.• i EDF is less than z £^r:f, 
DjF will fall between BA and AC, 

and -F will fall o?i, or oftcwg, or fceZow, BC. 

I. If i?' fell on BGy 
BF is less than BC ; 
/. ^J?' is less than BC . 

II. If F fall a6ot;e BC, 

BF, FA together are less than 

BC, CA, 
and ^^ = 0-4 ; 

.-. BF is less than BC ; 

.-. ^-P is less than^O. 




III. UFit^hdowBC, 
let AF cut BC in 0. 



Then BO, OF together are greater than BF, I. 20. 

and 00. AO AC-, 1. 20. 

.\BC,AF Bi^; ^0 together, 

and ^i^=^0, 
.' J90is greater than BF \ 
and . '. ^Fia iess than BC, <^ 'R. ^. 
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Note 16. Eudid^s Proof of L 26. 

If ttiH) triangles ha/oe ttoo angles of the one eqtud to two angles 
of the other, each to eachy and one side equal to one side^ 
viz.f either the sides adjacent to the equal angles, or the sides 
opposite to equal angles in each ; then shall the other sides he 
equal, each to each ; and also Hie third angle of the one to the 
Udrd angle of the other. 





c :w 

In A s ABC, DBF, 
Let z ABC = z DEF, and z ACB = z DFE ; 
and f/rst, 

Let the sides adjacent to the equal z s in each be equaXj 

that is, let BC=-EF. 
Then must ^£=I>E,and ^0=DJ';and z BAC = z EDP^- 

For if AB be not=i)^, one of them must be the greater. 
Let AB be the greater, and make GB=DE, and join GC. 

Then in A s GBC, DEF, 
V GB=DE, and BC^EF, and z GBC = z DEF, 

.\lGCB=^.DFE, 1.4- 

But lACB^l DFE by hypothesis ; 

.-. iGCB^iACB] 
that is, the less = the greater, which is impossible. 
.'. AB ia not greater than DE, 

In the same way it may be shewn that AB is not less than 

DE; 

.-. AB=DE. 

Then in as ABC, DEF, 

'. • AB=DE, and BC=EF, and l ABC= l DEF, 

. : JC7^JJJf\ and z BAC^ jl EDF. V ^, 
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'Nexi^ let the sides which are opposite to eqaal angles in each 
triangle be equal, viz., AB=DE. 

Tfceji must AC=DF, and BC^EF, and l BAG =» z EDF, 





K c 



For if BC be not=jKi^, let BC be the greater, and mako 
BH=EF, and join AH. 

Then in A s ABH, DBF, 

'••AB=DE, and BH=^EF, and l ABn= l DBF, 

.-. L AHB= L DFE. I. 4. 

MiACB = ^ DFE, by hypothesis, 

.-. I ATIB = ^ ACB ; 
^tis, the exterior z of a AHC is equal to the interior and 
opposite z AC By which is impossible. 

.-. BC is not greater than EF. 

Jn the same way it may be shewn that BC is not less than 
EF; 

.'. BC=^EF. 

Then in A s ABC, DEF, 

V AB=DE, and BC=EF, and z ABC=^ z DEF, 

. . AC^DF, and z BAC= z ^Di?^, I. 4. 



Q. K. D. 
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Miscellaruous Exercises on Books I. and IT, 

1. AB and CD are equal straight lines, bisecting one another 
at right angles. Shew that ACBD is a square. 

2. From a point in the side of a parallelogram draw a line 
dividing the parallelogram into two equal parts. 

3. In the triangle FDGj if FCD be a right angle, and angle 
FDC be double of angle CFD, shew that FD is double 
of DC. 

4. If ABC be an equilateral triangle, and AD, BE be per- 
pendiculars to the opposite sides intersecting in F ; shew that 
the square on AB is equal to three times the square on AF, 

5. Describe a rhombus, which shall be equal to a given 
triangle, and have each of its sides equal to one side of the 
triangle. 

6. From a given point, outside a given straight line, draw 
a line making with the given line an angle equal to a given 
rectilineal angle. 

7. If two straight lines be drawn from two given points to 
meet in a given straight line, shew that the sum of these lines 
is the least possible, when they make equal angles with the 
given line. 

8. ABCD is a parallelogram, whose diagonals AC, BD in- 
tersect in ; shew that if the parallelograms AOBP, DOCQ 
be completed, the straight line joining P and Q passes through 
0. 

9. ABCD, EBCF are two parallelograms on the same base 
BC, and so situated that CF passes through A. Join DF, 
and produce it to meet BE produced in K; join FB, and 
prove that the triangle FAB equals the triangle FEK, 

10. The alternate sides of a polygon are produced to meet ; 
shew that all the angles at their points of intersection together 
with four right angles are equal to all the interior angles of 
the polygon. 

21, Shew th&t the perimeter of a tectarvg^le is always greater 
than that of the square equal to tlie tec^xvygi^ 
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12. Shew that the opposite sides of an equiangular hexagon 
are parallel, though they be not equal. 

13. If two equal straight lines intersect each other anywhere 
at right angles, shew that the area of the quadrilateral formed 
by joining their extremities is inyariable, an>l equal to oue-half 
the square on either line. 

14. Two triangles AQB^ ADB are constructed on the Miuie 
side of the same base AB. Shew that if AC*='BD and 
AD=BCy then CD is parallel to AB ; but if ^C-i^C and 
AD=BD, then CD is perpendicular to ^B. 

15. AB is the hypotenuse of a right-angled triangle ABC : 
find a point D in AB, such that DB may be equal to the per- 
pendicular from jD on ^C 

16. Find the locus of the vertices of triangles of equal area 
on the same base, and on the same side of it. 

17. Shew that the perimeter of an isosceles triangle is les» 
than that of any triangle of equal area on the same b;ise. 

18. If each of the equal angles of an isosceles triangle be 
equal to one-fourth the vertical angle, and from one of them a 
perpendicular be drawn to the base, meeting the opposite side 
produced, then will the part produced, the perpendicular, and 
the remaining side, form an equilateral triangle. 

19. If a straight line terminated by the sides of a triangle 
be bisected, shew that no other line terminated by the same 
two sides can be bisected in the same point. 

20. Shew how to bisect a given quadrilateral by a straight 
line drawn from one of its angles. 

21. Given the lengths of the two diagonals of a rhombus, con- 
struct it. 

22. ABCD is a quadrilateral hgure : construct a triangle 
whose base shall be in the line AB, such that its altitude shall 
be equal to a given line, and its area equal to that of the 
quadrilateral 

23. If from any point in the base of an isosceles triangle 
perpendiculars be drawn to the sides, their sum will be equal 
to the perpendicular from either extremity of the base upon 
the opposite side. 
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24. If ABG be a triangle, in which C is a ^ght angle, and 
DE be drawn from a point I) in J. C at right angles to AB, 
prove that the rectangles ABy AE and AC, AD are equal 

25. A line is drawn bisecting parallelogram ABCD, and 
meeting AD, EG in E and F : shew that the triangles EBFj 
CED are equal. 

26. Upon the hypotenuse BO and the sides CA^ AB of a 
right-angled triangle ABC, squares BDEC, AF and ^(7 are 
described : shew that the squares on DG and EF are together 
equal to five times the square on BC, 

27. If from the vertical angle of a triangle three straight 
lines be drawn, one bisecting the angle, the second bisecting 
the base, and the third perpendicular to the base, shew that 
the first lies, both in position and magnitude, between the 
other two. 

28. If ABC be a triangle, whose angle ^ is a right angle, 
and BE, CF be drawn bisecting the opposite sides respectively, 
shew that four times the sum of the squares on BE and CF is 
equal to five times the square on BC. 

29. Let ACB, ADB be two right-angled triangles having 
a common hypotenuse AB, Join CD and on CD produced 
both ways draw perpendiculars AE, BF, Shew that the sum 
of the squares on CE and CF is equal to the sum of the squares 
on DE and DF. 

30. In the base AC of a, triangle take any point D : bisect 
AD, DG, AB, BC at the points E, F, G, H respectively. 
Shew that EG is equal and parallel to FH, 

31. If AD be drawn from the vertex of an isosceles triangle 
ABC to a point D in the base, shew that the rectangle BD, DC 
is equal to the difference between the squares on AB and AD, 

32. If in the sides of a square four points be taken at equal 
distances from the four angular points taken in order, the 
figure contained by the straight lines, which join them, shall 
also be a square. 

33. If the sides of an equilateral and equiangular pentagon 
he produced to meet, shew that the sum of the angles at the 

points of meeting is equal to two r\s^\vt a.ii^^^. 
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34. Describe a square that shall be equal to the diiferenoe 
between two given and unequal squares. 

35. ABCD, AECF are two parallelograms, EA, A I) being 
in a straight line. Let FGj drawn parallel to AC^ meet BA 
produced in G, Then the triangle ABE equals the triangle 
ADG, 

36. From AC^ the diagonal of a square ABCD, cut off AE 
equal to one-fourth of AC, and join BE, DE, Shew that the 
figure BADE is equal to twice the square on AE. 

37. If ABO be a triangle, with the angles at B and C each 
double of the angle at A, prove that the square on AB is 
equal to the square on BC together with the rectangle ABj 

BO. 

38. If two sides of a quadrilateral be parallel, the triangle 
contained by either of the other sides and the two straight 
lines drawn from its extremities to the middle point of the 
oppoedte side is half the quadrilateral. 

39. Describe a parallelogram equal to and equiangular with 
a given parallelogram, and having a given altitude. 

40. If the sides of a triangle taken in order be produced to 
twice their original lengths, and the outer extremities be 
joined, the triangle so formed will be seven times the original 
triangle. 

41. If one of the acute angles of a right-angled isosceles 
triangle be bisected, the opposite side will be divided by the 
bisecting line into two parts, such that the square on one will 
be double of the square on the other. 

42. ABO is a triangle, right-angled at JB, and BD is drawn 
perpendicular to the base, and is produced to E until EGB is 
a right angle ; prove that the square on BC is equal to the sum 
of the rectangles AB, BC and BB, BE, 

43. Shew that the sum of the squares on two unequal lines is 
greater than twice the rectangle contained by the lines. 

44. From a given isosceles triangle cut off a trapezium, 
having the base o£ the triangle for one of ita powiJiiviV «A«a», 
and having the other three aides equal. 
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45. If any number of parallelograms be oonstructed haying 
their sides of given length, shew that the sum of the squares 
on the diagonals of each will be the same. 

46. ABCD is a right-angled parallelogram, and AB b double 
of BC ; on ^£ an equilateral triangle is constructed : shew 
that its area will be less than that of the parallelogram. 

47. A point is taken within a triangle ABC, such that the 
angles BOC, CO A, AOB are equal ; prove that the squares on 
BC, CA, AB are together equal to the rectangles contained by 
OB, OC ; OC, OA ; OA, OB ; and twice the sum of the 
squares on OA, OB, OC. 

48. If the sides of an equilateral and equiangular hexagon 
be produced to meet, the angles formed by these lines are 
together equal to four right angles. 

49. ABC is a triangle right-angled at -4 ; in the hypote- 
nuse two points D, E are taken such that BD=BA and 
CE= CA ; shew that the square on DE is equal to twice the 
rectangle contained by BE, CD, 

50. Given one side of a rectangle which is equal in area to a 
given square, find the other side. 

51. AB, AC a.Te the two equal sides of an isosceles triangle ; 
from jB, BD is drawn perpendicular to AC, meeting it in X) ; 
shew that the square on BD is greater than the square on CD 
by twice the rectangle AD, CD, 
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Postulate. 

A POINT is within, or without, a circle, according as its 
distance from the centre is less, or greater than, the radius of 
the circle. 

Def. L a straight line, as PQ, drawn so as to cut a circle 
ABCDy is called a Sbcant. 




That such a line can only meet the circumference in two 
points may be shewn thus : 

Some point within the circle is the centre ; let this be 0. 
Join OA. Then (Ex. 1, i. 16) we can draw one, and only one, 
straight line from 0, to meet the straight line PQ, such that 
it shall be equal to OA. Let this line be OC, Then A and 
C are the only points in PQ, which are on the circumference 
of the circle. 

9 
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Def. II. The portion AC of the secant P^, intercepted by 
the circle, is called a Chord. 

Def. III. The two portions, into which a chord diyides 
the circumference, as ABC and ADCy are called Arcs. 




Def. IV. The two figures into which a chord divides the circle, 
as ABC and JLDC, that is, the figures, of which the boun- 
daries are respectively the arc ABC and the chord AC^ and 
the arc ABC and the chord ACy are called Segments of the 
circle. 

Def. V. The figure AOCD, whose boundaries are two radii 
and the arc intercepted by them, is called a Sector. 

Def. VI. A circle is said to be described about a rectilinear 
figure, when the circumference passes through each of the 
angular points of the figure. 




And the Bgure is said to be inscribed m ^b\i^ cvxO^^. 
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Proposition I. Theorem. 

T^ 2me, which bisects a chord of a circle at right angles, 
mtst contain the centre. 




Let ABC be the given © . 
Let the st. line CE bisect the chord AB at rt, angles in D. 

Then the centre of the (-) must lie in CE. 

For if not, let 0, a pt. out of CE, be the centre ; 
and join OA, OD, OB. 

Then, in A s ODA, ODB, 
V AD = BD, and DO is common, and OA = 0B; 

/. z ODA = z ODB ; I. a 

and .". z ODB is a right z . I. Def. 9 

But z Ci>£ is a right z , by constraction ; 

.*. z ODB = z ClDJB, which is impossible ; 

,•. is not the centre. 

Thus it may be shewn that no point, out of CE, can be the 
centre, and .*. the centre must lie in CE. 

Cob. If tJie chord CE he bisected in F, tKea E %8 IVa cfcxvXx^. 
^^ circle. 
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Proposition II. Thborbm. 

If any two points he taken in the circumference of a cirde, 
the straight line, which joins them, must fall within the 
ciicle, 

a 




Let A and B be any two pts. in the Oce of the © ABC, 

Then must the st line AB faU within the . 

Take any pt. D in the line AB. 

Find the centre of the © . III. 1, Cor. 

Join OA, OD, OB, 

Then •.- i OAB = z OBA, I. a. 

and z ODB is greater than i OAB, I. 16. 

.'. z ODB is greater than z OBA ; 

and .*. OB is greater than OD, I. 19. 

.'. the distance of D from is less than the radius of the ®, 

and .*. D lies within the ©. Post, 

^nd the same may be shewn of any other pt. in AB. 
.'. AB lies entirely within the © . 

Q. E. D. 
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Proposition III. Theorem. 

If a stradght linsj dravm through the centre of a circUf bisect 
aekord of the circle, which does not pass Ikrough the centre, it 
must cut it at right angles : and ccmversdy^ if it cut it at right 
i, it must bisect it. 




In the ABCy let the chord AB, which does not pass 
tough the centre 0, be bisected in ^ by the diameter CD, 

Then must CD be ± to AB, 

Join OA, OB, 
Then in A s AEO, BEG, 
'.' AE=BEy ajidEO is common, and OA = OB, 

,\ L OEA^ L OEB. I. c. 

Hence OJS? is ± to AB, I. Def. 9. 

that is, CD is ± to AB. 

Next let CD be J. to AB. 

Thm rrmst CD bisect AB. 

For •.• OA = OB, and OE is common, 
in the right-angled A s AEG, BEG, 

.-. AE=BEy 
that is, CD bisects AB. 

Ex. 1. Shew that, if CD does not cut AB at right angles, 
it cannot bisect it. 

Ex. 2. A line, which bisects two parallel chords in a circle, 
is also perpendicular to them. 

Ex. 3. Through a given point within a circle, -wY^iOdl Sa tvsA* 
/fe centre, draw a chord which shall be bisected in \\wv\. ^cwftX,, 



I. E. Cor. p. 43. 

Q. E. D. 
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Proposition IV. Theorem. 

If in a circle two chords, which do not both pass thro^ujh the 
centre, cut one another, they do not bisect each other. 




Let the chords AB, CD, which do not both pass through the 
centre, cut one another, in the pt. E, in the © ACBD, 

Then AB, CD do not bisect each other. 

If one of them pass through the centre, it is plainly not 
bisected by the other, which does not pass through the centre. 

But if neither pass through the centre, let, if it be possible, 
AE^EB and CE=^ED ; find the centre 0, and join OE. 

Then •." OE, passing through the centre, bisects AB, 

.'. L OEA is a rt. z . III. 3. 

And •/ OE, passing through the centre, bisects CD, 

.'. L OEC is a rt z ; III. 3. 

/. L OEA= I OJ^O, which is impossible ; 
.*. AB, CD do not bisect each other. q. k d. 

Ex. 1. Shew that the locus of the points of bisection of all 
parallel chords of a circle is a straight line. 

Ex. 2. Shew that no parallelogram, except those which are 
TectangnlaTj can be inscribed in a circle. 



BcKdc m.] PROPOSITION V. 127 



t 



Proposition V. Theorem. 
Ifim circles cut one another, (hey cannot ham the same centre. 




If it be possible, let be the common centre of the © s 
-45(?, ABC, which cut one another in the pts. A and C. 

Join OA, and draw OEF meeting the ©s in J? and F, 
Then •/ is the centre of © ABC, 

.\OE=OA; 1. Def. 13. 

and ".• is the centre of © ADC, 

.\OF=OA; I. Def. 13. 

/. 0E= OF, which is impossible ; 
.% is not the common centre. 

Q. E. D. 

Ex. If two circles cut one another, shew that a line drawn 
through a point of intersection, terminated by the circumfer- 
eoces and parallel to tiie line joining the centres, is double of 
the line joining the centres. 

Note. Circles which have the same centre are called Con- 
tentric 
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Note 1, Onifie Contact of Circles. 

Def. VII. Circles are said to touch each other, which meet 
but do not cut each other. 

One circle is said to touch another internally , when one 
point of the circumference of the former lies on, and no point 
withoutf the circumference of the other. 

Hence for internal contact one circle must be smaller than 
the other. 

Two circles are said to touch externally, when one point of 
the circumference of the one lies on, and no point toithin the 
circumference of the other. 

N,B, No restriction is placed by these definitions on the 
number of points of contact, and it is not till we reach Propi 
XIII. that we prove that there can be but one point of coniacL 
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Proposition VI. Theorem. 

If one circle touch (mother internally, they cannot have the 
r.ahie centre. 




Let © ADJE touch © ABC internally, 

and let J. be a point of contact. 
Then some point E in the Oce ADE lies wWdn © ABC, 

Def. 7. 
If it be possible, let be the common centre of the two © s. 
Join OA, and draw DEC, meeting the Oces in JS? and G. 
Then •." is the the centre of © ABC, 

.-. OA^OC; I. Def. 13. 

and •.* is the centre of © ADE, 

.\OA = OE. I. Def. 13. 

Hence 0E= OC, which is impossible ; 

.*. is not the common centre of the two ©3. 

Q. E. D. 



10 
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Proposition YII. Thbobeu. 

If from any point within a drcUy which is not the centre^ 
straight lines he drawn to the cvrcumfereacey the qreaJtest of these 
lines is thai lohich passes through the centre. 




Let ABC be a , of which is the centre. 

From P, any pt. within the ©, draw the at. line PA, pass- 
ing through and meeting the Oce in J.. 

Then must FA he greater than amy other st line, 
drawn from F to the Oee. 

For let FB be any other st line, drawn from F to meet the 
Oce in jB, and join BO. 

Then •/ AO=BO, 

.-. ^P=sum of BO and OF. 
But the sum of BO and OF is greater than BF, I. 20. 

and .'. AF is greater than BF. 0. b. d. 

Ex. 1. If AF be produced to meet the circumference in 
Dy shew that FD is less than any other straight line that can 
be drawn from F to the circumference. 

Ex. 2. Shew that FB continually decreases, as B passes 
from -4 to D. 

Ex. 3, Shew that two straiglit\\Tiej&,'W\.TiQtthiee^ tiiat shall 
be equal, can be drawn from P lo Wie Qkcvx\ai««aRfc, 
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Proposition VIII. Theorem. 
If from, any point withotU a circle straight lines he drawn to 
the circvmference, the least of these lines is thai which, when pro- 
dttced, passes through the centre, and the greairst is thai which 
passes through the centre. 




Let ABC be a © , of which is the ceutre. 
From P any pt outside the 0^ draw the st. line FAOC, 
meeting the Oce in ^ and C 

Then must FA he less, and FC greateTf than any other st line 

dravmfrom F to the Oce, 

For let FB be any other st. line drawn from F to meet the 
Oce in 5, and join BO, 
Then •.* sum of FB and BO is greater than OF, I. 20. 

.*. sum of FB and BO is greater than sum of AF and AO, 

But BO=AO ; 
• .*. FB is greater than AF, 

Again *.• FB is less than the sum of FO, OB, 
,\ FB is less than the sum of FO, OC ; 
.-. FB is less than FC, 

Ex. 1. Shew that FB continually increases as B passes 
from -4 to 0. 

Ex. 2. Shew that from F two straight lines, but not three, 
that shall be equal, can be drawn to the circumference. 

Note. From Props, vii. and viii. we deduce the following 
Corollary, which we shall use in the proof of Pxopa. "xi. wA-xsxv. 

Cob, 1/ c point be taken, tuithin or wi^ioui a cvrd^^ oj oiXX 
t^rauj^ht lines drawn from it to the. circumfer&Me^ tlie gT^atwX %% 
^W foiiG/i meets the circumference after pamrtg.tKrougK tlv* ccK\rr€ 



1.20. 



Q. E. D. 
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Proposition IX. Theorem. 

If a point be taken ivithin a circhy from which there fall more 
than two eqical straight lines to the circumferencey thai point is 
the centre of the circle. 




Let be a pt. in the © ABC from which more than two st. 
lines OA, OB, OC, drawn to the Oce, are equal. 

Then mnst he the centre of the . 

Join ABy BC, and draw OJD, OE A. to AB, BC. 
Then •.* OA = OBf and OD is common, 
in the right-angled as AOD, BOD, 

:, AD=DB ; L E. Cor. p. 43. 

.'. the centre of the © is in DO, III. k 

Similarly it may be shown that 

the centre of the ® is EG ; 
.'. is the centre of the ®. 

Q. E. D. 
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Proposition X. Theorem. 

Two circles cannot have more than two imnts common to 
bothy without coinciding entirely. 




If it be possible, let ABC and ADE be two ©s which have 
more than two pts. in common, as A, B, C, 

Join AB, BC. 

Then •/ AB is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects AB at right angles ; III. 1. 

and */ BC is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects BC at right angles. III. 1. 

.*. the centre of each circle is the point, in which the two 
straight lines, which bisect AB and BC at right angles, meet. 

.'. the ©8 ABC, ADE have a common centre, which is 
impossible ; III. 5 and 6. 

.*. two ©s cannot have more than two pts. common to both. 

Q. £. D. 

Note. We here insert two Propositions, Eucl. iii. 26 and 
IV. 5, which are closely connected with Theorems i. and x. of 
this book. The learner should compare wit\i \i\ns ^QtMvQv^ ^i 
the Bubject the note on Loci, p. 103. 
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Proposition A. Problem. (Eucl. iii. 25.) 

An arc of a circle being given, to complete the circle of which 
it is a part. 




Let ABC be the given arc. 

It is required to complete the © of which ABC is a pa/rt. 

Take B, any pt. in arc ABC, and join AB, BC, 

From D and E, the middle pts. of AB and BC, 

draw DO, EG, ± s to AB, BC, meeting in 0. 

Then *.* AB is to be a chord of the , 

,\ centre of the © lies in DO ; III. 1. 

and •.* BC is to be a chord of the ©, 

.'. centre of the © lies in EG, III. 1. 

Hence is the centre of the © of which ABC is an arc, 
and if a © be described, with centre and radius OA^ this 
will be the © required. 

Q. E. F. 
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PBOFosinoif B. Problem. (Eucl. iv. 5.) 
To describe a circle abovi a gioen triangle. 




Let ABC be the given A . 

It is required to describe a © dboul (he A . 

From D and E, the middle pts. of AB and AC, draw DOy 
^0, IB to AB, ACf and let them meet in 0. 

Then •.* AB is to be a chord of the © , 

.*. centre of the © lies in DO, III. 1. 

And •.• JIC is to be a chord of the © , 

.-. centre of the © lies in EG. III. 1. 

Hence is the centre of the © which can be described 
aboat the a . and if a © be described with centre and radius 
OA, this will be the © required. 

Q. E. F. 

Ex. If BAG be a right angle, show that O will coincide 
with the middle point of BG, 
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Proposition XI. Theorem. 

If one circle toitch another internally ai any point, the 
centre of the interim^ circle must lie in thai radius of the 
other circle which passes through thai point of contact. 




\ 



Let the © ADE touch the © ABC internally, and let A be 
a pt. of contact. 

Find the centre of © ABC^ and join OA, 

Then must the centre of © ADE lie in the radius OA. 

For if not, let P be the centre of © ADE. 

Join OF, and produce it to meet the Oces in D and B. 

Then '.' P is the centre of © ADE^ and from are drawn 
to the Oce of ADE the st. lines OA, OD, of which OD passes 
through P, 

.'. OD is greater than OA. III. 8, Cor. 

But OA==OB; 

.'. OD is greater than OB, 

which is impossible. 

/. the centre of © ADE is not out of the radius OA. 

/, it lies in OA. 

^.. ^ \i. 
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Proposition XII. Theorem. 

// ivoo circles touch, one another externally at any pointy the 
^raight line joining the centre of one icith that point of contac- 
nmt when produced pass through the centre of the othtr. 




I*t © ABC touch © ADE externally at the pt. A. 
Let be the centre of © ABC, 
Join OA, and produce it to E. 

Then must the centre of © ADE lie in AE, 

For if not, let P be the centre of © ADE. 

Join OP meeting the © s in J5, JD ; and join AP, 
Then V 05= 0^ 
and PD=AP, 

.'. OB and PD together = OA and AP together ; 
. .'. OP is not less than OA and AP together. 
But OP is less than OA and AP together, I. 20. 

^Mch is impossible ; 

.*. the centre of © ADE cannot lie out of AE. 

Q. E. u. 

fix. Three circles touch one another externally, whose 
centres are A, B, C Shew that the diffeteivcft \i^^L'^^^T^. A.1i 
^iACJs half as great as the difference "betyifteiv \)Ckfe ^YA-m^V^^ 
<^fiie circles, whose centres are B and C. 
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Proposition XIII. Theorem. 

One, circle cannot touch another at more points than on 
whether it touch it internally or extemaUy 

First let the © A DE touch the © ABC internally at pt. ^ 
Then there can he no other point of contodA. 




Take the centre of © ABC 
Then P, the centre of © ADE, lies in OA. III. H 

Take any pt. E in the Qce of the © ADEy and join OE, 
Then '.• from 0, a pt. within or without the © ADE^ tW' 

lines 0-4, OE are drawn to the Qoi^, of which OA passe 

through the centre P, 

.*. OA is greater than OE, - III. 8, Coi 

and .•. ^ is a point within the © ABC, PosI 

Similarly it may be shewn that every pt. of the Qce of th 
© ADE, except A, lies within the © ABC ; 

,\ A 18 the only point at 'which the ©s meet. 
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Next, let the ©s ABG^ ABE touch externally at the pt A. 
Then there can be no other point of corda^t. 




" 



Take the centre of the © ABC, 

Then P, the centre of the © ADE^ lies in OA produced. 

III. 12. 

Take any pt. D in the Qce of the © ABE, and join OB, 
Then */ from 0, a pt. without the © ABE, two lines OA^ 
^^are drawn to the qqb^ of which OA when produced passes 
through the centre P, 

.'. OB is greater than OA ; III. 8. 

.'. D is a point without the © ABC. Post. 

Similarly, it may be shewn that every pt. of the Qce of 
-42)^, except A, lies without the © ABC ; 

.'. ^ is the only point at which the ©s meet. 

Q. E. D. 

Bef. VIII. The DISTANCE of a chord from the centre is 
measured by the length of the perpendicular drawn from the 
centre to the chord. 
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Proposition XIV. Theorem. 

Equal chords in a circle are equally distant from the centre ; 
and conversely f those which are equally distant from the centre^ 
are equcU to one another. 




Let the chords AB, CD in the ABDC be equal. 

Then must AB and CD he eqtudly distant from the centre 0. 

Draw OP and Og j. to AB and CD ; and join AO, CO. 
Then P and (? are the middle pts. of AB and CD : III. 3. 

and •/ AB^CD, /. AP=CQ, 
Then •.' AP^CQ, and AO=CO, 
in the right-angled as AOP, COQ, 

.-. OP=OQ; I. E. Cor. p. 43. 

and .*. AB and CD are equally distant from 0. Def. 8. 

Next, let AB and CD be equally distant from 0. 

Then must AB=^ CD. 

For •.• OP=OQ, and AO=CO, 
in the right-angled as AOP^ COQ^ 

.'. AP=CQ, I. E. Cor. 

m\i\ .'. AB=CD. 

Q. E. D. 

Ex. In a circle, whose diameter is 10 inches, a chord is 
drawn, which is 8 inches long. If another chord be drawn, at 
a distance of 3 inches from the centie, aVvew \jVtVvQr it is equal 
or not to the former. 
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Proposition XV. Theorem. 

Th€ diameter is (he greatest chord in a circle, and of all otlien 
thai which is nearer to the centre is alwayf^ greatrr than one 
more rctnote ; and the greater is nearer to the centre thaii the 
less. 




Let AB be a diameter of the ABDC, whose centre is 0, 
and let CD be any other chord, not a diameter, in the 0, 
nearer to the centre than the chord EF. 

7%en rntut AB be greater than CD, and CD grea/ter than EF, 
Draw OP, OQ ± to CD and EF ; and join OC, OD, OE, 

Then •.• AO=CO, and OB^OD, 1. Def. 13. 
.-. -4^=8um of CO and OD, 
and .'. AB is greater than CD. I. 20. 

Again, *. * CD is nearer to the centre than EF, 

,\ OP is less than OQ. Def. 8. 

Now ••• sq. on 0C= sq. on OE, 
.*. sum of sqq. on OP, PC=sum of sqq. on OQ, QE. I. 47. 
But sq. on OP is less than sq. on OQ ; 
.'. sq. on PC is greater than sq. on QE ; 
.*. PC is greater than QE ; 
and .•. CD is greater than EF. 

Next, let CD be greater than EF. 

Then must CD be nearer to the centre than EF. 

For V ODia greater tban EF, 

.-. FC is greater than QE. 
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Now the sum of sqq. on OF^ PC=sum of sqq. on 0(?, C^E, 

But sq. on PC is greater than sq. on QE ; 

.*. sq. on OF is less than sq. on OQ ; 

/. OF is less than Oq ; 

and .*. QD is nearer to the centre than E¥, 

Q. E. D. 

Ex. 1. Draw a chord of given length in a given circle, which 
shall be bisected by a given chord. 

Ex. 2. If two isosceles triangles be of equal altitude, and 
the sides of one be equal to the sides of the other, shew that 
their bases must be equal. 

Ex. 3. Any two chords of a circle, which cut a diameter in 
the same point and at equal angles, are equal to one another. 

Def. IX. A straight line is said to be a Tangent to, or to 
touch, a circle, when it meets avid, being 'produced, does not cut 
the circle. 

From this definition it follows that the tangent meets the 
circle in one point only, for if it met the circle in two points 
it would cut the circle, since the line joining two points in the 
circumference is, being produced, a secant. (III. 2.) 

Def. X. If from any point in a circle a line be drawn at 
right angles to the tangent at that point, the line is called a 
Normal to the circle at that point. 

Def. XL A rectilinear figure is said to be described about a 
circle, when each side of the figure touches the circle. 




And the circle is said to \)e iu8Cflr\bed*m\)a&^\^, 
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Proposition XVI. Theorem. 

The strcdght line drawn at right angles to the diameter of a 
circle, from the extremity of it, is a tangent to the circle. 




Let ABC be a , of which the centre is 0, and the diameter 
A OB, 

Through B draw DE at right angles to AGS. I. 1 1. 

Then must DE be a tangent to ihe®. 

Take any point P in DE, and join OP. 

Then^ *.* z OBP is a right angle, 

.'. z OPB is less than a right angle, I. 17. 

and /. OP is greater than OB. I. 19. 

Hence P is a point without the © ABC. Post. 

In the same way it may be shewn that every point in DE, 
or DE produced in either direction, except the point B, lies 
without the ; 



.'. DE is a tangent to the © . 



Def. 9. 



v^. ^. \i. 
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Proposition XVII. Problem. 

To draw a straight line froni a given point, either without 
or ON tJie circumference, which shall touch a given circle. 




Let A be the given pt., mthout the Q BCD, 
Take the centre of © BCD, and join OA, 
Bisect OA in E, and with centre E and radios EO describe 
© A BOD, cutting the given © in 5 and D, 

Join AB, AD. These are tangents to the ® BCD. 

Join BO, BE. 

Then / OE=BE, .'. l OBE^ l BOE ; I. a. 

.-. z ^i;j5= twice z QBE ; I. 32. 

and •.• AE^BE, .: l ABE^ l BAE ; I. a. 

.-. L OEB = twice z ABE ; I. 32. 

.-. sum ofzs AEB, OEB =^twice sum ofzs OBE, ABE, 

that is, two right angles = twice z OB A ; 

.'. z OB A is a right angle, 
and /. AB is a tangent to the © BCD. IIL 16. 
Similarly it may be shewn that AD is a tangent to © BCD. 
Next, let the given pt. be on the Qcq of the ©, as £. 
Then, if BA be drawn ± to the radius OB, 

BA is a tangent to the © at B. III. 16. 

Q. £. D. 

Ex. 1. Shew that the two tangents, drawn from a point with- 
out the circumference to a circle, are equal. 

Ex. 2, If a quadrilateral ABCD be described about a circle, 
sAew that the sum of AB and CD \a ec\\\?iV \ft >i\vfc ^axcL ^il AD 
and £0, 
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Proposition XVIII. Theorkm. 

If a straight line touch a cirde, the straight line draum from 
the centre to the point of contact must be perpendicular lo the 
line touching the circle. 




Let the st. line DE touch the © ABC in the pt. C, 
Find the centre, and join DC. 

Then must DC he J. to DE, 

For if it be not, draw OBF± to DE, meeting the Oce in B, 

Then •/ z OFC is a rt. angle, 

.*. z OCF is less than a rt angle, I. 17. 

and /. DC is greater than OF, I. 19. 

But 0C= OB, 

.'. OB is greater than OF, which is impossible ; 

.*. OF is not ± to DE, and in the same way it may be 
shewn that no other line drawn from 0, but 00, is x to DE ; 

.-. 00 is ± to D^. 

Q. E. D. 

Ex. If two straight lines intersect, the centres of all circles 
touched by both lines lie in two lines at right angles to each 
other. 

Note. Prop, xviii. might be stated thus : — All rodxx of en. 
circle are normals to the circle at the points iDhcre the'ii wjwX \J\a 

circumference. 

^ 11 
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Proposition XIX. Theorem. 

If a straight line touch a circle^ and from (he point of con- 
tact a straight line be drawn at right angles to the towking lincy 
the centre of the circle must he in that line. 




Let the st. line BE touch the © ABC at the pt. O, and 
from Clet CA be drawn ± to BE, 

Then must the centre of the © he in CA, 

For if not, let F be the centre, and join FC, 

Then •.• BCE touches the ©, and FC\a drawn from centre 
to pt of contact, 

.-. L FCE is a rt. angle. III. 18. 

But z ACE is a rt. angle. 

.*. z FCE = lACE, which is impossible. 

In the same way it may be shewn that no pt. out of CA 
can be the centre of the © ; 

.*. the centre of the © lies in CA, 

Q. E. D. 

Ex. Two concentric circles being described, if a chord of 
the greater touch the less, the parts of the chords intercepted 
between the two circles, are equal. 

Note. Prop. xix. might be stated thus :— Every normal to 
a circle passes through the centre. 
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Proposition XX. Theorem. 

The angle at the centre of a circle is double of the anyle at 
circumference^ subtended by the same arc. 

Let ABC be a 0, the centre, 
BC any arc, A any pt. in the Oce. 

Then mmt l BOC = twice l BAC. 

First, suppose to be in one of the lines containing 1 
ABAC. 




Then •/ OA = DC, 

,\iOCA = iOAC; 

\ sum of z s OCA, OAC = twice z OAC. 

But z BOC = sum of z s OCA, OAC, 

/. z JBOC = twice z OAC, 

that is, z BOC = twice z BAC. 



1. 
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Next, suppose to be within (fig 1), or without (fig. 2) the 
lBAG, 



Fig. 2. 




Join AOy and produce it to meet the Oce in D. 

Then, as in the first case, 

L COD = twice z GAD, 

and z BOD «= twice z BAD ; 

.*., fig. 1, sum of z s CODf BOD = twice sum of z s CAD, 
BAD, 

that is, z BOC = twice z BAC. 

And, fig. 2, difference of z s OOD, -BOD = twice difference 
of z s CAD, BAD, that is, z JBOC = twice z 5^0. 

Q. E. D. 

Ex. From any point in a straight line, touching a circle, 
a straight line is drawn through the centre, and is terminated 
by the circumference ; the angle between these two straight 
lines is bisected by a straight line, which intersects the straight 
line joining their extremities. Shew that the angle between 
the last two lines is half a right angle. 



Bookm.] 



NOTE II. 



149 



NoTB 2. On FlaJt and R^Ux Angles, 

We have already explained (Note 3, Book L, p. 28) how 
Euclid's definition of an angle may be extended with advan- 
tage, 80 as to include the conception of an angle equal to two 
right angles : and we now proceed to shew how the Definition 
given in that Note may be extended, so as to embrace angles 
greater than two right angles. 




Let WQ be a straight line, and QE its continuation. 

Then, by the Definition, the angle made by WQ and QEy 
which we propose to call a Flat Angle, is equal to two right 

angles. 

Now suppose QF to be a straight line, which revolves about 
the fixed point Q, and which at first coincides with QE. 

When QPy revolving from right to left, coincides with QWy 
it has described an angle equal to two right angles. 

When QF has continued its revolution, so as to come into 
the position indicated in the diagram, it has described an 
angle EQFy indicated by the dotted line, greater than two 
right angles, and this we call a Keflex Anqle. 

To assist the learner, we shall mark these angles with dotted 
lines in the diagrams. 

Admitting the existence of angles, equal to and greater than 
two right angles, the Proposition last proved may be extended^ 
as we now proceed to shew. 
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Proposition 0. Theorem. 

The anglCf not less than two right angles^ at the centre of a 
circle is dovhle of the angle at the drcumference, svhtended by 
the same arc. 



Fig, 1. 



Fig. 2. 





In the © ACBD, let the angles AOB (not less than two 
right angles) at the centre, and ADB at the circumference, be 
subtended by the same arc ACB, 

Then must l AOB = twice l ADB, 
Join DO, and produce it to meet the arc AOB in C. 

Then ri AOC== twice z ADO, III. 20. 

and L BOC= twice z BDO, III. 20. 

.-. sum of z s AOC, JBOO= twice sum of z s ADO, BDO, 

that is, z -40B=twice z ADB, 

Q. E. D. 

Note. In fig. l,i AOB k drawn a flat angle, 
and in fig. 2, z AOB is drawn a reflex angle. 

Def. XII, The angle in a segment \a the angle contained by 
two straight lines drawn from any pomt Vo. ^^ «tfe \ft ^^ «c 
remities of the chord. 
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Proposition XXI. Thbobbm. 

Tfe« anq\(» in tlie same segment of a circle are equal to one 

another. 



Fifrl. 




Let BAG, BDC be angles in the same se^ent BADC, 

Thm must l BAC^ l BDC. 
First, when segment BADC is greater than a semicircle, 

From 0, the centre, draw OB, OC. (Fig. 1.) 

Then, •.• z 500= twice lBAC,' 111. 2(). 

and I BOC^tynce l BDC, III. 2M 

.\iBAC= I BDC. 
Next, when segment BADC is less than a semicircle, 

Let E be the pt of intersection of AC^ DB. (Fig. 2.) 
Then •.• i ABE= l DCE, by the first case, 

and I BEA=- l CED, L 16. 

.-. I EAB= L EDC, I. .32. 

that is, L BAC= l BDC. q. e. d. 

Ex. 1. Shew that, by assuming the possibility of an angle 
being greater than two right angles, both the cases of this 
proposition may be included in one. 

Ex. 2. If two straight lines, whose extremities are in the 
circumference of a circle, cut one another, the triangles formed 
by joining their extremities are equiangular to each other, 
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Proposition XXII. Theorem. 

The opposite angles of any quadrilaJteral figure, inscribed in 
a circle^ are together equal to two right angles. 




Let ABCD be a quadrilateral fig. inscribed in a . 

Then mv^t each padr of its opposite is be together equal to 
two rt, L s. 

Draw the diagonals AC, BD, 

Then *.• i ADB= L ACB, in the same segment, III. 21. 

and L BDC= l BAG, in the same segment ; III. 21. 

.-. sum of z s ADB, JBDO=sum of z s -4GB, BAC; 

that is, z -4D0=sum of z s ACB, BAG. 

Add to each z ABG. 

Thenzs ADG, ABG together=sum ofzs AGB, BAG, 
ABG; 

and .*. z s ADG, ABG togethersatwo right z s. I. 32. 

Similarly^ it may be shewn, 

that z s BAD, BGD together = two right z s. 

Q. E. D. 

jNotr — Another method of provingf l\ua^xo^ci«v\Aft\iS&^^^w 
ipage 177, 
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Ex. 1. If one side of a qnadrilatenj figure inscribed in a 
dide be produced, the exterior angle is equal to the opposite 
angle of the quadrilateraL 

Ex. 2. If the sides AB^ DC of a quadrilateral inscribed in 
a drde be produced to meet in JEf, then the triangles EEC, 
BAD will be equiangular. 

Ex. 3. Shew that a circle cannot be described about a 
rhombiis. 

Ex. 4. The lines, bisecting any angle of a quadrilateral figure 
ioflciibed in a drde and the opposite exterior angle, meet in 
die drcomference of the drde. 

Ex. 5. AB, a chord of a circle, is the base of an isosceles 
biaogle, whose vertex C is without the drde, and whose 
6^ sides meet the circle m D, E : shew that CD is equal 
toC®. 

Ex. 6. If in any quadrilateral the oppodte angles be to- 
gether equal to two right angles, a drde may be described 
about ihat quadrilateraL 

Propositions xzin. and xziv., not being required in the 
method adopted for proviDg the subsequent Propositions m 
this book, are removed to the Appendix. Proposition xxv. 
been already proved. 



Note 3. On the Method of Superposition, as applied 

to Circles, 

In Props. XXVI. xxvii. xxvni. xxix. we prove certain 
relations existing between chords, arcs, and angles in equal 
ciides. As we shidl employ the Method of Superposition, we 
most state the prindples which render this method appli- 
cable, as a test of equality, in the case of ^goi^ m\Xi dTCMiXout 
hoandsnes. 



154 



EUCLID'S ELEMENTS, 



[Bodkin. 



Def. XIII. E^al circles a/re those, of which the radii are 
equal. 





For suppose ABC, ABU to be circles, of which the radii 
are equal 

Then if © A'BfO be applied to © ABC, so that (X, the 
centre of A'B'C, coincides with 0, the centre of ABC, it is 
evident that dxc^ 'paMculwr point A* in the Qce of the former 
must coincide with some point Am Q(^^ of the latter, because 
of the equality of the radii Q^A' and OA, 

Hence Qce A'BC must coincide with Qce ABC, 
that is, © A*BC^(^ABC 

Further, when we have applied the circle A'BfC to the 
circle ABC, so that the centres coincide, we may imagine AJBC 
to remain fixed, while A'B'Cf revolves round the common 
centre. Hence we may suppose any particular point B! in the 
circumference of A'B'O to be made to coincide with any pa^ 
ticular point B in the circumference of ABC 

Again, any radius (/A' of the circle A'B!C may be made to 
coincide with any radius OA of the circle ABC 

Also, if A'B' and AB be equal arcs, they may be made to 
coincide. 

Again, every diameter of a circle divides the circle into 
equal segments. 

For let AOB be a diameter of the 
circle A CBD, of which is the centre. 
Suppose the segment ACB to be ap- 
plied to the segment ADB, so as to 
keep AB a common boundary : then 
the arc ACB must coincide with the 
&rc ADBj because every poixvt Vxv 
each is equally distant from 0, 
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Proposition XXVI. Throrem. 

In equal circles, the arcs, which subte^id equal angles, whether 
thy he at the centres or at the nrtamferences, muM he equal. 





Let ABC, JDEF be equal circles, and let i s BOC, EHF at 
tbeir centres, and z s BAC, EDF at their QceB, be equal. 

Then must arc BKC=^arc ELF, 

For, if ulJBC be applied to © DEF, 
so that G coincides with H, and QB falls on HE, 

then, •/ GB:=HE, ,\ B will coincide with E. 
And •/ z BOC^ l EHF, /. OC will faU on HF ; 

and •/ GC=HF, /. C wiU coincide with F. 
Then •/ B coincides with E and C with"!*, 
.'. arc jBjK'C wiU coincide with and be equal to arc ELF, 

Q. E. D. 

Cor. Sector BGCK is equal to sector EHFL. 

Note. This and the three following Propositions are, and 
will hereafter be assumed to be, true for the same cxtcU ^ '^^VV 
SB for egmU cirdes. 
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Proposition XXVII. Thfx)rem. 

In equal circles, the angles, which are subtended by equal arcs, 
whether they are at the centres or at the cvrcumferences, must be 
equal. 





Let ABC, DBF be equal circles, and let z s BGC, EHF at 
their centres, and z s BAG, EDF at their QceSj ^e subtended 
by equal arcs BKC, ELF, 

Then mtist z BGC= z EHF, and lBAQ^ l EDF. 

For, if © ABC be applied to © DEF, 
so that G coincides with H, and GB falls on HE, 
then •/ GB—HE, ,\ B will coincide with E ; 
and •/ arc BKC=&tc ELF, .*. C will coincide with F, 
Hence, GC will coincide with HF. 
Then •.* BG coincides with EH, and GC with HF, 

,\ L BGC will coincide with and be equal to z EHF, 
Again, *.• z 5^0= half of z BGC, III. 20. 

and z ^Dl^= half of z EHF, III. 20. 

.-. z B^0= z ^Dll I. Ax. 7. 

Q. E. D. 

Ex. 1. If, in a circle, AB, CD be two arcs of given magni- 
tude, and AC, BD be joined to meet in E, shew that the angle 
AEB is invariable. 

Ex. 2. The straight lines joining the extremities of the 
chords of two equal arcs of the same circle, towards the same 
parts, are parallel to each other. 
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Proposition XXVIII. Theorem. 

In equal circles, the arcs^ which are subtended hj fquaJ 
chords, viust be equal, the greater to the greater, and the Usa to 

thelm. 





Let ABC, DEF be equal circles, and BC, EF equal chorda, 
subtending the major arcs BAC, EDF, 

and the minor arcs BOC, EHF. 

Tkn must arc BAC=^ arc EDF, and a/rc BOC = arc EHF. 

Take the ceptres K, L, and join KB, KC, LE, LF, 
Then •/ KB==LE, and KC=LF, and BC=^EF, 

/. z BKC = L ELF. I. c. 

Hence, if © ABC be applied to © DEF, 

so that K coincides with L, and KB falls on LE, 

tiien •.• I BKC = z ELF, ,\ KC wiU fall on LF ; 

and •." KC = LF, ,\ C will coincide with F. 

Then *.• B coincides with E, and C with F, 

.*. arc BAC will coincide with and be equal to arc EDF, 

andarcBG^O EHF, 

Q. E. D. 

Ex. 1. If, in a circle ABCD, the chord AB be equal to the 
chord DC, AD must be parallel to BC. 

Ex. 2. If a straight line, drawn from A the middle point 
of an arc BC, touch the circle, shew that it is parallel to the 
chord BO. 

Ex 3. If two equal chords, in a given circle, cut one an- 
other, the segments of the one shall be equal to l\i^ ^^^vsoXs. 
of the other, each to each. 
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Proposition XXIX. Theorem. 

hi cqucd circlesy the chords, vjhich subtend equal arcs, must 
be equal. 





Let ABCy DEF be equal circles, and let BC, EF be chords 
subtending the equal arcs BGC, EHF. 

Then must chord BC = chord EF. 

Take the centres K, L. 

Then, if © ABC be applied to © DEF, 

so that K coincides with L, and B with E, 

and arc BGC falls on arc EBF, 

V arc BGC^arc EHF, .'. C will coincide with F. 

Then '.• B coincides with E and C with F, 

,*. chord BC must coincide with and be equal to chord EF, 

Q. E. D. 

Ex. 1. The two straight lines in a circle, which join th 
extremities of two parallel chords, are equal to one another. 

Ex. 2. If three equal chords of a circle, cut one another ii 
the same point* within tihe citde, t\i%.\> ^^oSxi^. \& ^<^ centre. 
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Non 4. On th$ Symmetrical properUa of Uu Cirde ufUk 

regard to U$ diiamdtr. 



The brief lemarkB on Symmetiy in pp. 107, 108 may now 
j be extended in the following way : 

A fipure is said to be symmetrical with regard to a line, 
when erery perpendicular to the line meets the figure at 
points which are equidistant from the line. 

Hence a Circle is Symmetrical with regard to its Diameter, 
becanse the diameter bitteU every chord, to which it is per- 
pendicular. 




^her, suppose AB to be a diameter of the circle 
^CBDf of which is the centre, and CD to be a chord 
perpendicular to AB, 

Then, if lines be drawn as in the diagram, we know that 
AB bisects 

(1.) The chord CD, III. 1. 

(2.) The arcs CAD and CBD, III. 26. 

(3.) The angles CAD, COD, CBD, and the reflex 
angle DOC. I. 4. 

Also, chord C(S » chord DB, I. 4. 

and chord ^C« chord AD, I. 4. 

These Symmetrical relations should be carefully observed, 
because they are often suggestive of methodft lot \.Vkft vA».\*\^t^ 
dprohJeins, 
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Proposition XXX. Problem. 
To bisect a given a/rc 




Let ABC be the giyen arc. 

It is required to bisect the arc ABC, 

Join AC, and bisect the chord AC in D, X. 10 
Prom 2> draw 2>-Bx to -4(7. Ill 

Then toUl the a/rc ABC be bisected in B, 

Join BA, BC. 

Then, In as ADB, CDS, 

V AD=^CD, and DB is common, and z ADB — z CDB, 

.\BA=BC. 14 

Bat, in the same circle, the arcs, which are subtended b; 
equal chords, are equal, the greater to the greater and th 
less to the less ; III. 2€ 

and *.* BDy if produced, is a diameter, 

.*. each of the arcs BA^ BC, is less than a semicircle, 

and .'. arc -B^«=arc BC, 

Thus the arc ABC is bisected in B. 

Q. F^ F. 

Ex. If, from any point in the diameter of a semicircle 

there be drawn two straight lines to the circumference, on 

to the bisection of the drcnmference, and the other at righ 

angles to the diameter, the squares on these two lines ar 

together double of the square on tikift ta^xxa. 
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Proposition XXXI. Thborkm. 

In a circUy the angle in a semicircle is a right angle ; and 
^ aiigle in a segment greater ^lan a semicircle is less than a 
ng^t angle ; and the angle in a segment less than a semicircle 
is greaUr than a right angle. 




I<et ABC be a , its centre, and BC a diameter. 

Draw AC, dividing the © into the segments ABC, ADC, 
Join BA, AD, DC, AG. 

^%m must the I in the semddrcle BAC he a rt, l , and l in 
f^gwmt ABC, greater than a semici/rde, less than art, i , and z 
*w ugmefU ADC, less than a semicvrcUy greater than art, l , 
First, •/ BO^AO, .', l BA0= l ABO ; 1. a. 

/. z 00^ « twice z BAG ; 1. 32. 

and ••• CG=AG, .', z CAG= z ACG ; I. a. 

.-. z J50^=twice z CAG ; I. 32. 

•'. sum of z 8 CO A, 50-4= twice sum of z s BAG, CAG, that 
^1 two right angles = twice z BAC. 

.". z 5-40 is a right angle. 
Next, •.• z BAC is a rt. z , 
.*. z ABC is less than a rt. z . I. 17. 

Lastly, •.• sum of z s ABC, ADC = two rt. z s. III. 22. 
and z ABC is less than a rt. z. , 
. : z ADCia greater than a Tt. L • c\. ^. x^. 
NoTR-^FoT a simpler proof see page 17B. 

12 
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Ex. 1. If a circle be described on the radius of another circle 
as diameter, any straight line, drawn from the point, where 
they meet, to the outer circumference, is bisected by the in- 
terior one. 

Ex. 2. If a straight line be drawn to touch a circle, and be 
parallel to a chord, the point of contact will be the middle 
point of the arc cut off by the chord. 

Ex. 3. If, from any point without a circle, lines be drawn 
touching it, the angle contained by the tangents is double of 
the angle contained by the line joining the points of contact, 
and the diameter drawn through one of them. 

Ex. 4. The vertical angle of any oblique-angled triangle 
inscribed in a circle is greater or less than a right angle, by the 
angle contained by the base and the diameter drawn from the 
extremity of the base. 

Ex. 5. If, from the extremities of any diameter of a giren 
circle, perpendiculars be drawn to any chord of the circle that 
is not parallel to the diameter, the less perpendicular shall be 
equal to that segment of the greater, which is contained between 
the circumference and the chord. 

Ex. 6. If two circles cut one another, and from either point 
of intersection diameters be drawn, the extremities of these 
diameters and the other point of intersection lie in the same 
straight line. 

Ex. 7. Draw a straight line cutting two concentric circles, 
so that the part of it which is intercepted by the circumference 
of the greater may be tvdce the part intercepted by the circum- 
ference of the less. 
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Proposition XXXIL Thsorkm. 

J/ a straight line touck a circle, and from the point of contact 
adraight line be drawn cutting the drclCf the angle* matle hij 
^is line loith the line touching the circle wiutt be ei/ual to the 
anglesy which a/re in the alternate segments of the circle. 




Let the at line AB touch the CDEF in F. 
I>raw the chord FD, dividing the ©into segments FCD, FED. 
Then must l DFB^ l in segment FGD, 
and L DFA== i in segment FED. 
From J^ draw the chord FCi. to AB. 

Then FC is a diameter of the © . III. 19. 

Take any pt. E in the arc FED, and join FE, ED, DC. 
Then */ FDC is a semicircle, /. z FDC is a rt. z ; III. 31. 
/. sum of z s FCD, CFD==b. rt. z . 1. 32. 

Also, sum of z s DFB, CFD^& rt. z . 
.-. sum of z s DFB, CFD=^sam of z s FCD, CFD, 
and .-. z DFB=' z FCD, 
that is, z DFB= z in segment FCD. 

Again, •." CDEF is a quadrilateral fig. inscribed in a © , 
.-. sum of z s FED, FCD=^two rt. z s. III. 22. 

Also, sum t)f z s DFA, DFB == two rt. z s. I. 13. 

.-. sum of z s DFA, DFB==snm of z s FED, FCD ; 
and z DFB has been proved = z FCD ; 

.'. L DFA= I FED, 
that is, z DFA= z in segment FED. 

& The chord joining the points of cOB-tact oi ^«ct^^ \»sir 
£'pat8 is a diameter. 
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Proposition XXXIII. Problbsm. 
On a gw)m straight line to describe a segment of a circle 
capable of containing an angle equal to a given angle, 

11 





Let AB be the given st. line, and the given L , 
It is required to describe on AB a segment of a Q which 
shall contain an L = lC, 

At pt. A in St. line AB make i BAD= L C, I. 23. 
Draw AEA.io AD, and bisect AB in F. 
From F draw FG± to AB, meeting AE in 0. Join OB. 

Then in abAGF^BGF; 
V AF^BFy and FG is common, and z AFG= L BFG ; 

,\GA=GB. 1.4. 

With G as centre and GA as radius describe a © ABH, 

Then will AHB be the segment reqd. 
For '.' AD is± to AE, a line passing through the centre, 

.-. AD is a tangent to the © ABH. III. 16. 

And *.* the chord AB is drawn from the pt. of contact A, 
.'. L BAD= L in segment AILB^ III. 32. 

that is, the segment AWB contains an z = z C, 
and it is described on AB, as was reqd. 

Q. E. F. 

Ex. 1. Two circles intersect in A, and through A is drawn 
a straight line meeting the circles again in P, Q. Prove that 
the angle between the tangents at P and Q is equal to the 
angle between the tangents at A. 
Ex. 2. From two given pointa oii tYie awaa ^\6i^ oC «. straight 
^f'ne, given in position, draw two Btm^tVvxie&'^^J^^^w&SiL^'tc- 
ia a given angles and be terminated 'm \\ife ©NevvXvaa^ 
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Propobition XXXIV. Problkm . 

fo(MXGffa segment from a given circle^ capable of eon- 
taking q,n angle equal to a given angle. 





Let ABC be the given , and D the given z . 

It is required to cut off from © ABC a segment capable of 
contcnning an l = iD, 

Draw the st. line EBF to touch the circle at B. 

At B make i FBC = i D. 

Then •/ the chord BC is drawn from the pt. of contact B, 

,\ L FBC = z in segment BAC, III. 32. 

that is, the segment BAC contains an z = z D ; 
and .*. a segment has been cut off from the , as was reqd. 

Q. E. F. 

Ex. 1. If two circles touch internally at a point, any straight 
line passing through the point will divide the circles into seg- 
ments, capable of containing equal angles. 

Ex. 2. Given a side of a triangle, its vertical angle, and the 
radius of the circumscribing circle : construct the triangle. 

Ex. 3. Given the base, vertical angle, and the perpendicular 
from the extremity of the base on the oppoaitft «i^"fe \ ^50Tatoi5i\» 
^Ae triangle. 
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Proposition XXXV. Theorem. 
If tico chords in a circle ciU one another, the rectangle cotv- 
tained by the segments of one of them, is equal to the rectangle 
contaiiud by the segments of the other. 




Let the chords AC, BD in the © ABCD intersect in the pt. P. 

Then must red. AT, PC=rect, BP, PD. 

From 0, the centre, draw OM, ON x s to -4C, BD, 

^d join OA, OB, OP, 

Then ',' ACis divided equally in Af and unequally in P, 

.*. rect. AP, PC with sq. on MPs=sq. on AM, IL 5. 

Adding to each the sq. on MO, 

rect. AP, PC with sqq. on MP, MO=sqq, on AM, MO ; 

.*. rect. AP, PC with sq. on OP=sq. on OA, I. 47. 
In the same way it may be shewn that 

rect. BP, PD with sq. on OP=sq. on OB. 
Then •.* sq. on 0-4 =sq. on OB, 
,', rect. AP, PC with sq. on OP=rect. BP, PD with sq. 
on OP; 

,', rect. AP. peered. BP, PD. q. e. d. 

Ex. 1. A and B are fixed points, and two circles are 
described passing through them ; PCQ, P'CQ' are chords of 
these circles intersecting in (7, a point in AB ; shew that the 
rectangle CP, CQ is equal to the rectangle OP', CQ\ 

Ex. 2. If through any point in the common chord of two 
circles, which intersect one onotYieT, tXiet^ ^^ drawn any two 
other cborda, one in each circle, tVievx ^wn e^\:tcc»^ajK^^^S:^^ 
f in the circumference of a cixcVe. 



Bookm.] 



PROPOSITION XXXVI. 



167 



Proposition XXXVI. Theoreji. 

//, from any point without a circle^ two straight lines 
he drawn, one of which cuts the circle, and the other touches 
it ; the rectangle contained hy the whole line which c^its the 
cirdey and the part of it without the circle, must be equa^ to 
the square on the line which Umches it. 




Let D be any pt. without the © ABC, 

and let the st. lines DBA, DC be drawn to cut and touch the © . 

Then must rect AD, DB=sq, on DC, 

From 0, the centre, draw OM bisecting AB in M, 

and join OB, OC, OD, 
Then •.• AB is bisected in M and produced to D, 
.'. rect. AD, DB with sq. on MB=sq, on MD, II. 6. 
Adding to each the sq. on MO, 
rect. AD, DB with sqq. on MB, M0=8qq. on MD, MO, 
Now the angles at M and (7 are rt. z s ; III. 3 and 18. 
.'. rect. AD, DB with sq. on OB=aq, on OD ; 
.-. rect. AD, DB with sq. on 05=sqq. on OC, DC. I. 47. 
And sq. on 05=sq. on 00; 
,'. rect. AD, DJ5=sq. on DC, Q. e. d. 
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Proposition XXXVII. Theorem. 

If^ from a point without a cvrde, there be dra/wn two gtradght 
lines, one of which cuts the ci/rde, and the other meets it ; if 
the rectangle contained by the whole line which cuts the ci/rde, 
and the part of it withoui the circle, he equal to the square <m 
the line which meets it, the line which meets must touch the ciirdt. 




Let -4 be a pt without the © BCD, of which is the centre. 
From A let two st. lines ACD, AB be drawn^ of which 
ACD cuts the and AB meets it. 

Then if rect. DA, AC=sq. on AB, AB must touch the ©. 

Draw AE touching the © in ^, and join OB, OA, OE. 

Then '.• ACD cuts the ©, and AE touches it, 

.-. rect. DA, AC=sq, on AE. III. 36. 

But rect. DA, AC^sq, on AB ; Hyp. 

.*, sq. on AB=sq, on AE ; 
.-. AB^AE; 
Then in the A s OAB, OAE, 
V OB=OE, and OA is common, and AB—AE, 

.-. L ABO = L AEO, I. a 

But z AEO is a rt. z ; IIL 18. 

.*. z ABO is a rt. z . 
Now BO, if produced, is a diameter of the © ; 

.-. AB touches the ®. III. 16. 

Q. E. D. 
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MiiceUaneoiu jBaeeraMi im Book IIL 

I The segments, into which a cirde is cnt by any straight 
line^ oontain angles, whose difference is equal to the inclination 
to each other of the straight lines touching the circle at the ex- 
tremities of the straight line which diiides the circle. 

t If from the point in which a number of circles touch each 
other, a straight line be drawn cutting all the circles, shew 
tbat the lines which join the points of intersection in each circle 
^ its centre will be all parallel 

3. From a point Q in a circle, QN is drawn perpendicular to 
idiord FP'j and QM perpendicular to the tangent at P : shew 
tliat the triangles NQp^ QPM are equiangular. 

4. ABy AC are chords of a circle, and D, jff are the middle 
points of their arcs. If DE be joined, shew that it will cut 
off equal parts from AB, AC, 

5. One angle of a quadrilateral figure inscribed in a circle is 
& right angle, and from the centre of the circle perpendiculars 
ue drawn to the sides, shew that the sum of their squares is 
^nal to twice the square of the radius. 

6. ^ is the extremity of the diameter of a circle, any 
point in the diameter. The chord which is bisected at sub- 
tends a greater or less angle at A than any other chord through 
Of according as and ^ are on the same or opposite sides of 
the centre. 

7. If a straight line in a circle not passing through the centre 
he bisected by another and this by a third and so on, prove that 
the points of bisection continually approach the centre of the 

circle. 

8. If a circle be described passing through the opposite 
i^Qgles of a parallelogram, and cutting the four sides, and the 
points of intersection be joined so as to form a hexagon, the 
Btiaight lines thus drawn shall be parallel to each other. 

9. If two circles touch each other externally and any third 
^e touch both, prove that the difference of the di&tAAfi«& Oit 
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the centre of the third circle from the centres of the other two 
is invariable. 

10. Draw two concentric circles, such that those chords of 
the outer circle, which touch the inner, may equal its diameter. 

11. If the sides of a quadrilateral inscribed in a circle he 
bisected and the middle points of adjacent sides joined, the 
circles described about the triangles thus formed are all equal 
and all touch the original circle. 

12. Draw a tangent to a circle which shall be parallel to a 
given finite straight line. 

13. Describe a circle, which shall have a given radius, and 
its centre in a given straight line, and shall also touch anothei 
straight line, inclined at a given angle to the former. 

14. Find a point in the diameter produced of a given circle, 
from which, if a tangent be drawn to the circle, it shall be 
equal to a given straight line. 

15. Two equal circles intersect in the points Ay By and 
through B a straight line GBM is drawn cutting them again in 
0, M. Shew that if with centre G and radius BM a circle be 
described, it will cut the circle ABCm a point L such that arc 
-4L=arc AB, 

Shew also that LB is the tangent at B, 

16. AB is any chord and ACd^ tangent to a circle at A ; 
ODE a line cutting the circle in B and E and parallel to AB. 
Shew that the triangle ACD is equiangular to the triangle 
EAB. 

17. Two equal circles cut one another in the points Ay B ; 
BG is a chord equal to AB ; shew that ^0 is a tangent to the 
other circle. 

18. Ay B are two points ; with centre B describe a circle, 
such that its tangent from A shall be equal to a given line. 

19. The perpendiculars drawn from the angular points of a 
triangle to the opposite sides pass through the same point 



CkllL] MISCELLANEOUS EXERCISES, 171 



90. If perpendicalan be dropped from the angular points of 
bitngle on the opposite sides, shew that the sum of the 
aaiss on the sides of the triangle is equal to twice the sum of 
3 rectangles, contained by the perpendiculars and that part of 
di intercepted between the angles of the triangles and the 
int of intersection of the perpendiculars. 

8L When two circles intersect, their common chord bisects 
sir common tangent. 

22. Two circles intersect in A and B. Two points C and D 
3 taken on one of the drcles ; GAy CB meet the other circle 

E, Fy and DA, DB meet it in Q, H: shew that FG is 
nllelto J?J7. 

23. A and B are fixed points, and two circles are described 
oing through them ; OP, OP are drawn from a point on 
B produced, to touch the circles in P, P ; shew that 
P-OP. 

24. From each angular point of a triangle a perpendicular is 
t fiJl upon the opposite side ; prove that the rectangles con- 
ined by the segments, into which each perpendicular is divided 
r the point of intersection of the three, are equal to each other. 

25. If from a point without a circle two equal straight lines 
I diawn to the circumference and produced, shew that they 
U be at the same distance from the centre. 

26. Let 0, (y be the centres of two circles which cut each 
her in A, A\ Let P, B! be two points, taken one on each 
rcamference. Let 0, (j be the centres of the circles BAB', 
4'P'. Then prove that the angle CBC is the supplement of 
fi angle OA'C/. 

27. The common chord of two circles is produced to any 
>int P ; PA touches one of the circles in A ; PBC is any 
lord of the other : shew that the circle which passes through 
, P, touches the circle to which PA is a tangent. 

28. Given the base of a triangle, the vertical angle, and the 
Qgth of the line drawn from the vertex to tihe unMi^ ^\Si\. ^1 
e base : construct the triangle. 
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29. If a circle be described aboat the triangle ABC, and a 
straight line be drawn bisecting the angle BAC and catting 
the circle in D, shew that the angle DCB will be equal to half 
the angle BAC, 

30. If the line AB bisect the angle A in the triangle ABC, 
and BD be drawn without the triangle making an angle with 
BC equal to half the angle BAC, shew that a drde may be 
described about ABCD, 

31. Two equal circles intersect ia A,B: FQT perpendicular 
to AB meets it in Tand the circles in P, Q. AP, BQ meet in 
R ; AQ, BP in 8 ; prove that the angle BT8 is bisected by 
TP. 

32. If the angle, contained by any side of a quadrilateral and 
the adjacent side produced, be equal to the opposite an^ of 
the quadrilateral, prove that any side of the quadrilateral will 
subtend equal angles at the opposite angles of the quadrilateral. 

33. If DE be drawn parallel to the base BC of a triangle 
ABCy prove that the circles described about the triangles ABC 
and ADE have a common tangent at A. 

34. Describe a square equal to the difference of two given 
squares. 

35. If tangents be drawn to a circle from any point without 
it, and a third line be drawn between the point and the o^itre 
of the circle, touching the circle, the perimeter of the trian^e 
formed by the three tangents will be the same for all positions 
of the third point of contact 

36. If on the sides of any triangle as chords, circles be de- 
scribed, of which the segments external to the triangle contain 
angles respectively equal to the angles of a given triangle, those 
circles will intersect in a point 

37. Prove that if ABC be a triangle inscribed in a drde, 
such that BA=BC, and A A' be drawn parallel to BC, meeting 
the circle again in A\ and A'B be joined cutting -4 (7 in E^ BA 
touches the circle described about the triangle AEA\ 

38. Describe a circle, cutting the sides of a given square, so 
iAat its circamference may be divided «it the points of iDte^ 

BoctioD into eight equal arcs. 
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39. AB is the diameter of a semicircle, D and E any two 
points on its drcnmference. Shew that if the chords joining 
A and B with D and Ey either way, intersect in F nnd 0, the 
tangents at D and E meet in the middle point of the line FQ^ 
and that FQ produced is at right angles to ^B. 

40. Shew that the square on the tangent drawn from any 
pdnt in the enter of two ooncentrio drdes to the inner equals 
the differenoe of the squares on the tangents^ drawn from any 
pointy without both oirdes, to the drdes. 

41. If firom a point without a drde, two tangents PT, PT", 
at li^^ angles to one another, be drawn to touch the drde, 
and if from T any chord TQ be drawn, and from T a perpen- 
dionlar T'M be dropped on TQ, then TM^QM. 

48. find the lod: 

(1.) Of the centres of drdes passing through two given points. 

(2.) Of the middle points of a system of paralld chords in a 
dide. 

(d.) Of points such that the difference of the distances of each 
firom two given straight lines is equal to a given straight line. 

(4.) Of the centres of drdes touching a given line in a given 
pointb 

(5.) Of the middle points of chords in a drde that pass 
thiongh a given point. 

(6.) Of the centres of circles of given radius which touch a 
given drde. 

(7.) Of the middle points of chords of equal length in a circle. 

(8.) Of the middle points of the straight lines drawn from a 
^ven point to meet the circumference of a given cirde. 

43. If the base and vertical angle of a triangle be given, find 
the locus of the vertex. 

44. A straight line i^mains parallel to itself while one of its 
dxtremities describeasr a circle. What is the I0C0& oi ^<b q'Oql^'l 
ixtremitjf 
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45. A ladder slips down between a vertical wall and a 
horizontal plane : what is the locus of its middle point % 

46. ABC is a line drawn from a point A^ without a circle, 
to meet the circumference in B and C Tangents are drawn 
to the circle at B and G which meet in J), What is the locus 
ofi>? 

47. The angular points ^, C of a parallelogram ABCD 
move on two fixed straight lines OAy OCy whose inclination is 
equal to the angle BCD ; shew that one of the points B, D, 
which is the more remote from 0, will move on a fixed straight 
line passing through 0. 

48. On the line AB is described the segment of a circle in 
the circumference of which any point C is taken. If -40, BC 
be joined, and a point P taken in AC so that CP is equal to 
CB, find the locus of P. 

49. The centre of the circle CBED is on the circumference 
of ABD, If from any point A the lines ABC and AED be 
drawn to cut the circles, the chord BE is parallel to CD, 

50. If a parallelogram be described having the diameter of 
a given circle for one of its sides, and the intersection of its 
diagonals on the circumference, shew that the extremity of 
each of the diagonals moves on the circumference of anothei 
circle of double the diameter of the first. 

51. One diagonal of a quadrilateral inscribed in a circle is 
fixed, and the other of constant length. Shew that the sides 
will meet, if produced, on the circumferences of two fixed 
circles. 
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We here insert Euclid's prooft of Props. 23, 24 of Book IIL 
first observing that he gives the following definition of similar 
segments: — 

DsF. SmmUmt tegmmts of eireUi are ihou in tohich the angles 
OM equal, or vihid^ eonUUn equal a/ngUe, 



Propositiok XXin. Thborkm. 

Upon ihe tame ttraight line, and upon the tame tide of it^ 
there cannot be two eimilar segments of eireles, not coinciding 
wiih each other. 




If it be possible, on the same base AB, and on the same side 
of itylet there be two similar segments of 08, ABC, ABD, 
whidi do not coincide. 

Because ADB cuts (:> ACB'm pts. A and B, they cannot 
cat one another in any other pt., and .*. one of the segments 
must fall within the other. 

Let ADB fall within ACB, 

Draw the st, line BDC and join (L4, DA. 

Then *.' segment ADB is similar to segment ACB, 

.'. L ADB^ L ACB. 

Or the extr. z of aA =the intr. and opposite z , which is 
impossible ; 

.', the segments cannot but comcVde, 
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Proposition XXIV. Theorem. 

Similar segments of circles^ upon equal straight lints, a/n 
equal to one another. 





SB J> 



Let ABC, DEF be siinilar segments of s on equal st lines 
AB, DE, 

Then must segm^ent ABG=segm,ent DEF, 

For if segment ABC be applied to segment DEF, so that 
A may be on X) and AB on DE, then B will coincide with E. 
and AB with DE ; 

.*. segment ABC must also coincide with s^ment DEF ; 

IIL23 

.*. segment J.BC= segment DEF, Ax, 8 

Q. E. D. 



We gave one Proposition, C, page 150, as an example of th( 
way in which the conceptions of Flat and Eeflex Angles maj 
be employed to extend and simplify Euclid's proofe. We hen 
give the proofs, based on the same conceptions, of the impor- 
tant propositions xxii. and xxxi. 



^. 



SO(dElIL] 



ANOTHER PROOF OF I J I. 22. 
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Proposition XXII. Theorem. 

^ opposite angles of any quadrilateral figure, inscribed in 
! a drde, a/re together equal to tvx) right angles. 




I«t ABCD be a quadrilateral fig. inscribed in a ®. 

^W must each pair of its opposite i s he together equal to 

From 0, the centre, draw OB, CD, 

Then '.• z jBOi>= twice z BAD, III. 20. 

and the reflex z D05=twice z BCD, III. C. p. 150. 
.'. sum of z s at 0= twice sum of z s BAD, BOD. 
But sum of z 8 at 0=4 right z s ; I. 16, Cor. 2. 

.'. twice sum of z s BAD, BCD =4: right z s ; 
.*. sum of z s BAD, BCD = two right z a. 
Sinularly, it may be shewn that 

sum of z s ABC, ADC =^two right z s. 

Q. E. D. 



in 
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Proposition XXXI. Theorem. 

hi a circle^ tlie angle in a semicircle is a right angle ; ayid the 
angle in a segment grecUer than a semici/rcle is less than a right 
angle ; and the angle in a segment less than a semicircle is 
greater than a right angle. 




Let ABC be a ©, of which is the centre and BC a 
diameter. 

Draw ACf dividing the © into the segments ABC, ADC, 

Join BA, AD, DC, 

Then must the i in the semicircle BAC be a rt,L, aiid l in 
segment ABC, greater than a semicircle, less than art, a , and L 
in segment ADC, less than a semicircle, greater than art, a , 

First, •.• the flat angle 50C= twice z BAC, III. C. p. 150. 

.•. z BAC is a rt. z . 

Next, *.' z BAC is a rt. z , 

.*. z ABC is less than a rt. z . I. 17. 

Lastly, •.* sum of z s ABC, ADC^two rt. z s, III. 22. 

and z ABC is less than a rt. z , 

.*. z ADC is greater than a rt z . 

Q. £. D. 



BOOK IV. 



INTRODUCTORY REMARKS. 

Euclid gives in this Book of the Elements a series of 
Problems relating to cases in which cirdes may be described 
in or abont triangles, squares, and regular polygons, and of the 
last-mentioned he treats of three only : 

the Pentagon, or figure of 6 sides, 

99 Hexagon, „ 6 „ 

„ Quindecagon, „ 15 „ . 

The Student will find it useful to remember the following 
Theorems, which are established and applied in the proofs of 
the Propositions in this Book 

L The bisectors of the angles of a triangle, square, or 
regular polygon meet in a point, which is the centre of the 
inscribed circle. 

II. The perpendiculars drawn from the middle points of the 
sides of a triangle, square, or regular polygon meet in a point, 
which is the centre of the circumscribed circle. 

m. In the case of a square, or regular polygon the inscribed 
and circumscribed circles have^i common centre. 

lY. If the circumference of a circle be divided into any 
number of equal parts, the chords joining each pair of consecu- 
tive points form a regular figure inscribed in the circle, and the 
tangents drawn through the points form a regular figure de- 
scribed about the circle. 



11^ 
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Proposition I. Problem. 

In a given circle to draw a chord equal to a given straight 
line, which is not greater than the diameter of the circle. 




Let ABC be the given © , and D the given line, not greater 
than the diameter of the . 

It is required to draw inihe (£> ABC a chord=D, 

Draw EC, a diameter of © ABC, 

Then if EC=I), what was required is done. 

But if not, EC is greater than D. From EC cut off EF=D, 
and with centre E and radius EF describe a © AFB, cutting 
the © ABC in A and B ; and join AE, 

Then, '.• E is the centre of © AFB, 

,\ EA=EF, 

and .-. EA=D. 

Thus a chord EA equal to D has been drawn in © ABC, 

Q. E. F. 

Ex. Draw the diameter of a circle, which shall pass at a 
£iren diBtance from a given pomt. 
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Proposition II. Problem. 

[n a given circle to intcrihe a triangle, equiangular to a given 
angle. 




Let ABC be ihe given , and DEF the given A . 

It is required to inscribe in © ABC a A, equiangular 
to A DEF. 

Draw OAH touching the © ABC at the pt. A. III. 17. 

Make z GAB=> l DFE, and z HAC= z DEF. 1. 23. 

Join BC. Then will A ABC be the required A . 

For '.* GAH is a tangent, and AB a chord of the © , 

/. z ACB= z GAB, III. 32. 

that is, z ACB= z I>JP*ii;. 

So also, z J[jBa= z HulO, III. 32. 

that is, z ^£0= z I>^^ ; 

.'. remaining z jBJ.O= remaining z EDF; 

.'. A J.jBC is equiangular to A DEF, and it is inscribed ir 
the © ABC. 

Q. E. P. 

Ex. If an equilateral triangle be inscribed m ^ diOi^^'^'^^ 
iibai the radii, drawn to the angular points, \i\aecV. V\i^ «!e^^* 
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Proposition III. Problem. 

■ About a given circle to describe a triangUy equiangular to a 
given triangle. 





^ i^ JB 



F"~H" 



Let ABC be the given , and DBF the given a . 

It is required to describe about the (•> a is, equiangular 
to A EDF. 

From 0, the centre of the ©, draw any radius OC. 

Produce EF to the pts. G, H, 
Make z CO A = z DEG, and i COB=^ l DFH. I. 23. 
Through A, B, C draw tangents to the © , meeting in L, Af, N, 
Then will LMN be the A required. 
For •.* ML, LN, NM&ie tangents to the ©, 
.*. the 19 Sit Aj By C are rt. z s. IIL 18. 

Now z s of quadrilateral AOCM together = four rt z s. ; 
and of these z 0AM and z OCM are rt. z s ; 

.'. sum of z s CO Ay AMC= two rt. z s. 
But sum of z s DEG, DEF^two rt. z s ; I. 32. 

.-. sum of z s CO Ay AMC=mm of z s DEGy DEF, 
and z CO A = z DEGy by construction ; 
.-. iAMC= lDEF; 
that is lLMN= iBEF. 
Similarly, it may be shewn that z LNM= z BFE ; 
.-.also LMLN=riEDF. 
Thus a A, equiangular to a DEF, \a described about the ©. 
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Proposition IY. Problem. 
To inscribe a circle in a given triangle. 




C 

Let ABC be the given A . 

It is required to inscribe a © in ike A ABC, 

Bisect z s ABC, ACB by the st. lines BO, CO, meeting 

in O. I. i). 

From draw OD, OE, OF, ±s to AB, BC, CA. I. 12. 

Then, in a s EBO, DBO, 

V L EBO^ L DBO, and i BEO^ l EDO, and OB is common, 

.-. OE=OD. I. 26. 

Similarly it may be shewn that OE^OF, 
If then a be described, with centre 0, and radius 07>, 
this will pass through the pts. D, E, F ; 

and *.* the z s at D, ^ and F are rt. z s, 
.*. AB, BC, CA are tangents to the © ; III. 16. 

and thus a © DEF may be inscribed in the A ABC. 

Q. E. F. 

Ex. 1. Shew that, if OA be drawn, it will bisect the angle 
BAC. 

Ex. 2. If a circle be inscribed in a right-angled triangle, the 
difference between the hypotenuse and the sum of the other 
sides is equal to the diameter of the circle. 

Ex. 3. Shew that, in an equilateral triangle, the centre of 
the inscribed circle is equidistant from the three angular points. 

Ex. 4. Describe a circle, touching one side of a triaxL^le sad 

the other two produced. (Note, Tbia la caW^^ «». eAcr^^jAV 
ifirclej 
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Note. Euclid's fifth Proposition of this Book has 
already given on page 135. 



Proposition VI. Problem. 
To inscribe a squa/re in a given circle. 




Let ABCD be the given © . 

It is required to inscribe a square in the ®. 

Through 0, the centre, draw the diameters AC, BL 
each other. 

Join AB, BCy CD, DA. 

Then •.• the z s at are all equal, being rt. z s, I. I 

.*. the arcs AB, BC, CD, DA are all equal, I 

and .*. the chords AB, BC, CD, DA are all equal ; I 

and z ABC, being the z in a semicircle, is a rt. z . I 

So also the z s BCD, CDA, DAB are rt z s ; 
.*. ABCD is a square, 

and it is inscribed in tlie ^^a >n^ tQc\uLred. 
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Proposition VII. Problem. 
To describe a square about a given circle. 




Let ABCD be the given © , of which is the centre. 
It is required to describe a square about the © . 

Draw the diameters AC, BD, jl to each other. 

Through A, B, C, D drnw EF, FG, GH, HE 

touching the © . III. 17. 

Then the z s at A, B, C, D are rt. z s. III. 16. 
Now •.' the z s at A, 0, C are all rt. z s, 

.-. FEy BD, and GH are all || ; I. 27. 

and *.* the z s at B, 0, i> are all rt. z s, 
/. FGy ACy and EH are all || ; 
.-. FE and GH each = BD, I. 34. 

and FG and EH each = AC. I. 34. 

And V BD=- AC, 

.-. FEy GH, FGy EH, are all equal. 

Again, *.• FO is a EJ, 

.-. z AFB = L AOBy I. 34. 

and .•. z AFB is a rt. z . 

So also the z s at G, Hy and E are rt. z s. 

Hence EFGH is a square, and it is described about the © . 

Q. E. F. 

Ex. In a given circle inscribe four circles, ^c^^\ \.q ^"wiJcl 
^^6r, and in mutual contact with each otYvex acA V\>i5cL >2cka 
i^'^ea circle. 
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Proposition VIII. Problem. 
To i7i8cribe a circle iyi a given square. 



jV 



-F 



.^ 



a 



2> 



^ 



3 



Let ABCD be the given square. 

It is required to inscribe a CD in the square. 

Bisect ABy ADiaEyF, I. 

and draw EG \\ to AD or 50, and FH \\ to AB or DC 

Let EG and FH intersect in 0. 

Then -.'^OisaO, 

.-. OE=FA and OF=EA, 1. 

But *.• AB=AD, and J5^, J" are the middle pis. of AB, a 

.-. FA=EAy 
and.-. OE=OF, 
Similarly, it may be shewn that OG^OFy and OH=OE 
and .-. OE, OF, OG, OH are all equal ; 
and a © , described with centre and radius OE, 
will pass through E, F, G, H, 
and it will be touched by each of the sides of the square 
•.• the z s at ^, F, G, Harevt. l s. III. 

Thus a © EFGH may be inscribed in the sq. ABCD, 

Q. E. 1 

Ex. 1. In what parallelograms can circles be inscribed ? 

Ex. 2. If, from any point in the circumference of a cii 
straight lines be drawn to the angular points of the inscri 
square, the sum of the squares on t\i^^^ lw« \\\i^ 'vUl 
double of the square on the dlametw. 
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PnoposiTioN IX. Problem. 
To describe a circle cibont a given niiuarc. 




i 



Let ABCD be the given squai-e. 

It is required to describe a © about the square, 

J^w the diagonals AC, BB, intersecting each other in 0. 

Then •/ z BAC = i ACB, I. a. 

and iBAC^^ alternate z A CB, I. 29. 

.\ I BAC =^ L BAC. 

Thus the diagonal AC bisects l BAB, 

and .*. L 0-45= half a rt. z . 

Similarly it may be shewn that z 05^= half a rt. z ; 

.-. z OBA = z GAB ; 

.\OA=iOB. Lb. Cor. 

Similarly it may be shewn that OC=OB, and OB=OA ; 

/. OA, OB, OC, OB are all equal ; 

^(J .'. a ©, described with centre and radius OA, will 
^^ through A, B, 0, D, and will be described abo\it the 
^9Uflre, as was required. 



I 
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Proposition X. Problem. 
To describe an isosceles triangle, ha/ving each of the angles at 
the base double of the third a/ngle. 




Take any st. line AB and divide it in C, 

so that rect. AB, BC = sq. on AC, II. 11. 

With centre A and radius AB describe the BDE, 
and in it draw the chord BD=AG; and join AD, IV, 1. 

Then will A ABD have each of the is at the base double 
of L BAD, 
Join CD, and about the A ACD describe the® ACD. IV. 6. 
Then *.• rect. AB, BC = sq. on AC, and BD=-AC, 
.; rect. AB, BC = sq. on BD, 
and .-. BD touches the © ACD, III. 37. 

Then •.' BD touches © ACD, and DC is a chord of the © 

.-. z BDC = z CAD. III. 32. 

Add to each z CDA. 
Then z BDA-=snm of z s CAD, CDA, 

.-. z BDA = z BCD. I. 32- 

But z BDA = z CBD ; I. a. 

.-. z BCD = z CB2>, 

and .-. BD = 02). I. a Cor- 

But BD = 04 ; 
.-. CA = OA 
and .-. z OD^ = z 041). I. a. 

Hence sum of z s CDA, CAD = twice z OJLD, 

.-. z BCD = twice z JB4D. I. 32- 

But I ABD and z 4DB are each = z jBOD, 
. •. A ABD and z J.DB are eac\i = Wicfe l BAB \ 
and tbua an isosceles a ^BD iias \i^^^ ^^^^Y^ofe^^^i 
quired. c^'A*^ 
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Proposition XI. Problem. 
To inscribe a regular pentagon in a given circle. 




Let ABCDE be the given © . 
It w required to inscribe a regular pentagon in the S, 
Make an isosceles A FGH, having each of the is &t 0, H 
double of z at JP. 

hQ ABCDE inscribe aaACD equiangular to A FOH, iv. 2. 
havings 8 at A, C, i)=thezs at Fy G, H, respectively. 
Thenz ADC^twice l DAG, and z ACD=Wicq l DAG, 
Bisect the z s ADG, AQD by the chords DB, GE. 
Join AB, BG, DE, EA. 
Then will ABGDE be a regular pentagon. 
For *.* z s ADG, AGD are each = twice z DAG, 
and z s ADG, AGD are bisected by DB, GE, 
.'. z B ADB, BDG, DAG, EGD, AGE, are all equal ; 
and .-. arcs AB, BG, GD, DE, EA are all equal ; III. 26. 
and .*. chords AB, BG, GD, DE, EA are all equal. III. 29. 
Hence, the pentagon ABGDE is equilateral. 
Again, •.• arc CD = arc AB, 
adding to each arc AED, we have 
arc AEDG=SLTC BAED, 
and .-. z ABG=^ z BGD. III. 27. 

Similarly, z s GDE, DEA, EAB each= z ABG. 

Hence, the pentagon ABGDE is equiangular, 
^us a regular pentagon has been inscribed in the . 

^ Shew that OEis parallel to BA, 



I90 EUCUD'S ELEMENTS. [Book IV. 



Proposition XII. Problem. 



To describe a regular pentagon, about a given circle. 




K C J^ 



Let ABODE be the given © . 
It is required to describe a regular pentagon abdut the © . 

Let the angular pts. of a regular pentagon inscribed in the © 
be at A, B, 0, D, E, 

so that the arcs AB, BC, CD, DE, EA are all equal. 

Through A, B, 0, D, E draw GH, HK, KL, LM, MG 

tangents to the © ; 

take the centre 0, and join OB, OKy.OC, OL, OD. 

Then in A s OBK, OCK, 

V 0B= OCy and OK is common, and KB^KO, 

I. E. Cor. 

.-. L BKO=^ L OKO, and z BOK^ l OOK, 

that is, z JBi2:a= twice z OKO, and z i?00= twice z OOK. 

So also, z DLC=^ twice z CLO, and l DOC«twice l OOL. 
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Now •/ arc J5C-«arc CD, 

.-. L BOC» I DOC, 

and .-. L COK^ L COL. 

Hence in a s OCK, OCL, 

••• z COZ= I COL, and rt. i OCiT-rt. z OCL, and OC ib 
commoD, 

/. z OE^O- z CLO, and OK^CL, I. b. 

and .'. z HiCX= z AfZi^, and iTX-twice KC. 

Similarly it may be shewn that z s KHO, HGM, OML each 
^jlHKL, 

.*. the pentafi^on OHKLM \e equiangular. 

And since it has been shewn that XX » twice KC, 

and it can be shewn that HK^tmcQ KB, 

and '.• KB^KC, L E. Cor. 

.*. SK^KL, 

In lilse manner it may be shewn that HG, OAT, ML, each 

«js:l, 

.*. the pentagon GHKLM is equilateral. 
Thus a regular pei|tagon hus been described uliout the ®. 

Q. E. F. 
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Proposition XIII. Problem. 
To inscribe a circle in a given regular pentagon. 




Let ABODE be the given r^ular pentagon. 

It is required to inscribe a® in the pentagon. 
Biaectz 8 BCD, CDE by the st lines CO, DO, meeting in 0. 

Join OB, OA, OB. 

Then, in A s BCO, DCO, 

v BC=-DC, and CO is common, and z BCO== L DCO, 

.\ L OBC= L ODC. I. 4. 

Then, •.• z ABC= l CDE, Hyp. 

and L CDE=twice L ODC, 
.\ I ABC=twice I OBC. 
Hence OB bisects z ABC 
In the same way we can shew that OA, OE bisect 
the z s BAE, AED, ^ 
Draw OF, OG, OH, OK, OL ±to AB, BC, CD, DE, EA, 

TheD, in A s GOC, HOC, 

•.• z GCO= L HCO, and z 000= z OHC, 

and OC is common, 

,\OG^OH 1.26. 

So also it may be shewn that OF, OL, OK are 
each=OOor OB"; 
.-. OF, Oa, OH, OK, OL are all equal. 
Hence a © described with centre and radius OF 
will pass through G, H, K, L, 
and will touch the sides of the pentagon, 
•/ the z s at J", G, H, K, L wt^xt. l^ III. 16. 
ThuB a © will be inscribed *m \)[i^ ^xAa^stL. ^, ^ ^. 
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Proposition XIV. Problbv. 
To describe a circle about a given regular pentagon. 




Let ABCDE be the given regular pentagon. 

Jt is required to describe a © about the pentagon. 

Bisect the z s BCD, CDE by the st. lines CO, DO, meeting 
inO. 

Join OB, OA, OE. 

Then it may be shewn, as in the preceding Proposition, that 

OB, OA, OE bisect the z s CBA, BAE, AED, 

And •.• z BCD= l CDE, 

and z OCD-half z BCD, and z ODO-half z CDE, 

/. z OCD= L ODC, 

and.-. bD=Oa 

In the same way we may shew that OB, OA^ OE 

ea«h= 02) or OC ; 

,\ OA, OB, OC, OD, OE are all equal, 

and a described with centre and radius OA will pass 
through B, C, D, E, 

and will be described about the pentagon. 



14 
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Proposition XV. Problem. 
To inscnbe a regular hexagon in a given circle. 

A 




Let ABCDEF be the given © , of which is the centre. 
It is required to inscribe a regula/r hexagon in the © . 

Draw the diameter AOD, 

and with centre D and radius DO describe a © EOCG 

Join EOy CO, and produce them to B and F. 

Join AB, BC, CD, DE, EF, FA, 

Then '.• is the centre of © ACE, ,', OE=OD ; 

and '.• D is the centre of © OCE, ,; OD=DE ; 

.*. OED is an equilateral a, 

and /. z EOD= the third part of two rt. z s. I. 32. 

So also z D 0(7= the third part of two rt. z s, 

and .*. z 50(7= the third part of two rt. z s. I. 13. 

Thus z s EOD, DOC, BOC axe all equal ; 

and to these the vertically opposite z s BOA, A OF, FOE 

are equal ; I. 15. 

.-. z s ^0J5, BOC, COD, DOE, EOF, FOA, are all equal, 

and .-. arcs AB, BC, CD, DE, EF, FA are all equal. 

III. 26. 

and .-. chords AB, BC, CD, DE, EF, 2^^ are all equal. 

III. 29. 
Thus the hexagon ABCDEF is equilateral 

Also •.* each of its z s= two-thirds of two rt. z s, 

.'. the hexagon ABCDEF is equiangular. 

Tlius a reofniar hexagon baa \>eeii m^cri[fe^^\xv.>iXv^ C5^, 



Book I?.] 



PROPOSITION XVJ. 



'95 



Proposition XVI. Problem. 
To inscribe a regular quindeccigon in a given circle. 




Let ABC be the given . 
Tt is required to inscribe inths (s> a regular guindecagon. 

Let AB be the side of on equilateral L inscribed in the ® , 

IV. 2. 

and AD the side of a regolar pentagon inscribed in the . 

IV. n. 

Then of such equal parts as the whole Oce ABC contains 
fifbeeo, 

arc AlDB must contain five, 

and arc AD must contain three, 

and .*. arc DB^ their difference, must contain two. 

Bisect arc DB in E. IIL 30. 

Then arcs DB, EB are each the fifteenth part of the whole 
Oce. 

If then chords DE, EB be drawn, 

and chords equal to them be placed all round the Oce, IV. 1. 

a regular quindecagon will be inscribed in the . 
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Miscellaneous Exercises on Book TV, 

1. The perpendiculars let fall on the sides of an equilateral 
triangle from the centre of the circle^ described about the 
triangle, are equal 

2. Inscribe a circle in a given regular octagon. 

3. Shew that in the diagram of Prop. X. there is a second 
triangle, which has each of two of its angles double of the third. 

4. Describe a circle about a given rectangle. 

5. Shew that the diameter of the circle which is described 
about an isosceles triangle, which has its vertical angle double 
of either of the angles at the base, is equal to the base of 
the triangle. 

6. The side of the equilateral triangle, described about a 
circle, is double of the side of the equilateral triangle, inscribed 
in the circle. 

7. A quadrilateral figure may have a circle described about 
it, if the rectangles contained by the segments of the diagonals 
be equal 

8. The square on the side of an equilateral triangle, inscribed 
in a circle, is triple of the square on the side of the regular 
hexagon, inscribed in the same circle. 

9. Inscribe a circle in a given rhombus. 

10. ABC is an equilateral triangle inscribed in a circle ; 
tangents to the circle at A and B meet in M, Shew that a 
diameter drawn from M, and meeting the circumference in D and 
0, bisects the angle AMB^ and that DG is equal to twice MB. 

11. Compare the areas of two regular hexagons, one in- 
scribed in, the other described about, a given circle. 

12. Inscribe a square in a given semicircle. 

13. A circle being given, describe six other circles, each of 
tbem equ&l to'it, and in contact. mWi ^^^Odi o\Jtv«t ^sid with the 

^iren circle. 
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14 Given the angles of a triangle^ and the perpendiculars 
from any point on the three sides^ construct the triangle. 

15. Having given the radius of a circle, determine its centre, 
when the circle touches two given lines, which are not parallel 

16. If the distance between the centres of two circles, which 
cat one another at right angles, is equal to twice one of the 
radii, the common chord is the side of the regular hexagon, 
inscribed in one of the circles, and the side of the equilateral 
triangle, inscribed in the other. 

17. If from 0, the centre of the circle inscribed in a triangle 
-iBO, ODy OEy OF be drawn perpendicuUur to the sides BC, 
€A, AB, respectively, and from any point P in OP, drawn 
parallel to AB, perpendiculars PQ, PR be drawn upon OD 
snd OB respectively, or these produced, shew that the triangle 
QRO is equiangular to the triangle ABC. 
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Euclid Papers set t?i the Mathematical Tripos at Cambridge 

fr(yin 1848 to 1872. 



Questions arising out of the Propositions, to which they 
are attached, have been proposed in the Euclid Papers to 
Candidates for Mathematical Honours since the year 1848. 

A complete set of these questions, so far as they refer to 
Books I.-IV., is here given. The figures preceding each question 
denote the particular Proposition to which the question was 
attached. It is expected that the solution of each question is 
to be obtained mainly by using the Proposition which precedes 
it, and that no Proposition which comes later in Euclid's order 
should be assumed. 

Of some of the questions here given we have already made 
use in the preceding pages. As examples, however, of what 
has been hitherto expected of Candidates for Honours, and in 
order to keep the series of Papers complete, we have not 
hesitated to repeat them. 

1848. I. 34. If the two diagonals be drawn, shew that a 

parallelogram will be divided into four equal 
parts. In what case will the diagonal bisect 
the angles of the parallelogram ? 

III. 15. Shew that all equal straight lines in a circle 
will be touched by another circle. 

liL 20. If two straight lines AEB, CED in a circle 
intersect in E, the angles subtended by ^C 
and BD at the centre are together double of 
the angle A EC, 
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19. I. 1. By a method similar to that used in this pio- 
blem, describe on a giyen finite straight line 
an isosceles triangle, the sides of which shall 
be eadi equal to twice the base. 

II. 11. Shew that in Euclid's figure fear other lines 

beside the giren line, are divided in the re- 
quired manner. 

nr. 4. Describe a circle touching one side of a triangle 
and the produced parts of the other two. 

•50. i. 34. If the opposite sides, or the opposite angles, of 
any quadrilateral figure be equal, or if its 
diagonals bisect each other, the quadrilateral 
is a parallelogram. 

II. 14. Giyen a square, and one side of a rectangle 
which is equal to the square, find the other 
side. 

iiL 31. The greatest rectangle that can be inscribed in 
a circle is a square. 

III. 34. Divide a circle into two segments such that the 

angle in one of them shall be five times the 
angle in the other. 

lY. 10. Shew that the base of the triangle is equal to 
the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

^1* L 38. Let ABCy ABD be two equal triangles, upon 
the same base AB and on opposite sides of 
it : join CD, meeting AB in E : shew that 
CE is equal to ED. 

1. 47. If ABC be a triangle, whose angle ^ is a right 
angle, and BE, CF be drawn bisecting the 
opposite sides respectively, shew that four 
times the sum of the squares on BE and CF 
is equal to five times the square on BC, 

III. 22. If a polygon of an even number of sides be in- 
scribed in a circle, the sum of the alternate 
angles together witih two i\:^\> «xi^<»i^N&^ns^^ 
to as many right anglea aa V^xfe^^gM^^iSM^^'^^^^ 
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1851. IT. 16. In a giyen drde iDScribe a triangle, whose 

angles are as the numbers 2, 5 and 8. 

1852. I. 42. Divide a triangle by two straight lines into 

three parts, which, when properly arranged, 
shall form a parallelogram whose angles are 
of given magnitude. 

If. 12. Triangles are described on the same base and 
having the difference of the squares on the 
other sides constant : shew that the vertex of 
any triangle is in one or other of two fixed 
straight lines. 

nr. 3. Two equilateral triangles are described about 
the same circle : shew that their intersections 
will form a hexagon equilateral, but not gene- 
rally equiangular. 

1853. L B. Cor. If lines be drawn through the extremities of the 

base of an isosceles triangle, making angles 
with it^ on the side remote from the vertex, 
each equal to one third of one of the equal 
angles, and meeting the sides produced, prore 
that three of the triangles thus formed are 
isosceles. 
t 29. Through two given points draw two lines, form- 
ing with a line, given in position, an equi- 
lateral triangle. 

n. 11. In the figure, if ^ be the point of division of 
the given line AB, and DA be the side of the 
square which is bisected in E and produced 
to jP, and if DH be produced to meet BF in 
X, prove that DL is perpendicular to jBjP, and 
is divided by BE similarly to the given line. 

III. 32. Through a given point without a circle draw a 
chord such that the difference of the angles 
in the two segments, into which it divides the 
circle, may be equal to a given angle. 

lit. 36. From a given point as centre describe a circle cut- 
ting a given line in two points, so that the rect* 
angle contuned\>7 l\ie»\i ^Vas&s^&ttom a fixed 
point in the line ina^\)e ec^«\\A^\5^'9^w v^;\&s& 
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L 43. If £ be the common angular point of the paral- 
lelegranu about the diameter, and BD the 
other diameter, the difference of the paral- 
lelograms ia equal to twice the triangle BKD, 

II. 11. Produce a giyen straight line to a point such 
that the rectangle contained by the whole 
line thus produced and the part produced 
shall be equal to the square on the given 
straight line. 

UL 22. If the opposite sides of the quadrilateral be pro- 
duced to meet in P, Q, and about the tri- 
angles so formed without the quadrilateral 
circles be described meeting again in 22, shew 
that P, iS, Q will be in one straight line. 

nr. 10. Upon a given straight Hne, as base, describe an 
isosceles triangle having the third angle 
treble of each of the angles at the base. 

I. 20. Prove that the sum of the distances of any point 
from the three angles of a triangle is greater 
than half the perimeter of the triangle. 

(. 47. If a line be drawn parallel to the hypotenuse 
of 'a right-angled triangle, and each of the 
acute angles be joined with the points where 
this line intersects the sides respectively oppo- 
site to them, the squares on the joining lines 
are together equal to the squares on the hypo- 
tenuse and on the line drawn parallel to it 

n. 9. Divide a given straight line into two parts, such 
that the square on one of them may be 
double of the square on the other, without 
employing the Sixth Book. 

ni. 27. If any number of triangles, upon the same base 
JBO, and on the same side of it, have their 
vertical angles equal, and perpendiculars 
meeting in D be drawn from 5, C upon the 
opposite sides, find the Ioqur oi D> «xA ^^^ 
th&t all the lines which bisect ^;^i^ x».Ti^^lB>T>^ 
pass through the same poml. 
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1866. IV. 4. If the circle inscribed in a triangle ABC touch 

the sides AB, ACva. the points D, Ey and a 
straight line be drawn from A to the centre 
of the circle, meeting the circumference in Cr, 
shew that Q is the centre of the circle in- 
scribed in the triangle ADE, 

1866. L 34. Of all parallelograms, which can be formed with 

diameters of given length, the rhombus is 
the greatest. 

II. 13. If ABf one of the equal sides of an isosceles 

triangle ABC, be produced beyond the base 
to D, so that BD=^ABj shew that the square 
on CD is equal to the square on AB together 
with twice the square on BC 

IT. 16. Shew how to derive the hexagon from an equi- 
lateral triangle inscribed in the cii'cle, and 
from this construction shew that the side of 
the hexagon equals the radius of the circle, 
and that the hexagon is double of the tri- 
angle. 

1857. I. 36. ABC is an isosceles triangle, of which A is the 

vertex: ABy AC are bisected in D and E 
. respectively ; BE, CD intersect in F : shew 
that the triangle ADE is equal to three times 
the triangle DEF. 

XL 13. The base of a triangle is given, and is bisected 
by the centre of a given circle, the circum- 
ference of which is the locus of the vertex : 
prove that the sum of the squares on the two 
sides of the triangle is invariable. 

III. 22. Prove that the sum of the angles in the four 

segments of the circle, exterior to the quadri- 
lateral, is equal to six right angles. 

rr. 4. Circles are inscribed in the two triangles formed 
by drawing a perpendicular from an angle of 
a triangle upon the opposite side, and analo- 
gous circlea axe d!%c>tiky>^ m^^WtlQiLto the 
two other Aik© peTpendic<a\axa *. ^tws^^QM^Si*^ 
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•am of the diameters of the six drdes toge- 
ther with the sam of the sides of the original 
triangle is equal to twice the sum of the three 
perpendicolars. 

58. I. 28. Assuming as an axiom that two straight lines 
cannot both be parallel to the same straight 
line, deduce Euclid's sixth postulate as a 
corollary of the proposition referred to. 

n. 7. Produce a given straight line, so that the sum 
of the squares on the given line and the part 
produced may be equal to twice the rectangle 
contained by the whole line thus produced and 
the produced part 

in. 19. Describe a circle, which shall touch a given 
straight line at a given point and bisect the 
circumference of a given circle. 

^9. L 41. Trisect a paraUelogram by straight lines drawn 
from one of its angular points, 
li. 13. Prove that, in any quadrilateral, the squares 
on the diagonals are together equal to twice 
the sum of the squares on the straight lines 
joining the middle points of opposite sides. 

HI. 31. Two equal circles touch each other externally, 
and through the point of contact chords are 
drawn, one to each circle, at right angles to 
each other : prove that the straight line, 
joining the other extremities of these chords, 
is equal and parallel to the straight line 
joining the centres of the circles. 

rv. 4. Triangles are constructed on the same base with 
equal vertical angles : prove that the locus 
of the centres of the escribed circles, each of 
which touches one of the sides externally 
and the other side and base produced, is an 
arc of a circle, the centre of which is on the 
circumference of the circle circumscribing th^ 
tnangleB. 
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1860. L 35. Tf a straight line DME be drawn through the 

middle point Af of the base BG of a triangle 
ABCy so as to cut off equal parts ADy AE 
from the sides AB, AC, produced if neces- 
sary, respectively, then shall BD be equal to 
CE, 

II. 14. Shew how to construct a rectangle which shall 
be equal to a given square ; (1) when the 
sum, and (2) when the difference of two ad- 
jacent sides is given. 

III. 36. If two chords AB, AC he drawn from any point 
A oi a, circle, and be produced to D and E, 
so that the rectangle AC, AE is equal to the 
rectangle AB, AD, then, if be the centre 
of the circle, ^0 is perpendicular to DE, 

IV 10. If A be the vertex, and BD the base of the 
constructed triangle, D being one of the points 
of intersection of the two circles employed in 
the construction, and E the other, and AE 
be drawn meeting BD produced in F, prove 
that FAB is another isosceles triangle of the 
same kind. 

186] L 32. If ABC be a triangle, in which C is a right 

angle, shew how, by means of Book I, to 
draw a straight Hne parallel to a given 
straight line so as to be terminated by CA 
and CB and bisected by AB, 

II. 13. If ABC be a triangle, in which (7 is a right 
angle, and DE be drawn from a point D in 
AC aX right angles to AB, prove, without 
using Book III., that the rectangles AB, AE 
and AC, AD will be equal 

III. 32. Two circles intersect in A and B, and CBD is 
drawn perpendicular to AB to meet the 
circles in C and D ; if AEF bisect either the 
interior or exterior angle between CA and 
DA, prove thai t\ie \Ai'n^Ti\& to the circles at 
E and F mteraecl m «i 'i^ovtA. qtl AB \jk>^svrr^. 
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)61. lY. 4. Describe a circle touching the side BO of the 
triangle ABCy and the other two sides pro- 
duced, and prove that the distance between 
the points of contact of the side BO with the 
inscribed circle, and the latter circle, is equal 
to the difference between the sides AB and 
AO. 

868. L 4. Upon the sides AB^ BO, and OD of a parallelo- 
gram ABOD, three equilateral triangles are 
described, that on BO towards the same parts 
as the parallelogram, and those on AB, OD 
towards the opposite parts. Prove that the 
distances of the vertices of the triangles on 
AB, OD, from that on BO, are respectively 
equal to the two diagonals of the parallelo- 
gram. 

U. 10. Divide a given straight line into two parts, so 
that the squares on the whole Hne and on 
one of the parts may be together double of 
the square on the other part. 

III. 28. A triangle is turned about its vertex, until one 

of the sides intersecting in that vertex is in 
the same straight line as the other previously 
was : prove that the line, joining the vertex 
with the point of intersection of the two 
positions of the base, produced if necessary, 
bisects the angle between these two positions. 

IV. 10. Prove that the smaller of the two circles, em- 

ployed in Euclid's construction, is equal to 
the circle described about the required tri- 
angle. 
863. I. 47. Two triangles ABO, A'BO have their sides 
respectively parallel BB^y OOx are drawn 
perpendicular to B'0\ 00^ AA% to 0'A'\ and 
AAz, BBi to A^B'. Prove that the sum of the 
squares on ABj, BO^ OAt together, is equal 
to the sum of those on ACi, B A^ CB^^A^^>i5wst. 

//. J J. Divide a given straiglit "liae mto \.^o ^^:s\»^«i\.^ 
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that the rectangle contained by the whole and 
one part may be equal to that contained by 
the other part and a given straight line. 

1863. III. 28. Two equal circles intersect mAyB\ FQT 

perpendicular to AB meets it in T, and the 
circles in P, Q. AP, BQ meet in 12 ; AQt 
BP in 8 : prove that the angle BT3 is bi- 
sected by TP. 

1864. r. 38. If a quadrilateral figure have two sides parallel 

and the parallel sides be bisected, the line 
joining the points of bisection shall pass 
through the point in which the diagonals cut 
one another. 

n. 14. Divide a given straight line (when possible) 
into three parts such that the rectangle con- 
tained by two of them shall be eqnal to a 
given rectilineal figure, and that the squares 
on these two parts shall together be equal to 
the square on the third. 

III. 36. If from a given point A without a given circle 
any two straight lines APQ, AR8, be drawn, 
making equal angles with the diameter which 
passes through A, and cutting the circle in 
P, Q, and E, 8, respectively, then PS, QR, 
shall cut one another in a given point. 

rv. 11. If a figure of any odd number of sides have all 
its angular points on the same circle, and all 
its angles equal, then shall its sides be equal. 

1865. I. 20. Give a geometrical construction for finding a 

point in a given straight line, the difference of 
the distances of which from two given points 
on the same side of the line shall be the 
greatest possible. 

II. 12. The base BC of an isosceles triangle ABC is 
produced to a point D ; AD is joined, and in 
AD a point E is taken, such that the rect- 
angle ADy AE, IB ec^<a\\>o tk<^ &<\uare on either 
of the equal aid^B AB, AC, ^1 ^'^ \»saM^^\ 
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proye that the rectangle BD, CD is equal to 
the lectangle AD, ED. 
in. 18. A giyen straight line is drawn at right angles 
to the straight line joining the centres of two 
given circles : prove that the difference be- 
tween the squares on two tangents drawn, 
one to each drde, from any point on the 
given straight line, is constant 

IT. 6. Having given one side of a triangle, and the 
centre of the drcomscribed circle, determine 
the locus of the centre of the inscribed cirde. 

. L 33. Prove that a quadrilateral, which has two op- 
posite sides and two opposite obtuse angles 
equal, is a parallelogram. 

Shew that the figure is not necessarily a paral- 
lelogram, if the equal angles are acute. 

n. 9. Prove this also by superposition of the squares 
or their halves. 

m. 32. If four circles be drawn, each passing through 
three out of four given points, the angle be- 
tween the tangents at the intersection of two 
of the circles is equal to the angle between 
the tangents at the intersection of the other 
two circles. 

iv. 8. In a given circle inscribe a triangle such that 
two of the sides of the triangle shall pass 
through given points and the third side be at 
a given distance from the centre of the given 
circle. 

I L 16. Any two exterior angles of a triangle are together 
greater than two right angles. 

T. 43. What is the greatest value which these comple- 
ments, for a given parallelogram, can have ? 

n. 11. Divide a given straight line into two parts such 
that the squares on the whole line and on one 
of the parts shall be togetb« dwxVAfe ^1 \3wb 
Hqmre on the other part. 
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1867. III. 22. If the chords, which bisect two angles of a 

triangle inscribed in a circle, be equal, prove 
that either the angles are equal, or the third 
angle is equal to the angle of an equilateral 
triangle. 

1868. I. 41. OKBM and OLBN are parallelograms about 

the diameter of a parallelogram ABCD, In 
MN, which is parallel to BA, take any point 
P and prove that, if PC, produced if neces- 
sary, meet KL in Q, BP will be parallel 
to DQ. 

II. 12. In a triangle ABC, D, £!, F are the middle 
points of the sides BC, CA, AB respectiyely, 
and Kf L, M are the feet of the perpendi- 
culars on the same sides from the opposite 
angles. Prove that the greatest of the rect- 
angles contained by BC and DJT, CA and 
EL, AB and FM, is equal to the sum of the 
other two. 

III. 35. Through a point within a circle, draw a chord, 
such that the rectangle contained by the whole 
chord and one part may be equal to a given 
square. 

Determine the necessary limits to the magni- 
tude of this square. 

IV. 4. If two triangles ABC, A*B!(J be inscribed in 
the same circle, so that AA' BBf CC meet 
in one point 0, prove that, if be the centre 
of the inscribed circle of one of the triangles, 
it will be the centre of the perpendiculars of 
the other. 

1869. I. 40. ABG is a triangle, E and F are two points ; if 

the sum of the triangles ABE and BCE be 
equal to the sum of the triangles ABF and 
BOF, then under certain conditions EF will 
be parallel to AO, Find these conditions, 
and detetimiie ^Yiqil \i\i^ ^AfS^rence instead of 
the sum of the tnaw^^ TBxsa\»\sfe\«5SiL«a, 
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i9. II. 11. Shew that the point of section lies between the 
extremities of the line, 
ni. 33. An acute-angled triangle is inscribed in a 
cirde, and the paper is folded along each of 
the sides of the triangle : Shew that the 
circumferences of the three segments will pass 
through the same point State the equivalent 
proposition for an obtuse-angled triangle, 
ly. 11. Shew that the circles, each of which touches 
two sides of a regular pentagon at the ex- 
tremities of a third, meet in a point 

'0. I. 26. ABOD is a square and E a point in BC ; a 
straight line EF is drawn at right angles to 
AE, and meets the straight line, which bisects 
the angle between CD and BG produced in a 
point F : prove that AE is equal to EF, 
XL 9. The diagonab of a quadrilateral meet in E, and 
F is the middle point of the straight line 
joining the middle points of the diagonals : 
prove that the sum of the squares on the 
straight lines joining E to the angular points 
of the quadrilateral is greater than the sum of 
the squares on the straight lines joining F to 
the same points by four times the square 
on EF. 
UL 32. AB, CD are parallel diameters of two circles, 
and AC cuts the circles in P, Q : prove that 
the tangents to the circles at P, Q are parallel. 
;y. 10. Hence shew how to describe an equilateral 
and equiangular pentagon about a circle with- 
out first inscribing one. 

1. I. 38. Through the angular points A, B, C, of a 
triangle are drawn three parallel straight lines 
meeting the opposite sides in A', B^, (7 re- 
spectively : prove that the triangles AB>C'y 
BOA'y CA'B' are all equal 
IL 10. Produce a given straight line so that the square 
on the whole line t\ma pxodxji^iedL tqk^ \»«^ 
doabie the square on the part ptQ^wcft^ 

15 
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1871. III. 32. The opposite sides of a quadrilateral inscribed 

in a circle are produced to meet iu P, Q, and 
about the four triangles thus formed circles 
are described : prove that the tangents to these 
circles at P and Q form a quadrilateral equal 
in all respects to the original, and that the 
line joining the centres of the circles, about 
the two quadrilaterals, bisects PQ. 

IV. 5. A triangle is inscribed in a given circle so as 
to have its centre of perpendiculars at a given 
point: prove that the middle points of its 
sides lie on a fixed circle. 

1872. I. 47 If CjS, J5D be the squares described upon the 

side ACy and the hypotenuse AB^ and if 
BB^ CD intersect in F, prove that AF bi- 
sects the angle EFD. 
III. 22. Two curcles intersect in ^, jB : PAP', QAQf are 
drawn equally inclined to AB to meet the 
circles in P, P', Q, q : prove that PP* is 
equal to QQ'. 

IV. 4. Having given an angular point of a triangle, the 
Circumscribed circle, and the centre of the in- 
scribed circle, construct the triangle. 
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i SECTION I. 



On Multiples and Equimultiples, 

DiF. L A GREATER magaitude is a Multiple of a less magui- 
tade, when the greater contains the less an exact number 
of times. 

Def. II. A LESS magnitude is a Suh-multiple of a greater 
magnitude, when the less is contained an exact number of 
times in the greater. 

These definitions are applicable not merely to Geometrical 
magnitudes, such as Lines, Angles, and Triangles ; but also to 
such A are included in the ordinary sense of the word Magni- 
tude, that is, anything which is made up of parts like itself, 
such as a Distance, a Weight, or a Sum of Money. 

Postulate. 

Any one magnitude being given, let it be granted that auy 
number of other magnitudes may be found, each of which is 
equal to the first 

Method of Notation. 

Let A represent a magnitude, not as one of the letters used 
in Algebra to represent the measure of a magnitude, but let A 
Btand for the magnitude itsel£ Thus, if we regard A as repre- 
senting a weight, we mean, not the nurnher oi "i^xxtA^ ^qtl- 
^md in the weifrbt, hut the weight itself. 
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Let the words A^ B together represent the magnitude obtained 
by patting the magnitude B to the magnitude A. 

Let Ay A together be abbreviated into 2^, 

A, A, A together 3-4, 

and so on. 

Let Ay A repeated m times be denoted by mA, 

m standing for a whole nvmber. 

Let mA, mA repeated n times be denoted by nmAy 

where nm stands for the arithmetical product of the lohole 
numbers n and m. 

Let (m+n) A stand for the magnitude obtained by putting 
nA to mA, m and n standing for whole numbers. 

These, and these only, are the symbols by which we propose 
to shorten and simplify the proofs of this Book : capital 
letters standing, in all cases, for magnitudes ; and small letters 
standing for tchole numbers. 

Scales of Multiples. 

By taking a number of magnitudes each equal to A, and 

putting two, three, four of them together, we obtain a set 

of magnitudes, depending upon A, and all known when A is 
known ; namely, 

Af 2A, 3J., 4Ay 5A and so on ; 

each being obtained by putting A to the preceding one. 

This we call the Scale of Multiples of A. 

If m be a whole number, mA and mB are called Equi- 
multiples of A and B, or, the same multiples of A and B 
respectively. 

Axioms. 

1. Equimultiples of the same, or of equal magnitudes, are 
egual to one another. 

Z Those magnitudes, of wbic\i tYift «axci^, w ^^]^(^ Toa^goi- 
tudcs are equimultiples, are eqaa\ to oti^ wcvoVXv^st. 
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3. A multiple of a greater magnitude is greater than the 
same multiple of a less. 

4. That magnitude, of which a multiple is greater than the 
same multiple of another, is greater than that other magni- 
tude. 

Note 1. If J. and B be two oonmiensurable magnitudes, it 
is easy to show that there is vrtM multiple of A^ which is 
equal to wmt multiple of B, 

For let If be a common measure of A and B ; then the 
scale of multiples of itf is 

M, 2Af, 3M, 

Now cfM of the multiples in this scale, suppose j93f, is equal to A^ 

and (yM suppose qM^ jB. 

Hence the multiple qpM, is equal to 9^, V. Ax. 1. 

and the same multiple is equal to pB; 
and therefore q^A = fB, I, Ax. 1. 



Proposition I. (Eucl. v. 1.) 

If any rvwrnber of magnU/adu h€ eguvmuUiple$ of as many, 
ea4h of each ; whatever multiple any one of them is of its sub- 
muMple, the same multiple must aJl the first m^agnitudeSj taken 
together, be of all the other, taken together. 

Let A be the same multiple of G that JB is of D. 
Then m^st A, B together be the same multiple of C, D togethei 
that A is of a 

Let A » C, C, repeated m times. 

Then B ■= D,D,D repeated m times. 

.'. A, B together = C,D; 0,D; C,D; repeated m times 

r.AjB together is the same multiple of C, D together that 
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Proposition II. (EucL v. 2.) 

If the first he the same multiple of the second that the third ti 
of the fouaihf and the fifth the same multiple of the second thai 
the sixth is of the fourth ; thefi/rst together with the fifth must be 
(he samie multiple of the second, that the third together with the 
sixth is of thefowrth. 

Let Ay Bf C, Dy E, F be six magnitudes, such that 
A is the same multiple of B, that is of 2>, and 
E is the same multiple of B, that i^ is of D. 
Then must A, E together he the same multiple of B, 
that C, F together is of B, 

Let A == B, By By repeated m times ; 

then G « DyDyDy repeated m times. 

Also, let E^ByBy By repeated n times ; 

then F ^ DyDyDy repeated n times. 

.*. AyE together = By By By repeated m+n times, 

and 0,^ together = DyDyDy repeated m+n times. 

.*. Ay E together is the same multiple of B, 
that Cy F together is of D. 

Q.E.D. 

Proposition III. (EucL v. 3.) 

If the first be the same multiple of the second that the third 
is of the fourth ; and if of the fi/rst and third there he taken 
equimultipleSy these must he equvrwultipleSy the one of the seeondy 
and the other of the fourth. 

Let A be the same multiple of B that is of I> ; 
and let E and F be taken equimultiples of A and O, 
Then mtist E and F be equimultiples ofB and D. 

For let A ^ By By repeated m times«m£ ; 

then G ^ By Dy repeated m timesBtnJD. 

Again, let ^ = -4, Ay repeated n times ; 

then F ^ Gy 0, repeated n times. 

.•. E = mBy mBy repeated n times « nmB ; 

and F = mBy mB, repeated n timesBnmZ^. 

,'. E is the same multipVe oi B t\v%.\. F \a of D. 
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SECTION II. 

On Ratio and Proportion, 

Dkp. ni. If A and B be magnitudes of the same kind, the 
relatiTe greatness of A with respect to J3 is called the ratio of 
ito5. 

Note 2. When A and B are wmmmvwrahU^ we can estimate 
their relative greatness by considering what multiples they are 
of some common standard. But as this method is not appli- 
cable when A and B are incommensurable, we have to adopt 
a more general method, applicable both to commensurable and 
incommensurable magnitudes. 

If A and B be magnitudes of the same kind, commensurable 
or incommensurable, the scale of multiples of ^ is 

Af2A,,,mA, (m+l)A...2mA,(2m+l)A...^mA...nmA.., 

and the Batio of ^ to ^ is estimated by considering the posi- 
tion which B, or some multiple of B, occupies among the 
multiples of A, 

If A and B be commensurable, a multiple of B can be found, 
such that it would occupy {fu same place among the multiples 
of Af which is occupied by some one of the multiples of A ; 
that is, this particular multiple of B represents the same 
magnitude as that, which is represented by some one of the 
multiples of A. See Note 1, p. 213. 

If, for example, the 7th multiple in the scale of B represents 
the same magnitude as that which is represented by the 5th 
multiple in the scale of A, or in other words, if 7jB « 5^, we 
are enabled to form an exact notion of t\ie ^«&\iTi<^^ ^\ ^ 
reM^'reJ/ to jf. 
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When A and B are incommensurable, the relation mA^^nB 
can have no existence ; that is, no pair of multiples, one in 
each of the scales of multiples of A and B, represent the same 
magnitude. But we can always determine whether a par- 
ticular multiple of B be greater or less than some one of the 
multiples of A ; that is, we can always find between what two 
successive multiples of A any given multiple of B lies. 

Hence, whether A and B be commensurable or incommen- 
surable, we can always form a third scale, in which the 
multiples of B are distributed among the multiples of A. 

Suppose, for example, we discover the following relations 
between particular multiples of A and B : 

B greater than A and less than 2 A, 
2B greater than ZA and less than 4^, 
'SB greater than 5^ and less than 6Ay 

and so on ; the third scale will commence thus 

A, B, 2 J, 3^, 25, 4u4, 6 A, 3B, SA, 

and so on ; the scale not being formed by any law, but con- 
structed by special calculations for each term. 

Such a scale we call the Scale of Relation of A and 5, 
and we give the following Definition : — 

The Scale of Eelation of two magnitudes of the same kind 
is a list of the multiples of both ad infinitum, all arranged in 
order of magnitude, so that any multiple of either magnitude 
being assigned, the scale of relation points out between which 
multiples of the other it lies. 

Note 3. It may here be remarked that, if A and B be 
two finite magnitudes of the scmie kind, however small B may 
be, we may, by continuing the scale of multiples of B suffi- 
ciently far, at length obtain a multiple of B greater than A. 

Also, if B be less than A, one multiple at least of the scale 

of B will lie between each two consecutive multiples of the 

scale of A, From these consideraWoiv^ ^^ ^«5\ \ift ^a^Aified in 
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(1.) That we can always take mB greater than A or than pA, 

(2.) That we can always take nB snch that it is greater than 
pA but not greater than qA, provided that B is less 
than Af and p than q. 

We can now make an important addition to Definition in., 
80 that it will ran thos : — 

If A and B be magnitudes of the same kind, the relative 
greatness of A with respect to JB is called the Ratio of ^ to JB, 
and this Batio is determined by, that is, depends solely upon, 
the order in which the multiples of A and B occur in the 
Scale of Relation of A and jB. 



Def. IY. Magnitudes are said to have a Ratio to each other, 
which can, being multiplied, exceed each the other. 



This definition is inserted to point out that a ratio cannot 
exist between two magnitudes unless two conditions be ful- 
filled :— first, the magnitudes must be of the same kind ; 
secondly, neither of them may be infinitely large or infinitely 
small See Note 3. 



DsF. v. When there are four magnitudes, and when any 
equimultiples of the first and third being taken, and any equi- 
multiples of the second and fourth, if, when the multiple of the 
first is greater than that of the second, the multiple of the 
third is greater than that of the fourth, and when the multiple 
of the first is equal to that of the second, the multiple of the 
third is equal to that of the fourth, and when the multiple of 
the first is less than that of the second, the multiple of the 
third is less than that of the fourth, then the first of the 
original four m&gnitndea ia said to have to \i\i« «.^^otv^ ^^ 
mate ratio which the third has to the fouxtih. 
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Note 4. — To make Def. v. clearer we give the foUowing 
illustration. Suppose A, B, C, D to be four magnitades ; the 
scales of their multiples will tJien Le — 

A, 2A,3A wA , 

B, 2B,:iB '.nB , 

C, 20, 30 mC 

D, 2D, 3D nD ; 

where mA, mC stood for any equimultiples of A and C, and 
iiB, nD stand for any equimultiples of B and D: then the 
Definition may be stated more briefly thus ; 

A \a said to have the same ratio t« B which C has to D, 
when mA is found in the same position among the multiples 
of B, in which mC is found among the multiples of D ; or, 
which is the same thing, v>hin the order of the laultiples of A 
and Bin the Scale of Belatiort of A and B, is predeely tlte tame 
at the order of the multiples of and D in Oie SeaU of Sdati«n 
of G and D ; or, when every multiple of .A is found in the same 
position among the multiples of B, in which the same multiple 
of O is found among the multiples of D. 

Note 6, The use of Def. v. will be better underatood by 
the following application of it. 



Let AG, aeh« two rectangles of equal altitude. 

Let B, B' and B, R stand for the bases and the areas of 

these rectangles respectively. 
Take AD, DE, EF, .m ib. wwrio^T, sai4 lii (japnl. 

And ad, (le,ef,fg,gh, Ti\ii-nviiatoet,MA»a.«ipalL, 



y 
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Complete the rectangles, as in the diagram. 

Then base AF ^ viB, 
base ah » nB^. 
rectangle AP «= mB, 
rectangle ap » nR\ 
Nov we can prove, by superposition, that if AF be greater 
than ahf AP will be greater than ap, and if equal, equal ; and 
if less, less. 

That is, if mB be greater than nR, mR is greater than nB'\ 
and if equal, equal ; and if less, less. 
Hence, by Del v., 

^istoB'asEistoli'. 
Hence we deduce two Corollaries, which are the foundation 
of the proofii in Book vt. 

Cor. I. ParaUelo^ams of equal altitude are to one another 
iu Iheir hoses. 

For the parallelograms are equal to rectangles, on the same 
bases and between the same parallels. 

Cor. IL Triangles of equal altitude are to one another as 
Mrhases. 

For the triangles are equal to the halves of the rectangles, 
on the same bases and between the same parallels. 

NJB, — ^These Corollaries are proved as a direct Proposition 
In EucL VI. 1. Cor. 11. could not, consistently with Euclid's 
method, be introduced in this place, for it assumes Proposi- 
tion XI. of Book V. 

* 

Def: VI. Magnitudes which have the same ratio are called 

Proportionals. 

U A, By CyD he proportionals, it is usually expressed by 
laying, ^isto^asCistoD. 

The magnitudes A and C are called the Antecedents of the ratios. 
BandD Consequents 

The antecedents are said to be homologous to ou^ ^ltio^Wc^ 
that is, occupying the same position in the radios (^6^^Qr^oC^,^\A 
the conaequentB are said to be homologous to oive OiXvoVXve^x. 
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Dkf. VIL When of the equimnltipleB of four magnitades, 
taken as in Bef. v., the multiple of the first is greater than [or 
is equal to] the multiple of the second, but the multiple of the 
third is not greater than [or is less than] the multiple of the 
fourth, then the first is said to have to the second a greater 
ratio, than the third has to the fourth. 

NoTK 6. The meaning of Del vii. may be ex^wessed, after 
taking the scales of multiples as in the explanation of Del v., 
thus: — 

A is said to have to JB a greater ratio than C has to D, 
when two whole numbers m and n can be found, such that 
mA is greater than n^, but mC7 not greater than nD \ ot, 
such that mA is equal to liB, but mC less than nD* 
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SECTION IIL 

Containing the Propositions most frequently referred to in 

Book VI. 



Note 7. The Fifth Book of Euclid may be regarded in two 
Bspects : first, as a Treatise on the Theory of Batio and Propor- 
tion, complete in itself, and depending in no way on the pre- 
ceding Books of the Elements ; and secondly, as a necessary 
introduction to the Sixth Book. 

If we make the number of references in Book vi. a test of 
the importance of particular Propositions in Book v., they 
will be arranged in the following order : — 



Proposition v. is referred to 23 times. 
„ VIII. „ 7 „ 

» XXI. „ „ 

„ XVIII. „ 3 „ 

„ XIL „ 2 „ 

Propositions x., xi, xv., xvi., xix., xxii., are referred to omu^ 



It is desirable, then, that the student should observe that 
the three Propositions, which are of especisl im'^cyc^asi^s^ iv^t 
Book Yh, are included in this Section. 
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Proposition IV. 

If four magnitudes he proportionals, and aivy equimultiples 
he taken of the first and third, and also any equvm/uUiples of 
the second and fourth, if the multiple of the first he greaJter than 
that of the second, the multiple of the third must he greaJter Qum 
that of the fourth ; and if equal, equal ; and if less, less. 

Let -4 be to J5 as (7 is to i>, 
and let any equimultiples mA, mC be taken of A and C» 
and any equimultiples nB, nD of J5 and D . 

Then if mA he greaJter than nB, mC must he greater ikan nB ; 
and if equal, equal ; if less, less. 

For if mA be greater than nB, but mC not greater than 
nD, then will A have to J5 a greater ratio than G has to D ; 
which is not the case. V. Def. 7. 

Hence if mA be greater than nB, mC must be greater than nD, 

Similarly it may be shown that, if mA be equal to, or less 
than, nB, mC must also be equal to, or less than, nD. 

^ Q. E. D. 

N.B.—We have added this Proposition to meet an objection, 
which might be made to a reference to Definition v., when the 
converse of that Definition is wanted. This reference is of 
frequent occurrence in Simson's edition. 



Proposition V. (EucL v. 11.) 

Ratios that are the samne to the same ratio, are the sarne to one 

another. 

Let -4 be to 5 as is to D, ^ 

and ^ be to i^ as is to D. 

Then must A he to B as B is to F, 

9 

Take of A, C, E any equimultvglea m A, mC, mE, 
and of B, D, F any equimuUVv^eE uB, ul)» u¥. 
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Then \* ^ is to £ as (7 is to D, 

•'. if mA be greater than nB, mC is greater than uD ; 
and if equal, equal ; if less, less. V. 4. 

Again, *.* is to 2> as E is to i^, 
.*. if mC be greater than ni), mE is greater than nF ; 
and if equal, equal ; if less, less. V . 4. 

Hence, if mA be greater than nB^ mE is greater than nF ; 
and if equal, equal ; if less, less. 

.. -4 is to JB as J9 is to -P. V. Def. 5. 

Q. ■. D. 



Proposition VI. (EucL v. 7.) 

Equal magnitudes have the same ratio to the sa/me magni- 
^ ; and the same has the same ratio to equal magnitudes. 

Let A and B be equal magnitudes, and G any other magni- 
tude. 

Then must A he to G as B is to C, 
and G must he to A as G is to B, 

Take mA and mB any equimultiples of A and By 
and nG any multiple of 0. 

Then *.• ^ = J5, .-. mA = mB, V. Ax. 1. 

.*. if mA be greater than nG, mB is greater than nG ; 
and if equal, equal ; if less, less. 

.'. -4 is to as J5 is to 0. V. Def. 6. 

Again, if nG be greater than mJ, nG is greater than mB ; 
and if equal, equal ; if less, less. 

.*. C is to ^ as (7 is to B, V. Def. B. 

q, B. D. 
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Proposition VII. (Eucl. v. 8.) 

Of two unequal magnitudes, the greater has a greater ratio to 
any other magnitude than the less has ; and (he samie magnitude 
has a greater ratio to the less, of two other magnitudes, than it 
has to the greater. 

Let A and B be any two magnitudes, of which ^ is the 
greater, and let D be any other magnitude. 

Then must {he ratio of A to D be greater 
than the ratio of B to D, 

Take such equimultiples of A and B, qA and qB, 
that each of them may be greater than D, Note 3, p. 216. 

Then •.* ^ is greater than B, 

.\ qA\a greater than qB. V. Ax. 3. 

Let qA » qB, B together. 

Then, however small B may be, we can find a multiple of 
R, suppose mB, such that mB is greater than qB. Note 3. 

Take equimultiples of qA and qB, mqA and mqB, and take 
a multiple of Z>, nD, such that nB is not less than mqB and 
not greater than {mq + q) B. Note 3. 

Then *.• mqA = mqB, mB together, V. L 

and mB is greater than qB, 
.'. mqA is greater than {mq ^r q) B, 
and, a fortiori, mqA is greater than nJD. 

But mqB is not greater than nD, 
.*. the ratio of J. to Z> is greater than the ratio of J? to D. 

V. Det 7. 
Also, the ratio of D to B must he greater than the raUo oj 
DtoA. 

For, the same multiples being taken as before, 
*.* nD is not less than mqB, 
and nD is less than mqA, 
.'. D has to £ a greater ratio than D has to A, 

V, DeL 7. 
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Proposition VIII. (Eucl. v. 9.) 

MagnitudeSf which home (he same ratio to the same magnitude^ 
m e^ttoZ to one another ; and those, to which the same magni' 
i^ has the same roHoy are equal to one another. 

Let A and B haye the same ratio to C, 

Then mnst A ^ B. 

For if A were greater than JB, 

A would haye a greater ratio to C than i? has to C ; V. 7. 
which is not the case. 

And if A were less than B, 

B would haye a greater ratio to C than ^1 has to C ; V. 7. 

which is not the case. 

.-. A'^B, 

Next, let C haye the same ratio to A that C has to B, 

Then must A == B, 

For we can show, as before, that A ciuinot be greater or less 

iimB. 

.*. A ^» B, Q. E. D. 

Proposition IX. (EucL v. 10.) 

ThaJt magnitude^ which has a greater ratio than another has 
to ihe same magnitude, is the greaJter of the two; and that 
magnitude, to which the sams has a greaJter ratio than it has 
to another magnitude, is the less of ihe tv)o. 

Let A haye to C a greater ratio than B has to C. 
Then must A he greater than B, 

For if A were equal to B, then would A haye the same 
ratio to that B has to C ; which is not the case. V. 8. 

And if A were less than B, then would A have to (7 a ratio 
less than that which B has to C ; which is not the case. V. 7. 

.% A is greater than B, 

Next, let haye a greater ratio to B than it has to A, 

Then must B he less than A, 

For if B were equal to A, then would G have the same ratio 
to B which it has to A ; which is not the case. V. 8. 

And if B were greater than A, then C would have to B a 

ratio less than that which G has to A \ wVi\c\v \& tvo\» *CcL<b 

case. N.^, 

.'. B is less than A. cv ^. \i. 

Id 
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Proposition X. (EucL v. 12.) 

// any number of magnitudes he proportionates, as one of ike 
antecedents is to its consequent, so must all the antecedents taken 
together he to all Oie consequents. 
Let anjnumber of magnitudes A, B, G, 2), E, F. . .be proportionals, 

tliat is, J. to £ as (7 to i> and as i& is to J^... 
Then must AhetoBasA^CjE. ..together istoB,D, F. ..together. 

Take- of A, C, JS,...any equimultiples mA, mC, iiiE... 
and of J5, D, i''... any equimultiples nB,nD, nF.,, 
Then *.*^istoJ$asOistoD and as ^ is to F... 

.*. if mA be greater than nB^ mC is greater than nD, 
and mE is greater than nF„, ; and if equal, equal ; if less, 
less. V. 4. 

.*. if mA be greater than nB, mA, mC, mE... together are 
greater than nB, nD, ni''... together; and if equal, equal; if 
less, less. 

Now mA and mA, mC, mE. . .together are equimultiples of 
A and A, C, j&... together. V. 1, 

And nB and nB, nD, njP... together are equimultiples of 
B and B, D, F... together. 

/. -^1 is to jB as A, C, J&... together is to B, D, F. . .together. 

V. Def. 5. 

Q. B. D. 

Proposition XI. (Eucl. v. 15.) 

Magnitudes ha/oe the same raJtio to one another which their 

equimultiples have. 

Let A be the same multiple of C that ^ is of i>. 

Then must G he to D as A to B. 

Divide A into magnitudes E, F, G^,...each equal to C, 

and B into magnitudes H, K, L,...esLch. equal to D, 

the number of the magnitudes being the same in both cases, 

because A and B are equimultiples of C and 2>. 

Then •.' E, F, Q are all equal, 

and H, K, L are all equal. 

.\ E \a to H, Bs F to K,BJsG to L... V. 6 

.-. ^ is to J? as E, F, G^... together is to -H, ^, X.. 

together, V. 10 

that is, E is to H aa A \ft B \ 

and *.• E = C, Wi^L H « D, 
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SECTION IV. 

On Proportion by Inversion^ Alternation^ and Separation, 

Proposition XII. (EucL v. B.) 

Ijfwir nutgnitudes he proportumdUy they mvst also he pro- 
portionals uhen taken irwersely. 

Let ^betoJBasOistoD. 

Then inversely B m/ust hetoAasDistoC. 

Take of A and C any equimultiples mA and m(7, 
and of B and 2> any equimultiples nB and nD. 

Then •/ -4 is to JB as is to D, 

.*. if mA be greater than nB, mC is greater than uD ; and 
if equal, equal ; if less, less. V. 4. 

Hence, if nB be greater than mA, nD is greater than mC \ 
^ if equal, equal ; if less, less. 

.". ^ is to X as Z> is to 0. V. Def. 6. 

Q. B. s. 
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Proposition XIII. (Eucl. v. 13.) 

If the first has to the second the same roMo which the third has 
to thefov/rth, hut (he (hvrd to thefowrth a greater ratio than the 
fifth has to the sixth ; the first must also ha/oe to the second a 
greater ratio than ike fifth has to the sixth. 

Let A liave to J^ the same ratio that C has i,o D, 
but to Z> a greater ratio than E has to F. 

Then must A ha/ve to B a greater ratio than E has to F. 

For •.* C has to Z> a greater ratio than E has to F, 
we can find such equimultiples of C and E^ suppose mOand mE, 
and such equimultiples of D and F, suppose nD and nF, 
that mC is greater than nD, but mE not greater than nF, 

V. Def. 7. 
Then V A ia to B as Cis to D, Hyp. 

and mG is greater than nD, 
,\ mA is greater than nB. V. 4. 

And mE is not greater than nF, 

.*. A has to jB a greater ratio than E has to F, V. Def. 7. 

Q. £. D. 



Proposition XIV. (EucL v. 14.) 

If the first has to the s^ond the same ratio which the third 
has to thefowrth ; then, if thefwst he greater than the third the 
second mtist he greater than the fourth ; and if equal, equal ; 
and if less, less. 

Let A have the same ratio to B that C has to D, 

Then if A he greater than C, B mu^t he greater than D. 

For '.'A is greater than 0, 
and B is any other magnitM^e, 
.'. A haa a greater todo \» B ^iJt^».\l CVi^&Xa'E, ^.n. 



Book v.] PROPOSITIONS CITED IN BOOK VL 229 

But ^istoJBasOistoD. 

.'. Q has a greater ratio to Z>, than C has to £. Y. 13. 
.'. B is greater than D. V. 9. 

Similarly it may be shown that if ^ be less than 0, B must 
be less than D ; and that if ^ be equal to (7, B must be equal 
to D. Q. £. D. 



Proposition XV. (Eucl. v. 16.) 

If fow magniiudes of (he same kind be proportionals, they 
must also he proportionals when taken altemaiely. 

Let Af B, C, D be four magnitudes of the same kind^ and 
let ^ be to J? as C is to Z>. 

Then alternately A must he to G as B is to D, 

Take of A and B any equimultiples mA and mBj 
and of C and D any equimultiples nC and nD. 

Then •.• mA is to mB as J. is to 5, V. 11, 

and Cisto Das^istoi?, Hyp. 

.'. mA is to mB as is to D. V. 5. 

But nO is to nD as is to D ; V. 11. 

and .*. mA is to mB as nO is to nD. V. 5. 

If .*. mA be greater than nC, mB is greater than nD ; 
acd if equal; equal ; if less, lesH. V. 14. 

.-. J is to Cas B is to />. V- Def. 5. 

Qt.B. D. 
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Proposition XVI. (Eucl. v. 18.) 

If magnitudes taken separately he 'proportionals^ tJiey must 
proportionals also when taken jointly. 

Let A liave the same ratio to B that G has to D, 

Then mAist A, B together ha/oe the same ratio to B, 
that (7, D together has to D, 

First; when all the magnitudes are of the same kind, 
•.• -4 is to JB as (7 is to D, 

.% ^ is to as jB is to D. V. 16- 

/. A, B together is to (7, 2> together as JB is to D, V. 10- 

and .', A,B together is to f as 0, D together is to 2>. V. 15. 

Next, when all the magnitudes are not of the same kind, we 
may employ a method of proof which includes the former 
case : thus — 

Take of A, B, G, D any equimultiples mA^ mB, mG, mDj 
and of B and D take any equimultiples nJB, nJD. 

Then •.• ui is to J5 as (7 is to D, 

.*. if mA be greater than nB, mG is greater than nD ; and 
if equal, equal ; if less, less. V. 4. 

If then mA, mB together be greater than mB, nB together, 

mO, mD together is greater than mG, nD together ; 

and if equal, equal ; if less, less. I. Ax. 2, 4. 

Now mA, mB together is the same multiple of A, B together 
that mG, mD together is of 0, D together ; V. 1. 

and mB, nB together is the same multiple of B 
that mD, nD together is of D. V. 2, 

.*. AjB together is to J5 as C, i> together is to i>. V. Def. 6. 

<^ S. D. 
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SECTION V. 

Containing the Propositions occasionally referred to in 

Book VI. 

Proposition XVII. (Eucl. v. 4.) 

If the first of four magmtudes has to the second the same ratio 
which the third has to the fourth, and any equimultvples of the 
first and third he taken, and also any equvmultiples of the second 
and fourihf then must the m/ulivple of the first ha/ve the same 
ratio to the multiple of ihe second which the multiple of the 
third has to that of the fowrth. 

If^beto JJasOistoD, 

and mA^ mC be taken equimultiples of A and 0, 
and nJ5, nJD of J5 and 2>, 

then must mA he to nB as mC is to nD, 

Take of mA, mC any equimultiples pmA, pmC, 
and of nB, nD qnB^ qnD, 

Then pmA, pmC are equimultiples of A and C, V. 3. 

and. qnB, qnD ofJ^andD. Y. 3. 

And ••• J. is to 5 as (7 is to 2>, 

.'. UpmA. be greater than qnB, 

pmC is greater than qnD ; V. 4. 

and if equal, equal ; if less, less. 

Then :• pmA, pmO are equimultiples of mA, mC, 
ajid qnB, qnD otnB, nD, 

.'• mA is to nB 9a mC is to nD, N .\i^l,^. 
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Proposition XVIII. (Eucl. v. A.) 

If the first of fov/r vfui^nitudes ha/oe the same ratio to ti 
second that the third has to the fourth, then, if the first he great 
than the second, the third must be greaJter than the fourth ; an 
if equ^, equal ; and if less, less. 

Let ^betoJ^asOistoD. 

Then if A he greater than B, G must he greater than D ; 
and if equal, equal ; and if less, less. 

Take any equimultiples of each, mA, mB, mC, mD, 

Then •/ ^ is to JB as is to D, 
.*. if mA be greater than mB, mC is greater than mD ; 
and if equal, equal ; and if less, less. V. 4. 

First, suppose A greater than B, 

then mA is greater than rriB, V. Ax. 

and .*. mG is greater than mD, 
and .*. is greater than D. V. Ax. 

Similarly the other cases may be proved. 

Q. S. D. 



Proposition XIX. (Eucl. v. D.) 

If the first he to the second OjS the third is to the fourth, and 
the f/rst he a multiple, or a suhmvltiple, of the second, the (hit 
must he the same multiple, or the sa/me suhmultiple, of ti 
fowth. 

Let J[ be to J5 as (7 is to D, 

and, first, let J. be a multiple of B, 

Then must G he the same multiple of D. 

Let A =mjB,and take mD the same multiple of D that ^ is of J 
Then •.• ^ is to J5 as (7 is to D, 

. '. -4 is to mB aa C is to mD. V. 1 

Bat A = mB, and .*. C = mD. ^ .> 
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Next, let ^ be a siLbmultiple of B. 

Then must G he the same submultiple 0/ D. 

For ••• J[ is to J5 as (7 is to i>, 

.-. iJ is to ^ as D is to 0, V. 12, 

Now J? is a multiple of A, 

and .'. 2> is the same multiple of 0, by the first case. 

Hence C is the same submultiple of 2), that ^ is of B. 

Q. B. D. 



Proposition XX. (Eucl. v. 20.) 

If there he three magnitudeSy and other three, which have the 
8€M7ie ratio, taken two and two, then, if the first he greater than 
ihe thvrd, Uie fov/rth must he greater than the sixth ; and if equal, 
equal ; if less, less. 

Let A, B, C be three magnitudes, and D, E, F other three, 
and let J. be to J^ as D is to E, 
and JB be to as J& is to i?*. 
Then if A he greater than C, D must he greater than F ; a7id 
if equal, equal ; if less, less. 

First, if J. be greater than C, 

A has to B & greater ratio than C has to B, V. 7. 

But has to JB the same ratio that F has to E, Hyp. & V. 12. 
. '. A has ioB n greater ratio than jP has to E, 

.*. D has to iS' a greater ratio than F has to E, V. 13. 

.*. i> is greater than F. V. 9. 

Similarly the other cases may be proved. 

Q. B. D. 
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Proposition XXI. (Eud. v. 22.) 
If there be any number of magnitudes^ and <u many others^ 
which ha/oe ike same ratio taken two and two in order, the first 
m/ast ha/oe to the last of the first m^agnitudea the same ratio which 
the first of the others has to the last of these. 

First, let there be three magnitudes Ay B, C, and other 
three D, E, F, 

And let J. be to ^ as 2> is to ^, 
and 5 be to as ^ is to jP. 
Then must Abe to C as D is to F. 
Take of A and D any equimultiples mAy mD, 

of JBand E nBy nE, 

of OandJ?' .pCypF. 

Then •.• ^ is to J5 as D is to J^, 

.*. mA is to nB as mD is to nE. V. 17. 

So also, nB is to pC as nE is to pF, 

,: if mA be greater than pC, mD is greater than pF, 

and if equal, equal ; if less, less. V. 20. 

.-. ^ is to as D is to -F. V. Defl 5. 

The proposition may be easily extended to any number of 

magnitudes. Q. e. D. 

Proposition XXII. (Eucl. v. 24.) 
If the first have to the second the same ratio which the third 
has to thefowthy and the fifth ha/ve to the second the same ratio 
which the sixth has to thefourthy then the first and fifth together 
must have to the second the same ratio which the third and sixth 
together have to the fourth. 

Let ui be to 5 as is to Z), 
and ^ be to 5 as JP is to D. 
Then must Ay E together beto B a>s C, F together istoD. 
For •.• jET is to J5 as JP is to D, 

.-. 5 is to ^ as D is to F. V. 12. 

And •.• ^ is to jB as is to D, 
and £ is to ^ as D is to ^, 
.-. ^ is to j& as is to F. V. 21. 

.'. Ay E together is io E q& C, F together is to JP, V. la 
and ^isto-Bas^istoD; 
; A, E together is to B as C, F \.o^<e;VXi« \a \.q D, V. 21. 
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SECTION VI. 

Containing the Propositions to which no reference is made 

in Book VI, 

Proposition XXIII. (Eucl. v. 5.) 

If one magnitude he the eame multiple of another, which a 
magnitude taken from the first is of a magnitude taken from the 
other, the remainder must be the tame multiple of the remainder, 
that the whole is of the whole. 

Let B and D be the magnitudes which are taken away, 

and A and the magnitudes which remain, 

then A, B together, and G, D together will be the wholes. 

And let A, B together be the same multiple of 0, B together, 
that J? is of D. 

Then must A he the tame multiple of C that A, B together is 
of (7, D together. 

Take E the same multiple of C that B is of D, 

Then B, B together is the same multiple of 0, D together 
that B is of D, V. 1. 

But Ay B together is the same multiple of C, D together 
that J? is of D. 

.'. E, B together = A, B together, V. Ax. 1. 

and .'. E ^^ A, I. Ax. 3. 

.*. ^ is the same multiple of C that £ is of D. 

Q. B. D. 
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Proposition XXIV. (Eucl. v. 6.) 

If two magnitudes he equvmultiples of two others, and if 
equimultiples of these he taken from the first two, the reTnainden 
a/re either equal to ihese others, or equimultiples of thefm. 

Let B and D be the magnitudes which are taken away, 

and A and G the magnitudes which remain ; 

then A, B together and C, D together will be the wholea. 

Let Af B together be the same multiple of P, 
that G, D together is of Q, 
and let B be the same multiple of P, that X) is of Q. 

Then must A and G he equal respectively to P and Q, 
or A and G he equimultiples of P and Q. 

For let A, B together = P, P repeated m + n times, 

then G, D together = Q, Q ^... repeated m+n times. 

Also, let B == P, P repeated n times, 

then D = Q, Q repeated n times. 

Hence A = P, P repeated m times, 

and 0= Q, Q repeated m times. 

If then J. = P, m = 1, and ,\ G =» Q; 
and if ^ be a multiple of P, (7 is the same multiple of Q. 

Q. E. D. 
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Proposition XXV. (Eucl. v. 17.) 

IfmagnUudeSy taken jointly , be proportioncdSf they shall also 
h proportumals when taken eeparaUHy ; (hat is, if ttDo magni- 
tudes together ha/ve to one of them Qie same ratio which ttoo 
others heme to one of these, the remaining one of the first two 
must home to the other the sa/me ratio which the remaining one 
o/the last two has to the other of these. 

Let A, B together have the same ratio to B 
that C, D together have to D. 

Then mmt AhetoBasOtoD. 

Take of A, B, 0, D any equimultiples mA, mB, mC, mD, 
and again of B, D take any equimultiples nB, nD, 

Then -.* mA is the same multiple of A that mJB \a of By 

.*. mA, mB together is the same multiple of ^, ^ 
together that mA is of ^. Y. 1. 

And *.- mC is the same multiple of C that mD is of D, 

.'. mC, mD together is the same multiple of C, D 
together that mC is of 0. V. 1. 

But mA is the same multiple of A that mC is of C, 

.*. mA, mB together is the same multiple of A, B 
together that mC, mD together is of C, X) together. 

Again, mB, nB together is the same multiple of B that 
mD, nD together is of D. 

Now, since A, B together \a to B as C,D together is to D, 

.*. if mA, mB together be greater than mB, nB together, 

mC, mD together is greater than mD, nD together ; and if 

equal, equal ; if less, less. V. 4. 

That is, if mA be greater than nB, mC is greater than nD ; 

and if equal, equal ; if less, less. I. Ax. 3, 5. 

,\ A IB to B ns Cis to D, \ .\i^"l.^» 

^^. "«». \i. 
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Proposition XXVL (EucL v. 19.) 

Ij a vchole magnitude he to a whole cu a magnitude taken 
from the fint is to a magnitude taken from the other, the re- 
mainder must be to the remainder as the whole is to the whole. 

Let A^ B together have tlie same ratio to (7, D together that 
JBhastoD. 

Then mugt AhetoCasA,B together istoC,D together. 

For *.* Ay B together is to C, D together as £ is to 2), 

r. Af B together is to £ as C> D together is to D, V. 15 
and .'. ^istofasOistoD, Y. 25 

Hence J. is to C as 5 is to 2>. V. 15. 

Bat A, B together is to jC^, D together as ^ is to D. Hyp. 
.*. ^ is to C as ^, £ together is to 0, D together. V. 5. 

Q. K. D. 

Proposition XXVII. (EucL v. 21.) 

If there he three magnUudeSy and other threey which have the 
same ratio, taken two and twOy hut in a cross ordery then if the 
first he greater than the thirdy the fourth must be greater than 
the sixth ; and if equcd, equal ; and if lesSy less. 

Let Ay By C be three magnitudes, and D, Ey F other three, 
and let ^ be to ^ as j& is to J'', 
and JBbetoOasDistoJ^. 
Then if Abe greater than C, D must he greater than F; 
and if equal y equal ; and if lesSy less. 
First, if J. be greater than (7, 

A has to 5 a greater ratio than C has to B, V. 7. 
and .*. E has to i'^ a greater ratio than C has to B. V. 13. 

Now *.' JB is to' (7 as jD is to -&, Hyp. 

.-. C is to 5 as -^ is to D. V. 12. 

Hence E has to ^ a greater ratio than E has to D, 

.'. jL> is greater than F. V. 9. 

SimilArly the other cases may \>e ptov^. 
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Proposition XXVIII. (Eucl. v. 23.) 

If ihere be any ntmber of magnitudes, and as many others, 
which ham the sa/me ratio, taken two and two in a cross order, 
the first must ha/oe to the last of the first magnitudes the same 
ratio which thef/rst of the others has to the last of these. 

Let A,B, C be three magnitudes, and D, E, F other three, 
and let J. be to ^ as j& is to J'', 
and JBbetoCasDistoJ^. 
Then must A he to C as Bis to F. 

0£ A, B, D take any equimultiples mA, mB, mD, and 
of C, E, F take any equimultiples nC, nE, nF. 

Now ••• J. is to Ba&' JS^ is to F, 

.'. mA is to mB as nE is to nF ; V. 11, and V. 5. 

and •. ' 5 is to (7 as D is to J^, 

.*. mB is to nC as mD is to nE. V. 17. 

Hence, if mA be greater than nC, mD is greater than nF , 
and if equal, equal ; and if less, less. V. 27. 

.-. ^ is to as D is to ^. V. Def. 5. 

The proposition may be easily extended to any number of 
magnitudes. 

^ Q. E. D. 
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Proposition XXIX. (Eucl. v. 25.) 

If four magnitudes of the same kind he proportionals, the 
greaiest and least of them together must he greater than the other 
two together. 

Let ^ be to £ as (7 is to D, 
and let A be the greatest of the four magnitudes, and conse- 
quently D the least. V. 18, and V. 14 

Then must A, D together he greater than B, C together. 

Let A = By P together, and C ^ D, Q together. 
Then \' By P together is to B as D, Q together is to D, 
.-. P is to B as C is to D, V. 25. 

and B is greater than D. 

.% P is greater than Q. V. 14. 

Hence P, P, D together are greater than Q, P, D 
together, I. Ax. 4. 

,% A^ D together are greater than P, C together. 

Q. 1. D. 
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Proposition XXX. (Eucl. v. 0.) 

If ike fint he the scmie multiple of the second, or the same 
sttbmuUiple of ity thai the third ie of the fourth, the first must 
he to ike second as the third is to the fourth. 

First, let A be the same multiple of B, that C is of D. 
Then must AhetoBasCistoD, 

Let A sapB and .•.(/«=» pD, 

Take of A and C any equimultiples mA, mC, 
and of B and Dany equimultiples nB, nD. 

Then mA = mpB and mC «= mpD. V. 3, 

Now if mpB be greater than nB, 
mpD is greater than nD ; 
and if equal, equal ; if less, less. 

That is, if mA be greater than nB, mC is greater than nD ; 
and if equal, equal ; and if less, less. 

.-. -4 is to 5 as is to D. V. Def. 6. 

Next, let A be the same stibmultiple of B, that (7 is of D. 
Then mvat A he to B as C is to D, 

For *. • ^ is the same submultiple of B, that C is of i>, 
.'. jB is the same multiple of ^, that X> is of (7, 
. •• JB is to -4 as D is to (7, by the first case, 

and . •. ^ is to jB as (7 is to D. V. 12. 

Q. B. D. 



ir 
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Proposition XXXI. (Eucl. v. E.) 

If four magnitudes he proportionals, they must also be pro- 
portionals by conversion; thai is, the first must be to its excess 
above the second as (he third is to its excess above the fourth. 

Let A, B togetiier he to B bs C, D togetiier is to D. 
Then must A, B together beto A as C,D together isto C. 

For '.' A,B together is to ^ as 0, jD together is to 2>, 

.*. ^ is to J? as is to D, V. 25. 

and .*. £ is to -4 as D is to 0, V. 12. 

and .'. A,h together is to ^ as (7, D together is to C V. 16. 

Q. E. D. 



BOOK VI. 

INTRODUCTORY RExMARKS. 

The chief subject of this Book is the Simikrity of Recti- 
linear Figures. 

Def, L Two rectilinear figures are called similar^ when they 

satisfy two conditions : — 

I. For every angle in one of the figures there must be a 
corresponding equal angle in the other. 

II. The sides containing any one of the angles in one of the 
figures must be in the same ratio as the sides containing the cor- 
responding angle in the other figure: the antecedents of the ratios 
being sides which are adjacent to equal angles in each figure. 

Thus ABC and DEF are similar triangles, if the angles at 
A,B^C\}Q equal to the angles at D, E^ F, respectively, and 
if ^^beto^Oasi^^DistoDi^, 
and AC be to OjB as Di^ is to FE, 
and 05 be to BA as FE is to ED. 





B C E 

The sides adjacent to equal angles in the triangles are thus 
homologous, that is, BA, AC, CB are respectively homologous 
to ED, DF, FE. 

It will be shown in Prop. rv. that in the case of triangles the 
second of the above^onditions follows from the first. 

In the case of quadrilaterals and polygons both condi- 
tions are necessary : thus any two rectangles have each angle 
of the one equal to each angle of the other, but they are not 
necessarily similar figures. 

N,B, — ^The very important Prop. xxv. (Eucl. vi. 33) is indepen- 
dent of all the other Propositions in tliis BooVl, «vA T£i\^\i\»^ 
placed with advantage at the very corameiiceitveiit. ciiXXi^'^'^^^ 
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Proposition I. Theorem. 
Triangles of Die same attitude are to one anolher an their 




Let the as ABC, ADCiave the same altitude, that is, the 
perpendiouUr drawn from A to BD. 

Then must a ABC beta in ADC tw b<m BO is to boM DC. 

In DB produced take any number of straight lines 
BG, GS tach=BC. 1.3. 

In BD produced take nnj number of stT»ght lines 
DE, KL, LM each=DC. I. 3. 

Join AG, AH ; AE, AL, AM. 

Then -.- CB, BG, GR are all eqnal, 

.-. AS ABC, AGB, AEG are aU equal. I. 38. 

..'. A J HC is the same multiple of A .iBC that fl'C is of BC. 

So also, 
a AMC is the same multiple of a ADC that MC is of i)C. 
And A AHC is equal to, greater than, or less than A AMC, 
according as base SC is equal to, greater than, oi less than 
base MG. L 38. 

Now A 4ff(7 and base ffC are equimultiples 
of A ABC and base BC, 

and A AMC and base MG are equimultiples 
of A ADC and base DC. 

.-, A ABCata a .ADC aalsBseBCiBto base i>C. V.Def.5. 
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Cor. I. Parallelogra/ms of the same altitude are to one another 
a>8 (heir hoMs, 

Let ACBE, ACBF be parallelograms having the same alti- 
tude, that is, the perpendicular drawn from A to BD, 

Then must CJACBE be to CJ ACBF as 50 is to DC, 




For CJ ACBE= twice A ABC, I. 41. 

and O^CDJ^= twice A ADC. I. 41. 

/.CJACBE is to O ACBF^ A ABC\& to A ADC, V. 11. 
and.\ZI7^05^istoZI7^C2)J?^as 50 is to DC. V.5. 

Q. E. D. 

Cor. II. Triangles and Parallelograms, thai, have equal 
aZtitvdes, are to one another as their bases. 

Let the figures be placed, so as to have their bases in the 
same straight line ; and having drawn perpendiculars from the 
vertices of the triangles to the bases, the straight line, which 
joins the vertices, is parallel to that, in which their bases are, 
because the perpendiculars are both equal and parallel to one 
another. 1. 33. 

Then, if the same construction be made as in the Proposition, 
the demonstration will be the same. 

Ex. 1. ABC, DEFare two parallel straight lines ; show that 
the triangle ADE is to the triangle FBC as D^ is to BC. 

Ex. 2. If, from any point in a diagonal of a parallelogram, 
straight lines be drawn to the extremities of Wsa otlaKt d^w^o^^^ 
the four triangles, into which the para\lelogcaia.\a^'evv ^v^S.^^^^ 
mast be equal, two and two. 
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Proposition II. Theorem. 

If a straight line he dravm parallel to one of the sides of a 
triangle, it must cut the other sides, or those sides produced, pro- 
portionaXly. 





B C 

Lei DE be drawn ll to BG, a side of the A ABC, 
Then mud BD he to DA as CE to EA. 
Join BE, CD, 

Then '.• A BDE= A CDE, on the same base DE 

and between the same lis, DE, BC, I. 37. 

.-. A BDE is to A ADE as A CDE is to A ADE V. 6. 

But A BDE \% to A ADE as BD is to DA, VLl. 

and A CDE is to L ADE as CE isio EA; VI.l. 

/. BD is to DA a& CE is to EA. V. 5. 

Ex. 1. If any two straight lines be cut by three parallel 
lines, they are cut proportionally. {N,B, — This is of great 
use.) 

Ex. 2. If two sides of a quadrilateral be parallel to each 
other, a straight line, drawn parallel to either of them, shall 
cut the other sides, or these produced, proportionally. 
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And Conversely, 

If the sideSf or the sides produced, he cut proportionally, the 
straight line which joins the points of section must he parallel to 
the remaining side of the triangle. 

Let the sides AB, AC of the A ABC, or these prodaced, 

be cut proportionally in D and E, so that 

BD is to i>-4 as C^ is to EA^ 
and join DE. 

Then must DE he parallel to BC. 

The same construction being made, 
•.• 52) is to DA as CJE: is to EA, 
and 5D is to DA as A BDE is to L ADE, VT. 1. 

and Oi? is to ^A as A CDE is to A ADE, VI. 1. 

.-, A BDE is to A ADE as L CDE is to A ADE, V. 5. 
and /. A 5D^= A CDE ; V. 8. 

and they are on the same base DE ; 

.-. DE is II to BC. I. 39. 

Q. E. D. 

Ex. 3. If there be four parallel straight lines, two of these 
lines intercept upon two given lines, of unlimited length, OA, OB, 
parts proportional to the parts intercepted upon OA, OB, by 
the remaining two parallel straight lines. 

Ex. 4. If the four sides of a quadrilateral figure be bisected, 
the lines joining the points of bisection will form a parallelo- 
gram. 

Ex. 5. A quadrilateral figure has two parallel sides : shew 
that the straight line, joining the point of intersection of its 
other two sides produced and the point of intersection of its 
diagonals, bisects the two parallel sides. 
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Proposition III. Theorem. 

If the vertieal angle of a triangle be bisected by a straight 

line, which also cuts the ba^e, the segments of the base must have 

the sayne ratioy which the other sides of the triangle have to one 

another. 

JS 




c 

V 

Let L BAC of A ABC be bisected by the st. line -4D, 
which meets the base in D. 

Then must BB be to DC as BA is to AG. 
Through C draw CE \\ to DA, I. 31. 

and let BA produced meet CE in E. 

Then z ^^i>= interior z AEC, I. 29. 

and z CAD = alternate z ACE, I. 29. 

But z BAD= z CAD, by hypothesis, 

and .-. z AEC^ z ACE, Ax. I. 

and .-. AC = AE. I. b. Cor. 

Then '.• AD is || to EC, a side of A BEC, 

.'. BD is to DC as BA is to AE, VI. 2. 

and .-. BD is to DO as BA is to AC, V. 6. 

Ex. 1. Shew that in a parallelogram the diagonals do not 
bisect the angles, unless the sides are equal. 
Ex. 2. Shew how to trisect a straight line of finite length. 
Ex. 3. Shew that the bisectors of the angles of a triangle 
meet in the same point. 

Ex. 4. The bisectors of the angles A and C, of a triangle 
ABCf meet the opposite sides in the points D and F : BA and 
£0 are produced to F' and D', so \Av.\\, A"F\ AC ^\i^CD' ate 
aJI equal : prove that F'D' is pivicWeV ivi FD, 
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And Conversely, 

If the segmefits of the hose have the same ratioy which the other 
Bides of the triangles have to one another, the straight line, 
drawn from the vertex to the point of section^ must bised the 
vertical angle. 

Lei BD he to DC as BAh to AC, 

and join AD, 

Thm must l BAD^ l CAD. 

The same construction being made, 

•/ 52) is to DC as B^ is to AC, ilyp. 

and 51) is to DC as B^ is to AE, VI. 2. 

.-. 5^ is to ^C as B^ is to AE, V. 5. 

and .-. AC^AE, V. 8. 

and .-. I AEC -^^ l ACE. I. a. 

But L ^EO=exterior i BAD, I. 29. 

and L ^CE=:altemate l CAD, L 29. 

.-. I BAD=- L CAD. Ax. 1. 

Q. E. D. 

Ex. 5. Two straight lines are drawn, bisecting the angles at 
the base of an isosceles triangle. Shew that the straight line, 
joining the points, in which they cut the sides, is parallel to the 
base. 
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Proposition A. Theorem. 

If the exterior angle of a triangle be bisected by a straight line, 
which also cuts the base produced, the segments, between (he 
dividing straight line and the extremities of the base, must have 
the same raJtio, which the other sides of the triangle have to one 
another. 

E 




Let L EAC, an ext' z of the A ABC, be bisected by the 
St. line AD which meets the base produced in D. 
Then must BD be to DC as BA is to AC 

Throufirh C draw CF \\ to DA, meeting AB'mF. I. 31. 

Then z EAB = interior i AFC, I. 29. 

and iCAD= alternate z A CF, I. 29. 
But z EAD= L CAD, by hypothesis. 

.'. I AFC = I ACF, Ax. 1. 

and .-. AC=AF. I. b. Cor. 
Then *.• AD is 11 to FC, a side of A FBC, 

.-. BD is to DO as 5^ is to AF, VI. 2. 

and .-. BD is to DO as -B^ is to AC. V. 6. 

Ex. 1. If the angles at the base of the triangle be equal, 
how is the proposition modified ? 

Ex. 2. If B be any point in a straight line AC, intersected 
bfanotber, CD, give a geometmsA. eoxis\.TV5LQJdxstL for detennin- 
ing a point D in CD, suclit\iat AD VaX^BB^ AC\^\ftCi^. 
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And Conversely, 

If tJis segments of the base produced liave Uu same ration which 
the other sides of the triangle have to. one another^ the straight 
line drawn from the vertex to (he point of section must bisect the 
exterior angle of the triangle. 

Let BD be to DC as BA is to AC, 

and join AD» 

Then must l CAB^ l BAD. 

For, the same construction being made, 

%• BD is to DC US BA is to ACy Hyp. 

and J5D is to DC as 5^ is to AF, VI. 2. 

.-. i?^ is to -40 as B^ is to AF, V. 5. 

and .-. AC^AF, V. 8. 

and .-. I A FC= l ACF, I. a. 

But L -4i^0= exterior L EAD, I. 29. 

and I ^CF= alternate i CAD, I. 29. 

and .-. L CAD^ i EAD. Ax.L 

Q. E. D. 



Ex. 3. If the base be divided into two segments, having the 
same ratio with the segments specified in the Proposition, the 
straight lines, drawn from the two points of section to the vertex 
of the triangle, are at right angles to each other. 

Ex. 4. If the angle, between the internal bisector and a 
side, be equal to the angle, between the external bisector and 
the base, the perpendicular to the greater side, through the 
vertex, will bisect the segment of the \)aae^ c\\\i c»^\^\r«^^\i 
the bisecting lines. 
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Proposition IV. Theorem. 

The sides ahoui the equal angles of triangles, which are equi- 
angular to one another y are proportionals ; atvd those which are 
opposite to the equal angles, are homologous sides. 





E -F 

Let ABC, DEF be two A s, haviug the la&t A,B, C equal 
to the I H a.t D, E, F respectively. 

Then must the sides about the equal is he proportionals, 
those being homologous sides, which are opposite the equal l s. 

For suppose A DEF to be applied to A ABC, 
so that D coincides with A and DE falls on AB ; 
then •.• I BAG = i EDF, .'. DF will fall on AC, 

Let G and B. be the points in AB and AC, or these pro- 
duced, on which E and F fall. 
Join GH, GH will be || to BC, v l AGH= l ABC. 1. 28. 

Then BA is to GA as CA is to HA, VL 2. 

and .-. BA ia to ED ss CA is to FD, V. 6. 

whence BA is to AC as ED is to DF. V. 15. 

Similarly, by applying the A DEF, so that the as at F, E 
may coincide with those at C, B successively, we might show 
that 

AC is to CB as DF is to FE, and that 
CB is to BA as FE is to ED. 

Q. E. D. 

Ex. Divide a given angle into two parts, such that the 
perpendicahrs from any pom\. oi ^i)Dlft ^\V\^\si% ^^ \i^n the 
two arms of the angle may be in a g,v?«vi laMvi. 
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Proposition V. Theorem. 

If the sides of two triangles^ about each of their angles^ he 
proportionals, the triangles must he eguiangidar to one another, 
and must have those angles equals which are opposite to the homo- 
logous sides. 





Let the A s ABCy DEF have their sides proportional, 
so that BA \a to AC as ED is to DF, 
and AG is to CB as D-F is to FE, 
and OJB is to 5^ as FE is to ED, 
Then must A ABC he equiangular to A EDF, those l s 
bein^ equal, which are opposite to the homologous sides, thai is, 
L BAC^ L EDF,si,nd l ABC= l DEF, and l ACB= l DFE, 
In AB, produced if necessary, make AG=^DE, 

and draw GH \\ to BC, meeting AG in H, I. 31. 

Then A AGH is equiangular to A ABC, I. 29. 

and .-. BA is to J. as (?^ is to AH, VI. 4. 

But ED ia to DF as BAia to AC; Hyp. 

and /. ED is to D^as GA is to AH, V. 5. 

But ED=GA, and .-. DF=AH. V. 14. 

So also it may be shown that GH=EF. 
Then in as AGH, DEF 
V GA^ED, and AH=DF, and HG=FE, 
,', L GAH^ L EDF ', L AGH^ l DEF ; z AHG^ l DFE, 

I. c. 
But L GAH= L BAG; l AGH= l ABC; l AHG=: l ACB. 
,\ I BAC= L EDF ; l ABC= l DEF, and l ACB^ l DFE. 

c^. ^. Ti» 
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Proposition VI. Theorem. 

If two triangles have one angle of the one equal to one angle 
of the other, and the sides abo\it the equal angles proportionails, 
the triangles must he equiangular to one another, and must have 
those angles equal, which are opposite to the homologous sides. 





JS Jf 



In the A s ABC, BEF, let z BAC= i EDF, 
and let BA he to AC as ED to DF. 

Then must a ABC he equiangular to A DEF, 
and L ABC= l DEF, and L ACB^ i DFE. 

In AB, produced if necessary, make AG=DE, 

and draw GH \\ to BC. I. 31. 

Then a AGE. is equiangular to A ABC, I. 29. 

and .•. GA is to AH as BA is to AC, VI. 4. 

and .-. O^ is to AH as ^D is to DF. V. 5. 

But GA =ED, by construction, 
and .-. AH^DF, V. 14. 

Then •.• GA = ED, ^nd AH =DF and l GAH= l EDF\ 
.-. L AGH= L DEF, and l AHG= l DFE, I. 4. 

and .-. L ABC= l DEF, and l ACB= l DFE, 

Q. E. D. 

Ex. 1. If from B, C, the extremities of the base of a triangle 
ABC, be drawn BD, CE, perpendicular to the opposite sides, 
shew that the triangles ADE, ABC are equiangular. 

Ex. 2. A variable chord OF is drawn through a fixed point 
O on the circiiniference of a cVrcVe, «ixv^ Q*\^ XaJ&feTL ydl \t^ so that 
the rectangle OP, OQ is conataTit, ^iv^ t\ift\ocm ^\ Q. 
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Miscellaneous Exercises on Props, I. to VI. 

L If two triangles stand on the same base, and their vertices 
be joined by a straight line, the triangles are as the parts of 
this line intercepted oetween the yertices and the base. 

2. If a circle be described on the radius of another circle 
as its diameter, and any straight line be drawn through the 
point of contact, cutting the two circles, the part, intercepted 
between the greater and lesser circles, shall be equal to the 
part within the lesser circle. 

3. The side BC, of a triangle ABCj is bisected in D, and 
any straight line is drawn through D, meeting AB, AC, pro- 
duced if necessary, in E, F, respectively, and the straight line 
through A, parallel to BCj in O, Prove that DE is to DF 
as QEia to GF. 

4. If the angle A, of the triangle ABC, be bisected by AD, 
which cuts BU in i>, and be the middle point of BC, then 
OD bears the same ratio to OB that the difference of the sides 
bears to their sum. 

6. The lines drawn from the base of a triangle perpendicular 
to the line bisecting the vertical angle, are in the same ratio 
as the sides of the triangle. 

6. li D, E be points in the sides AB, AC respectively of 
the triangle ABC, such that the triangles DAC, EAB are 
equal, shew that the sides AB, AC are dSvided proportionally 
inDajidE. 

7. If two of the exterior angles, of a triangle ABC, be 
bisected by the lines COE, BOD, intersecting in 0, and meet- 
ing the opposite sides in E and D, prove that OD is to OB 
as AD is to AB, and that 00 ia to OB as AC is to AE. 

8. C, By the angles at the base of an isosceles triangle, are 
joined to the middle points, E, F, of AB, AC, by lines inter- 
secting in G, Shew that the area BCG is equal to the area 
AEGF. 

9. If, through any point in the diagonal of a parallelogram, 
a straight line be drawn, meeting two opposite sides of the 
figure, the segments of this line will have the same ratio a* 
those of the diagonal. 

10. The sides AB, AC, oia. triangle ABC, are produced to 
D and E, so that DE is parallel to BG, and the straight line 
DE is divided in F, so that DF is to FE -va BD \& to CE-. 
shew that the locus of F is a. straight line. 
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Proposition VII. Theorem. 

If tioo triangles have one arigle of the one equal to one angle 
of the other y and the sides ahout a second angle in each propor- 
tionals ; then, if the third angles in each he both acute, both 
obtuse, or if one of them be a right angle, the triangles must 
be equiangula/r to one another, and must have those angles 
equal, ahout which the sides are proportionals. 





In the AS ABC, DBF, let z BAC= i EDF, 

and let AB be to 50 as DJ^ is to EF, 

and let z s ACB, DFE be both acute, both obtuse, or let 
one of them be a right angle. 

Then must a s ABC, DEF be equiangular to one another, 
having z ABC= z DEF, and z ACB=^ z DFE. 

For if z ABC be not= z DEF, let one of them, as z ABC, 
be greater than the other, and make z ABG= z DEF, I. 23. 

and let BG meet AC in G, 

Then •.• z BAG= z EDF, and z ABG= z DEF, 

.-. A ABG is equiangular to A DEF, I. 32. 

and .-. AB is to BG as DE is to EF. VI. 4. 

But AB is to 50 as DE is to EF, Hyp. 

.-. AB is to jB^as AB ia to BG, V. 5. 

and .-. BG=BC, V. 8. 

and.', z BCG= l BGC. Vk. 
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First, let z ^OB and z DFE be both acute, 

then L AGE is acute, and .*. i BGC is obtuse ; I. 13. 
.'. I BCG \b obtuse, which is contrary to the hypothesis. 

Next, let I ACBmdi DFE be both obtuse, 

then z AGB is obtuse, and .*. z BGC is acute ; I. 13. 
.*. ^ BCG la acute, which is contrary to the hypothesis. 

Lastly, let one of the third z s ACB, DFE be a right z . 
If z ACB be a rt. z , 

then z BGC is also a rt. z ; I. A. 

.*. z 8 BCGy BGC together =» two rt z s, 
which is impossible. I. 17. 

Again, if z DFE be a rt. z , ^ 

then z AGB is a rt. z , and .'. z BGC is a rt. z . I. 13. 

Hence z BCG is also a rt. z , I. a. 

and /. z s BCG, BGC together =■ two rt. z s, 

which is impossible. I. 17. 

Hence z ABC is not greater than z DEF. 

So also we might shew that z DEF is not greater than 

z ABC. 

.'. z ABC = z DEl^, 

and .-. z uiGB = z DFE. I. 32. 

Q. E. D. 

j^r.jB. — This Proposition is an extension of Proposition e of 
Book I. p. 42. 

Note, — ^We haye made a slight change in Euclid^s arrange- 
ment of the four Propositions that follow, because Eucl. vi. 8 
is closely connected with the proof of Eucl. vi. 13. 
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Proposition VIII. Problem. (Eucl. vi. 9.) 
From, a given straight line to cut off any submultiple. 




Let AB be the giyen st. line. 

It is required to shew how to cut off any submultiple frcm, AB. 

From A draw AG making any angle with AB, 

Itl AC take any pt. D, and make AG the same multiple of 
AD that AB is of the submultiple to be cut off from it. 

Join BC, and draw DE \\ to BG. I. 31. 

Then •.• ^D is || to BG, 

.'. CD \a to DA as BE ia to EA, VI. 2. 

and .-. GA is to DA as J5J. is to EA. V. 16. 

.'. EA is the same submultiple of BA that DA is of CA . 

V. 19. 

Hence from AB the submultiple required is cut off. 

Q. E. F. 

Ex. 1. Cut off one-seventh of a given straight line. 
Ex. 2. Cut off two-fifths of a given straight line. 

2^ote, — This Proposition is a particular case of Proposi- 
tion IX, 
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Proposition IX. Problem. (EucL vi. 10.) 

To divide a given straight line similarly to a given straight 
line, 

A 




Let AB be the st. line given to be divided, and AC the 
divided st. line. 

It is required to divide AB similarly to AC. 

Let AC he divided in the pts. D, E, 

Place AB, ^0 so as to contain any angle. 
Join BC, and through D, E draw DF, EG \\ to BC I. 31. 
Through D draw DHK II to AB. I. 31 

Then '.• FH and GK are Os, 

/. FG=DH, and GB^HK. I. 34. 

And •/ HE is || to KC, 

.'.KH mto HD&aCEk to ED, VI.2. 

that is, BG is to G^^ as CJ& is to ED. 

Again, •.' FD is || to GE, 

.'. GF \b to FA SiS ED \3 to DA, VI.2. 

Hence AB is divided similarly to AC. 

Q. B. F. 

Ex. 1. Produce a given straight line, so that the whole pro- 
duced line shall be to the produced part in a given ratio. 

Ex. 2. On a given base describe a tnan^e, 'm^iJa. ^ ^n^^ 
vertical angle and its sides in a given ratio. 
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Proposition X Problem. (EucL vi. 11.) 
To find a third 'prcyportional to two given straight lines. 




Let AB and ^0 be the given st. lines. 

It is required to find a third proportional to AB, AC. 

Place ABy J. so as to contain any angle. 

Produce AB, J.0 to D and -&, making BB=AC. I. 3. 
Join BCy and through D draw DE \\ to BC, I. 31. 

Then •.• JBO is || to BE, 

.-. -45 is to J5i> as ^Ois to CE, VI. 2. 

and .-. .ijB is to -40 as J.C is to CE. V. 6. 

Thus CJ^ is a third proportional to AB and AC, 

Q. E. F. 

Note. This Proposition is a particular case of Proposition xi. 

Def. II. When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of that, which it 
has to the second. 

Thus here AB has to CE the duplicate ratio of AB to AC. 

Def. III. When three magnitudes are proportionals, the first 
is said to have to the third the ratio compounded of the ratio, 
which the first has to the second, and of the ratio, which the 
second has to the third. 

Thus here AB has to CE the ratio compounded of the 
ratios of AB io AC and AC lo CFu 



i 
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Proposition XL Theorem. (Eucl. vi. 12.) 

To find a fourth proportional to three given straitjht 
lines. 




Let Ay B, be the three given st. lines. 

It is required to find a fourth proportional to A, By C 

Take DBy DF, two st. lines making an z EDFy and in these 

make DG^Ay GE=By and DH^ 0, I. 3. 

and through E draw EF || to GH. I. 31. 
Then, •/ GH is || to EF, 

.-. DG is to GEsia DH is to HFy VL 2. 

and .-. J. is to B as is to HF, V. 6. 
Thus HF is a fourth proportional to ^, J5, C, 

Q. E. F. 

Ex. ABC is a triangle inscribed in a circle, and BD is 
drawn to meet the tangent to the circle at A in J), at an angle 
ABD equal to the angle ABC. Show that -4(7 is a fourth 
proportional to the lines BD, DA, AB, 
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Proposition XII. Theohem. (Eiicl. vi. 8.) 

In a right-aTigled triangle, if a perpendiciilar he drawn from 
the right angle to the base, the triangles on each side of it are 
similar to the whole triangle and to one another. 




B n rr 

Let ABC be a right-angled A , having z BAC a rt. z , and 
from A let AD be drawn ± to BC, 

Then must as DBA, DAC he simMar to A ABC, and to 
ea>ch other. 

For •.• rt. z J5DJ.=rt. z BAC, and z ABX>= l CBA, 

.-. z DAB= L ACB. I. 32. 

.'. A DBA is equiangular, and /. similar to A ABC. VI. 4. 
In the same way it may be shown 

that A DAC is equiangular, and /. similar to A ABC. 
Hence a DBA is similar to A DAC. 

Q. E. D. 

CoR. I. DA is a mean proportional between BD and DC, 
For BD is to DA as DA is to DC. VL 4. 

CoR. II. BA is a mean proportional between BC and BD, 
For BCis to BA sis B A is to BD. VI. 4. 

CoR. III. CA is a mean proportional between BC and CD, 
For BC is to C4 as CA is to CD. VI. 4. 

Q. £. D. 

Ex. 2> is a fixed point in the circumference of a circle, whose 
centre is C; FA is a tangent at any point P, meeting CB pro- 
daced in A, and PD is drawii peT^eu^\cv5\»x\^ \ft CB. Prove 
that the line bisecting the angV^ APB ^xVu^i^ ^^is&^^ VJknj^^ 
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Proposition XIII. Pfioblem. 

To find a mean proportional between two given straight 

lines, \ 

n 




Let AB and BC be the two given st. lines. 
It is required to find a mean proportional between AB 
and BC. 

Place AB and BC so as to make one st. line AC, 
and on AC describe the semicircle ADC, 
From B draw BBi. to AC, and join AB, CD. I. 1 1. 

Then-.- z ^ijDC is a rt. z , III. 31. 

andD^isxto AC, 
.-. DB is a mean proportional between AB and BC. 

VI. 12, Cor. 1. 

Q. K. F. 

Ex. 1. Produce a given straight line, so that the given line 
may be a mean proportional between the whole line and the 
part produced. 

Ex 2 Shew that either of the sides of an isosceles triangle 
is a mean proportional between the base and the half of the 
segment of the base, produced if necessary, which is cut off 
by a straight line, drawn from the vertex, at right angles to 
the equal side. 

' Ex. 3. Shew that the diameter of a circle is a mean propor- 
tional between the sides of an equilateral triangle and a 
hexagon, described about the circle. 

Ex. 4. From a point A, outside a circle, a line is drawn, 
cutting the circle in B and 0. Find a TC\%«a "^^o^^-^vs^^ 
between AB and A C, 
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Dbf. IY. Two figures are said to have their sides about two 
of their angles reciproeaUy praportumal, when, of the four 
terms of the proportion, the first antecedent and the second 
consequent are sides of one figure, and the second antecedent 
and first consequent are sides of the other figure. 

Thus, in the diagram on the opposite page, the figures AB 
and BC have their sides about the angles at B reciprocally 
proportiona]^ the order of the proportion being 

DB is to BE as OB is to BF. 
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Proposition XIV. Theorem. 

Equal paraUelogramis, which have one angle of the one equal 
to one angle of the other ^ have their sides about the equal angles 
redproccUly proportional. 



\ 



z> 




Let AB, BC be equal Os, having z FBD= l EBG, 

Then must DB he to BE as GB is to BF, 
Place the Os so that DB and BE are in the same st. line ; 
then must GB and BF also be in one st. line. I. 14. 

Complete the O FE. 
Then •.• EJ AB ^ O BC, and FE is another O, 

.-. CJ ABia to CJ FE as CJ BC is to CJ FE. V. 6. 

But as /I7 ^JB is to /I7 FE so is DB to BE, VI. 1, Cor. I. 

and as O JBO is to O FE so is GB to BF. VI. 1, Cok. I. 

/. DB is to BE as GB is to BF. V. 5. 

And Conversely, 

Parallelograms, which have one angle of the one equal to one 
angle of the other, and their sides about the equal angles recipro- 
cally proportional, are equal to one another. 

Let the sides about the equal z s be reciprocally propor- 
tional, that is, let DB be to BE as GB*hs, to BF. 

Then must O AB=CJBC. 
For, the same constraction being made, 

%• DB is to jB^ aj3 GB is to BF, 
and that DjB is to J5J& as O AB is to CJ FE, VI. 1, Cor. I. 
and that GB is to J5J^ as O BC is to O FE, VI. 1, Cor. I. 
.-. O J.5 is to O JF^^ as O BC is to O FE, ^ .^. 
and .'. EJ AB^EJ BC. "^ ."^^ 
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Pbofositiok XY. Thsoreml 

Eqvcd iriangltSy whiek have one angle of the one equal to one 
angle of the other, have their tides about the egual angles recip- 
rocaJly j/roportional. 




Let A BC, ADEhe equal as, having z BAC=^ l DAE. 

TJun must CAbeto AD as EA is to AB. 

Place the a s so that CA and AD are in the same st line ; 
then must EA and AB also be in one st. line. I. 14. 

Join BD. 

Then •/ A ABC= a ADE, and ABD is another A , 

.'. A ABC is toA^BDas laADEiatot^ABD. V. 6. 

BatasA^BC is to A ^J51> so is CA to AD, VI. 1. 

and as A JDS is to £^ ABD so is EA to AB. VI. 1. 

.-. ai is to ^D as E^ is to AB. V. 5. 



Ex. 1. Shew that, provided the sides of one of the triangles 
be made the extremes, it is indifferent, so far as the truth of 
the Proposition is concerned, in what order the sides of the 
other triangle are taken as the means of the four pro- 
portionals. 

Ex. 2. ABhf AcC are two given straight lines, cut by two 
others BC, he, so that the two triangles ABC, Ahc may be 
equal ; shew that the lines BC, be ^yV\^^ ^wib other in 
'^cjprocal proportion. 
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And Conversely, 

Triangles, which have one angle of the one eqval to one avnJe 
of the other, and their tides about the equal angles reciprocally 
proportional, are eq^ial to one another. 

Let the sides about the equal z s be reciprocailly i)roportional, 
diat is, let CA be to AD as ^^ is to AB, 

Then must A ABC^ A ADE. 

For, the same construction being made. 

•.* CA \s to AD Bs EA is to AB, 

and that (LI is to .41) aa A ABC is to A ABD, VI. I. 

• and that EA \a to ABval ADE is to lABD, VI. 1. 

.\lABC]& to t^ ABD 9& l ADE K^ to lABT). V. 5. 

and .-. A ABC^ lADE. V. 8. 

Q. B. D. 

Ex. 3. Through the extremities of the base BC, of a triangle 
ABC, draw two parallel lines, BE and CD, meeting AC and 
AB produced in E and D respectively, so that BCD may be 
equal in area to ABE, 

Ex. 4. P is any point on the side AC, of the triangle A BC ; 
CQ, drawn parallel to BP, meets AB produced in Q; AN, 
AM are mean proportionals between AB, AQ, and AC, AP, 
respectively. Shew that the triangle ANM is equal to the 
triangle ABC. 
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Proposition XVI. Theorem. 

If four straight lines he proportionalsy the rectangle contained 
by the extremes is equal to the rectangle contained by the means. 



E. 

G- 



M 



A. 



N 



-H 



B 



C 



n 



Let the four st. lines AB, CD, EF, GH be proportionals, 
so that AB is to CD as EF is to GH. 

Then must reel AB, GH=rect. CD, EF. 

Draw AM± to AB, and CN± to CD ; 1. 11. 

and make AM=GH, and CN=EF; 

and complete the Os BM, DN. I. 31. 

Then •.* AB is to CD as EF is to GH, 
and that EF=CN, and GH=AM, 

.'. AB ia to CD as CN is to AM. V. 6. 

Thus the sides about the equal z s of the equianfjular 
Os BMy DN are reciprocally proportional, 

and .-. O BM=nj DN ; VI. 14. 

that is, rect. AB, ^Af =rect. CD, CN. 
.'. rect. AB, GH =Tect. CD, EF. 

Ex. 1. If jE7 be the middle point of a semicircular arc AEB, 
and EDC be any chord, CMtting the diameter in D, and the 
circle in C, prove that tbe aquaie ow CE *\^ ^^j\\.^\»^R\s»\k<i 
quadrilateral AEBC. 
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And Conversely, 

If the rectangle contained by the extremes be equal to the rect- 
angle eonta/ined by the means, the four straight lines are pro- 
portionals, 

Ijet rect AB, OH^rect. CD, EF, 

Then mi«:t AB be to CD as EF is to GH. 

For, the same construction being made, 
•/ rect AB, (?B"=rect. CD, EF, 
.', rect AB, ^Af=rect CD, CN, 
that is, O BM^CJ DN. 

and these Os are equiangular to one another, 
and .'. the sides about the equal z s are reciprocally 
proportional, VI. 14. 

and .-. i4B is to OD as C2V is to AM, 
and .-. AB is to CD as EF is to QH. V. 6. 

Q. E. D. 

Ex. 2. If, from an angle of a triangle, two straight lines be 
drawn, one to the side subtending that angle, and the other 
cutting from the circumscribing circle a segment, capable of 
containing an angle, equal to the angle, contained by the first 
drawn line and the side, which it meets ; the rectangle, con- 
tained by the sides of the triangle, shall be equal to the rect- 
angle, contained by the lines thus drawn. 
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Proposition XVIL Theorem. 

Jj three straight lin^ be proportionalsy the rectangle contained 
by the extremes is equal to the square on the mean. 



B- 



V 




Let the three st. lines A^ B, C be proportionals^ and let 
^ be to £ as £ is to 0. 

Then must rect. A, C=»q, on B. 
Take D=J5. 
Then •.* J. is to ^ as J5 is to 0, 

.*. ^ is to £ as D is to 0, V. 6. 

and .'. rect. A, 0=rect. B, D, VI. 16. 

that is, rect. Aj 0=sq. on B, 



And Conversely, 

If the rectangle contained by the extremes be equal to the 
square on the mean, the three straight lines are proportionals. 

Let Ay B, C be three straight lines such that 

rect. A, 0=sq. on B, 
Then must A betoBa,sBistoG. 
For, the same construction being made, 
•.• rect. Ay 0=sq. on B, 
and B=D, 
.'. rect. A, (7= rect. B, D ; 
and .'. J. is to J5 as D is to 0, 



that is, J. is to E as B AS to C. 



VI. 16. 
V.6. 
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Proposition XVIII. Problem. 

'U'p(m a given straight line to describe a rectilinear figure 
similar and similarly sittiated to a given rectilinear Jigure, 





Let AB be the given st. line, and CDEF the given rectil. 
^. of/our sides. 

It is required to describe on AB a fig, similar and similarly 
situated to CDEF. 

Join DF, and at A and B, make z BAG = i DCF, and 
aABO=caCDF; 

then A BAG is equiangular to A DCF, 
At G and B, make z BGH^ l DFE, and z GBH= l FDE ; 

then A GHB is equiangular to A FED. 
Then •.' z AGB=^ z G^D, and z BGH=^ z D^^, 

.-. z AGH^ z OF^. Ax. 2. 

So also z ^5-ff = z CDE. 
And we know that z £-46? = z DCF, 
and that z GfirB= z FED, 
.-. rectil. fig. ^BJTC; is equiangular to fig. CDEF. 
Also, •.• A BAG is equiangular to A DCF, 

.'. BA i& to AG as DC is to CF; VI. 4. 

and *.• A BGH is equiangular to A DFE, 

.-. G^ J5 is to C;JT as ^D is to 2^^. VI. 4. 

Also, ^6? is to C;J5 as CF is to FD. 

.'. AG is to G-HTas C7F is to FE. V. 21. 

Similarly, it may shown that 

GHis to HB as FEia to ED, 
and that BB is to BA as £D is to DC. 
. •. the rectil Bgs. ABHG and CDEF ixTe ^\inS^. 
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Next. Let it be required to describe on AB a fig., similar 
and similarly situated to the rectil. fig. GDKEF. 





Join DEy and on AB describe the fig. ABHQ, similar and 
similarly situated to the quadrilateral CDEF, 

At^and ^make l HBL= l EDK, and z BHL= l I)EK\. 
then A HLB is equiangular to A EKD, 
Then *.• the figs. ABHG, CDEF are similar, 

/. L GHB= L FED ; 
and we have made l BHL= l DEK ; 

.-. whole z GHL=vr}iole l FEK, Ax. 2. 

For the same reason, l ABL= l CDK. 
Thus the fig. AGHLB is equiangular to fig. CFEKD. 
Again, •/ the figs. AGHB, CFED are similar, 

.-. GE ia to HB as FE ia to ED: 
also we know that HB is to -Hi as ^D is to EK, VI. 4. 

.-. G^Jffis to -Hi as ^^ is to EK. V. 21. 
For the same reason, AB is to BL as CD is to DK, 

And J5i is to iHas -DJK:is to Z.& ; VI. 4. 
.-. the five-sided figs. AGHLB, CFEKD are similar. 
In the same way a ^g. of six or more sides may be described, 
on a given line, similar to a given fig. 

Q. B. F. 
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Proposition XIX. Theorem. 

Similar triangUs arc to one anotlier in tlie duplicate ratio of 
tluir homologous sides. 





Let ABC, DEF be similar a s, 

having isoX A, By 0= i a a.t D, E, F respectively, 

so. that BC and EF are homologous sides. 

Then must A ABC have to A DEF tlie duplicate ratio cf 
that which BC has to EF. 

Suppose A DEF to be applied to A ABC, so that 
E lies on B, ED on BA, and .'. EF on BC 

Let P and Q be the pts. in BA, BC on which D and F fall. 

Join AQ, 

Then A ABC is to a ABQ as J50 is to BQ, VI. 1. 

and A ^J5Q is to A PJ5Q as^PistoPP. VI. 1. 

But AB is to PP as PC is to BQ, VI. 4. 

.-. A ABQ is to A PBQ as BC is to BQ. V. 5. 

Hence A ABC is to A ^PQ as A ABQ is to A PPQ. V. 5. 

.'. A ABC has to A PBQ the duplicate ratio 
of A ABC to A ABQ ; VI. Def . 2. 

.•. A -4P0 has to A PBQ the duplicate ratio 
of PC to BQ, V. 5. 

that is, A ABC has to A DEF the duplicate ratio 
of BC to EF, 

Q. E. D. 



Cor. If MN be a third proportional to BC and EF, 
BC has to AfiV the dupL'cate ratio of BC to EF, N\.^^\.^. 
and.', BOia to MN as A ABC ia to ^DEE. 



19 
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MiscellaneoiLS Exercises chiefly on Proposition XIX. 

Ex. 1. Prove this Proposition without drawing any line 
inside either of the triangles. 

Ex. 2. In the figure, if BC be equal to FD, shew that the 
triangles will be in the ratio of ^C to EF, 

Ex. 3. Cut off the third part of a triangle by a straight line 
parallel to one of its sides. 

Ex. 4. AB, AG are bisected in D and E. Prove that the 
quadrilateral DBCE is equal to three times the triangle 
ADE. 

Ex. 5. If a regular hexagon, a square, and an equilateral 
triangle be inscribed in the same circle, prove that the squares 
described on their sides are proportional to the numbers 1, 2, 3. 

Ex. 6. A straight line drawn parallel to the diagonal BD of a 
parallelogram^ BCD meets AB, BC, CD, DA, in E, F, G, E, 
Prove that the triangles AFG, CEH are equaL 

Ex. 7. If two triangles have an angle equal, and be to each 
other in the duplicate ratio of adjacent sides, they are similar. 

Ex. 8. If two triangles have a common angle, shew that the 
areas of the triangles are proportional to the rectangles con- 
tained by the sides of the triangles about the common angle. 

Ex. 9. From the extremities A, B, of the diameter of a circle, 
perpendiculars AY, BZ, are let fall on the tangent at any 
point C. Prove that the areas of the triangles AGT^ BCZ are 
together equal to that of the triangle ACB, 

Ex. 10. If to the circle, circumscribing the triangle AJ^C, a 
tangent at C be drawn, cutting AB produced in D, shew thai 
AD is to DB in the duplicate ratio of J. to CB, 

Ex. 11. Construct a triangle which shall be to a given 
triangle in a given ratio. 
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Proposition XX. Theorem. (EucL ti. 21.) 

Mectxlinear figv/rea, which are similar to the same rectilineal 
figure^ are also svmUar to ea£h other. 




Let each of the rectilinear figures A and B be similar to the 
rectilinear figure G, 

Then must the figure A he similar to the figure B, 

For *.• -4 is similar to C, 
.*. A is equiangular to C, 
and A and C have their sides about the equal i s pro- 
portionals. YI. Def. 1. 
Again^ *.* B is similar to C, 

.'. B is equiangular to C, 
and B and C have their sides about the equal z s pro- 
portionals. VI. Def. 1. 

Hence A and B are each equiangular to C, and have the 
sides about the equal z s of each of them and of C pro- 
portionals. 

.*. A is equiangular to B, Ax. 1. 

and A and B have their sides about the equal z s pro- 
portionals, y. 5. 
.'. the figure A is similar to the figure B. VI. Def. 1. 
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Proposition XXI. Theorem. (Eucl. vi. 20.) 

Similar polygons may be divided into the same nvmiber of 
similar triangles, hamng the sa/me raiio to one anothery which 
the 2)olygons have ; and the polygons are to one another in the 
duplicate ratio of their homologous sides. 





DC K H 

Let ABCDE, FGHKL be simikr polygons, and let AB be 
the side homologous to FG, 

I. The polygons may he divided into the same nwmher of 
similar £^s, 

II. These A s have each to each the same raJtio which the poly- 
gons have. 

III. The polygon ABCDE has to the polygon FGHKL ihe 
duplicate ratio of that which the side AB has to the side FG. 

Join BEy EC, GL, LH : then 

I. •.* the polygon ABCDE is similar to the polygon 
FGHKLy 

.-. z BAE = z GFLy 
and BAiatoAEasGFiato FL. 
.-. A ABE is similar to A FGL. VI. 6 and 4. 

and .-. z ABE = l FGL. VI. Defl 1. 

Again, *.• the polygons are similar, 

.-. I ABC = z FGHy VI. Def. 1. 

and .-. z EBC = z LGH ; Ax. 3. 

and '.* the AS ABE, FGL are similar, 

.-. EB is to AB2i&LG\& to FG\ VI. Def. 1. 

also, •.• the polygons are similar, 

.-. AB is to BC as FG is to GH ; VI. Def. 1. 

and .-. EB\BU>BC2&LG\aUi GH, V. 21. 

and .*. since z EBC = z LGH, 

the A EBC is similar to A LGH. VI. 6 and 4. 

For the same reason the £i ECD Sa si«v\\ax ^ fc.liHK, 
ThuB the polygons axe divided m\.o ^iJtife «wx«k \i\n£^\. s&. 

timilar as. 
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n. •/ A ABE is similar to L FGL, 

.'. £^ ABE hab wc^FGL the duplicate ratio of 
BE to GL. VI. 19. 

So also, A EBC has to A LQH the duplicate ratio of 
BE to OX. VI. 19. 

.-. L ABE \b to L FGL aa £^ EBG ia to A LGH. V. 5. 
Again, *.' L EBC is similar to A X(?iZ, 

.*. A EJ^O has to A LGH the duplicate ratio of 
EC to XIT. VI. 19. 

So also, A ECD has to A XITJE' the duplicate ratio of 
EC to LH, VI. 19. 

.-. nEBC iBtoLLGHaaLECD'iatoLLHK. V. 5. 
But A^i^O istoAXG^^asA^^j^istoAJ'C^X. 
/.as L ABE \a to £^ FGL so is £, EBC to £^ LGH, 
md L ECD to t^LHK. 

Now as one of the antecedents is to one of the consequents 
so are all the antecedents together to all the consequents 
together, * V. 10. 

and .'. A ABE is to A FGL as polygon ABCDE is to polygon 
FGHKL. 

IIL Since A ABE has to A FGL the duplicate ratio of 
AB to FG, VI. 19. 

.'. polygon ABCDE has to polygon FGHKL the duplicate 
ratio of AB to FG. V. 5. 

Q. E. D. 

OoR. I. In like manner it may be proved, that similar 
figures of fovo' or cmy nwmber of sides, are to one another in 
the duplicate ratio of their homologous sides : and it has been 
already proved for triangles, vi. 19. Therefore, universally, 
siniihir rectilinear figures are to one another in th<^ d»?^\vs^^ 
ratio of their homologoua sides. 
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Ck)R, II. If MN be a third proportional to AB and FGr^ 
-45 has to MN the duplicate ratio of AB to FGy VI. Def. 2. 
and .*. AB is to M.N as the figure on AB to the similar and 
similarly described figure on ¥G ; that being true in the case 
of qua(Lrilaterals and polygons, which has been already proved 
for triangles. VI. 19 Cot. 

Proposition XXII. Theorem. (EucL vi. 31.) 

In right-angled triangles, (he rectilinear figure, described upon 
the side opposite to the right angle, is equal to the similar and 
similarly described fi>gures upon the sides containing the right 
angle. 




Let ABC be a right-angled A , having the right z BAC, 
Then must the rectilinea/r figure, described on BC, be equal 
to the similar and similarly described figures on BA, AC, 
Bmw AD ± to BC, 

Then a ABC is similar to A DBA, VI. 12. 

and .-. BC m to BA as BA is to BD, VI. 4. 

and .*. as BC is to BD so is the figure described on BC to 

the similar and similarly described figure on BA, VI. 21, Cor. 2. 

and .*. as BD is to BC so is figure on BA to figure on BC. 

V. 12. 
For the same reason 

as DC is to BC so is figure on AC to figure on BC. 
Hence as BD, DC together are to BC so are figures on BAf 
AC together to figure on BC, V. 22. 

But BD, DC together are equal to BC, and 
. •. figures on BA, AC U>^"fe\Xiet = ^^fgaxsi oct BC, V. 18. 
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Note. — ^The Proposition which follows is not given by 
Eaclidy bat is necessary to the proof of Prop. xxiv. 



Proposition XXIII. Theorem. 

If two reetiUnear figures he equal and aUo similar, their 
homologous sides must he equal, each to each. 





Let the rectiL figs. ABODE, FGHKL be equal and similar, 
and let DC and KH be homologous sides of the figures. 

Then must DC=KH, 

For, if not, let DC be greater than KH, 
Then *.• DO is to D^ as ^Jffis to KL, 

.-. DE is greater than KL. V. 14. 

Hence \1lKLR be applied to £^ DEC, so that KH falls on 
DC and KL on DE (for z HKL = z CDE), HL wiU fall 
entirely within a DEC, 

.'. A KLH is less than A DEC 
But V£^ DEC is to A KLH as figure ABODE is to 
figure FGHKL, VI. 21. 

and figure ABODE ^^gave FGHKL 
.-. A DEO = A KLH, V. la 

or the greater = the less, which is impossible. 
.•. DC is not greater than KH 
Similarly it may be shown that DO ia not less than KH. 
.'.DO=:KH 
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Proposition XXIV. (Eucl. vi. 22.) 

If four straight lines he proporti&ndlSf the similar recti- 
linear figures similarly described upon them must also he pro- 
yortionals. 
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Let the four straight lines AB^ CD, EF, GH be propor- 
tionals, that is, ^J5 to CD as ^JP is to (^fl ; 

and upon AB, CD let the similar rectilinear figures KAB, 
LCD be similarly described ; and upon EF, GH the similar 
rectilinear figures MF, NH in like manner. 

Then must KAB he to LCD as MF is to NH. 

To ABy CD take a third proportional X and 
to EF, GH take a third proportional 0. VI. 10. 

Then •.* ^5 is to CD as ^jP is to GH, 

/. CD ia to X aaGHiB to 0, V. 5. 

and .-. ^J5 is to X as ^jP is to 0. V. 21. 

But as ^J5 is to X so is KAB to LCD, VI. 21, Cor. 2. 
and as E^ is to so is MF to NH. VI. 21, Cor. 2. 
.-. KAB is to LCD as MF is to NH. V. 5. 
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And Conversely, 

Ij the similar figures, similarly described on four straight 
lineSj be jproportionals, those straight lines must be proportionals. 

The same constrnction being made, 

let KAB be to LCD as MF is to NH, 

ihm must AB be to CD as EF is to OH. 

Make as ^B to CD so i^F to PR, VI. 11. 

and on PB describe the rectilinear figure SB, similar anrl simi- 
larly situated to either of the figures MF, NH, VI. 18. 

Then, by the first part of the proposition, 

KAB is to LCD as MFis to SB, 

But KAB is to LCD as MF is to NB. Hyp. 

.-. SB^I^H, V. a 

Also, SB and NHaxe similar and similarly situated, 

and .-. PB^GH, VI. 23 

Now AB is to CD as ^i^ is to PB, 

and /. AB\&io CD fiBEF'\& io OH. V. 6 

1^. E. D. 
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Proposition XXV. Theorem. (Eucl. vi. 33.) 

In eqtuil circles, angles, whether at the centres or the circum- 
ferences, have to one another the sa/me ratio as the arcs which 
subtend them ; and so also have the sectors. 





In the equal ©s ABC, DEF let the i s BGC, EHF at the 
centres, and the l s BAC, EDF at the circumferences, be sub- 
tended by the arcs BC, EF, 

Then I. z BGC must he tot EHF as arc BC is to arc EF. 

Take any number of arcs CK, KL, each=^C, 
and any number of arcs FM, MN, NR eB.ch=EF, 
Then •.* arcs BC, CK, KL are all equal, 

.-. I s BGC, CGK, KGL are all equal. III. 27. 

.'. z BGL is the same multiple oil BGC that 
arc BL is of arc BC. 

So also, z EHR is the same multiple of z EHF that 
arc ER is of arc EF. 

And z BGL is equal to, greater than, or less than 
lEHR, 

according as arc BL is equal to, greater than, or less than 
arc ER. III. 27. 

Now z BGL and arc BL are equimultiples of z BGC and arc £C, 
and A ERRwA arc £EaTeec^\mTi\i\\A^\^^^i l EHF^aadarc^JT. 
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II. L BAG must he to l EDF as arc BC is to arc EF. 

For •.• I 5GC= twice i BAG, and i EIIF=tmce l EDF, 

III. 20. 

/. L BAGia to i EDF as i BOG is to z EHF, V. 11. 

and.-.z^^Oistoz^DJ'asarc^Cistoarc^^. V. 6. 

III. Sector BOG must be to sector ElIF as arc BC is to 
arc EF. 

For sectors BOG, GOK, KOL are all equal, III. 26, Cor. 

and sectors EHF, FHM, MEN, NHR, are all equal, 

m. 26, Cor. 

.*. sector BOL is the same multiple of sector BOG that 
arc BL is of arc BG, 

and sector EHB is the same multiple of sector EHF that 
arc EB is of arc EF ; 

also, sector BOL is equal to, greater than or less than 
sector EHB, according as 

arc BL is equal to, greater than, or less than arc ER, III. 26. 
and .'. sector BOG is to sector EHF as arc BG is to arc EF. 

Q. E. D. 

GoR. In the same circle, angles, whether at the centres or 
the circumferences, have the same ratio as the arcs which sub- 
tend them : and so also have the sectors. 
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Proposition B. Theorem. 

If an angle of a triangle he bisected by a straight line, which 
likewise cuts the base ; the rectangle, contained by the sides of 
the triangle, is equal to the rectangle, contained by the segmemJU 
of the base, together with the square on the line bisectitig the 
angle, 

Jl 




Let I BAC of the A ABC be bisected by the st line AB. 

Then rect. BA, AC=rect BD, DC together with sq, on AD, 

Describe the © ABC about the A , III. a p. 135. 

produce AD to meet the Oce in E, and join EC. 

Then •.• z BAD = l CAE, Hyp. 

and L ABD = l AEC, in the same segment, IIL 21. 

.*. A ABD is equiangular to A AEC, I. 32. 

.-. BA is to ^D as -E^ is to AC. VI. 4. 

.-, rect. BA, ^C=rect. EA, AD, VI. 16. 

=rect. ED, DA together with sq. on AD. 

II. 3. 

=rect. BD, i>(7 together with sq. on AD. 

III. 35. 
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Proposition C. Theorem. 

If from any angle of a triangle a straight line he drawn per- 
pendicular to the hasey the rectangle, contained by the sides of 
tiie triangle, is equal to the rectangle, contained by the per- 
pendicvla/r and the diameter of the circle described about tlie 
triangle. 




Let ABC be a A , and AB the ± from A to BC. 

Describe the © ABC about the A ABC, III. b. 

draw the diameter AE, and join EC, 
Then must rect BA, AC = rect EA, AD. 

For *.* rt. z BDA = z ECA, in a semicircle, III. 31. 

and z ABD = z AEC, in the same segment, III. 21. 

.'. A ABD is equiangular to the A AEC, I. 32. 

.-. BA 13 to AD as EAia to AC, VI. 4. 

and .-. rect. BA, AC=Tect, EA, AD, VI. 16. 

Q. E. D. 

Ex. 1. Shew that the rectangle confadned by the two sides 
can never be less than twice the triangle. 

Ex. 2. ABC is a triangle, and AM the perpendicular upon 
BG, and P any point in BC ; if 0, (/ be the centres of the 
circles described about ABP, ACP, the rectangle AP, BC 
is double of the rectangle of AM, OCy. 

Ex. 3. A bisector of an angle of a triangle is produced to 
meet the circumscribed circle. Prove that the rectangle, c<ixi.- 
tained hytbis whole line and the part oi iVi m^i^!LYti V3si^ \jcv«m^^. 
Is eqaal to the rectangle contained by tin© t^io «>\!\ea. 
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Proposition D. Theorem. 

Tht rectangUy contairud by the diagoruiU of a quadrilaterd 
inscribed in a circle, is equal to the sum of the rectangles, con- 
tained by its opposite sides. 




Let ABCB be any quadrilateral inscribed in a ©. 

Join AC, BD. 
Then rect AC, BD=rect. AB, CD together with rect AD, BC. 

Make z ABE = z DBC ; 1. 23. 

and add to each the z EBD. 
Then z ABD = z CBE ; 
and z BDA = z BCE in the same segment ; 
.•. A ABD is equiangular to A BCE, 
.-. AD is to BD as CE is to BC, 
and .-. rect. AD, 5(7= rect. BD, CE. 
Again, *.* z ABE = z jDjBO, by constraction, 

and z 5-4j& = z BDC, in the same segment, 
.*. A ABE is equiangular to A BCD, 
.♦. ^jB is to ^jE7 as £D is to CD, 
and .'. rect. ^E, OD=rect. BD, AE, 
Hence rect. AB, CD together with rect. AD, BC 
=rect. BD, AE together with rect. BD, CE, 
=rect. AC, BD, II. 1. 

Q. E. D. 

Ex. If the diagonals cut one another at an angle equal to one 

third of a right angle, t\ie Tec^aii^eia ^iOfXAaJava^Vs^ the opposite 

sides are together equal to £o\n Wme^ \iJt\^ Q^^T^^ai«st3^^s^gss»K 



III. 21. 


1.32. 


VI. 4. 


VI. 16. 


III. 21. 


1.32. 


VL4. 


VI. 16. 
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Proposition XXVI. Theorem. (Eucl. vi. 23.) 

Equiangular paraUelograms have to one another the ratio, 
which is compounded of the ratios of their sides. 



\ 



n 



XT- 



M- 





Let AC and CF be equiangular Os, having i BCD = i ECG. 

Then must CJ AC have to CJ CF the ratio compounded of 
the raMos of their sides. 

Let EG and CQ be placed in a straight line. 
Then DC and CE are also in a straight line. I. 14. 

Complete the O DG, and taking any st. line K, 

make as 5C is to OG so ^ to X VI. 11. 

and make as DC is to 0^ so X to Jlf . VI. 11. 

Then *.• K has to M the ratio compounded of the ratios of 
Kio L and X to M, 

.'. K has to M the ratio compounded of the ratios of 

the sides. VI. Def. 3, p. 260. 

Now 5(7 is to (76? as O ^(7 is to O CH, VI. 1. 

and D(7is to CE as CJ CHia to O CF, VI. 1. 

,\K iatoL JOR CJ AC ia to CJ CH, V. 5. 

and X is to Af as O (7jff is to O CF, V. 5. 

Hence ^ is to M as O ^(7 is to O (7J^ ; V. 21. 

and .•. O AC has to O CF the ratio compounded of the 
ratios of their sides. 
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Proposition XXVII. Theorem. (Eucl. vi. 24). 

ParaXldogra/ms about the diameter of any parallelogram are 
similar to the whole paraHehgra/m and to one another. 




Let ABCB be a O, of which the diameter h& AC\ and 
AEFG, FHGK the Os about the diameter. 

Then must these CJs he similar to ABCD and to ea>ch other. 

For •.• Gi^ is II to DC, .-. z AGF = i ADC, I. 29. 

and •.• ^i^ is II to BC, ,\ l AEF = z ABC ; I. 29. 

and each of the z s FFG, 50D= opposite z BAD, I. 34. 

and .-. z EFG= z BCD, Ax. 1. 

Thus the Os AEFG, ABCD are equiangular to one 
another. 

Again, '.• EF is || to BC, 

.-. AB is to jBC as ^^ is to ^J'; VI. 4. 

and since the opposite sides of the Os are equal, 

.-. ^5is to ^D as ^^ is to AG, V. 6. 

and DO is to CB as ^i^ is to FE, V. 6. 

and CD is to DA 2& FG \b to GA, V. 6. 

Thus the sides of the Os AEFG, ABCD about their equal 
angles are proportional. 

.-. O AEFG is similar to O ABCD, 

Similarly, O FHCK is similar tq O ABCD ; 

and .-. O AEFG is similar to O J'B'CK". VI. 20. 

Q. £. D. 

Ex. Show that each of the complements of the parallelogram 
13 a mean proportional "between ^liie ^«Ki3^.^^^c«ca& ^bout the 
diameter 
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Proposition XXVIII. Theorem. (Eucl. vi. 26.) 

If two similar parallelograms have a common angle, and be 
similarly situated, they are a^out the same diam^Ur. 



A 


c 


p 


;^ 


^ 






^/^^Nv 


-J 


jB 




c 



Let the Os ABCD, AEFQ be similar and similarly 
situated, and have i DAB common. 

Then must ABCD and AEFQ he about the samie diameter. 

For, if not, let ABCD have its diameter, AHC, not in the 
same st. line with AF, the diameter of AEFQ, 

Let QF meet ABC in jff, and draw HK II to AD, I. 31. 

Then Os ABCD, AKHQ, about the same diameter, are 
similar. VI. 27. 

and .-. D^ is to ^5 as Gf^ is to AK. VL Def. 1. 

But •.• ABCD, AEFQ are similar Os, 

.-. D^ is to ^5 as a^ is to AE. 

Hence G^^ is to AKsija C?^ is to AE, V. 5. 

and .-. AK=AE, V. 8. 

the less=the greater, which is hnpossible. 

.'. ABCD and AKHQ are not about the same diameter, 
and .*. ABCD and AEFQ must have their diameters in the 
same st. line, that is, they are about the same diameter. 

20 
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Jl. 



Proposition XXTX. Probleic (EucL yi. 25.) 

To describe a rectilinear figure which shaU be similar to one, 
and equal to another, given rectilinear figure. 




Let ABC and D be two given rectilinear %iires. 

It is required to describe a figure similar to ABC and eqyd 
toD. 

On BC describe the O BLEC equal to ABC, and I. 45, Cor. 
on CE describe the O CEi^Af equal to D, I. 45, Cor. 

and having z FCE = i CBL. 
Then jB(7 and CF are in a straight line, I. 29 and 14. 

9 

and LE and EM are in a straight line. 
Find GH, a mean proportional between £Oand CF, VI. 13. 
and on GH describe the rectilinear figure KGH, similar and 
similarly situated to ABC, VI. 18. 

Then '.• BC ia to GHbsGH is to CF, 

.-. as 50 is to CF so is ABC to KGH. VI. 20, Cor. 2. 
But OS BCia to CF 80 isCJ BE to CJ EF, VI. 1. 

and .-. as ABC is to KGH so iaCJ BE to CJ EF. V. 5. 
Now ABC is equal to O BE, Constr. 

and .-. KGH -O FF. V. 14. 

But O FF=the figure D. 
.-. KGH =D ; and KGH is similar to -450. 
Hence a figure KGH \a& been described as was required. 
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Dbp. V. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as the 
greater segment is to the less. 



Proposition XXX. Problem. (Eiicl. vi. 30.) 
To cut a straight line in extreme and mean ratio. 



S. B 



Let JBhe the given st. line. 

It is required to cut AB in extreme and mean ratio. 

Divide AB in the pt. 0, so that rect. AB, BC = sq. on AG, 

11. 11. 
Then •.* rect. AB, BC = sq. on AC. 

.', AB k to AC SiS AC is to BC, VI. 17. 

and ,\ AB is cut in extreme and mean ratio in C, Def. 5. 

Q. E. F. 

Ex. 1. If two diagonals of a regular pentagon be drawn to 
cut one another, they cut one another in extreme and mean 
ratio. 

Ex. 2. If the radius of a circle be cut in extreme and mean 
ratio, the greater segment will be equal to the side of a regular 
decagon described in the circle. 
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Proposition XXXI. Theorem. (Eucl. vi. 32.) 

If two triangles, similarly situated, which have two sides 
of the one proportional to two sides of the other, be joined at 
one angle, so as to have their homologous sides parallel, each 
to each, the remaining sides must he in a straight line. 




Let the as ABC, DCE be similarly situated, having the 
sides BA, AC proportional to CD, DE, and let BA be II to 
CD, and ^0 II to i>jE7; 

Then must BC and CE he in one st. line. 

For •.• ^C meets the lis BA, CD, 

.\/.BAC== alternate z A CD, I. 29. 

And •.• CD meets the lis AC, DE, 

,\lACD = alternate i CDE, I. 29. 

Hence lBAC=- l CDE, Ax. 1. 

Then *.• J5^ is to ^ as CD is to DE, and z BAC = z CDE, 

,', A ABC is equiangular to A DCE, VI. 6. 

.\lACB^i dec ; VI. Def. 1. 

and .', /. s ACB, ACE together = laACE, DEC together, 

= two right angles. I. 29. 
.'. BC and CE aie vn. tV^e &a.me at, line, I. 14. 
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Miscellaneous Exercises on Book VL 

1. Two common tangents to two circles meet at A, If the 
diameter of the smaller circle, the distance between the centres, 
and the diameter of the larger circle, be in the ratio of 1, 2, 3, 
prove that the distance from A to the centre of each circle is 
equal to the diameter of that circle. 

2. Straight lines are drawn through the angular points of a 
triangle, parallel to the opposite sides, and through the angular 
points of the triangle thus formed straight lines are drawn, 
parallel to its opposite sides, and so on ; show that all these 
triangles are similar to the orij?inal triangle, and that any one 
of them has its sides bisected by the angular points of the pre- 
ceding triangle. 

3. If a point be taken within an equilateral triangle, the per- 
pendiculars drawn from it to the three sides are together equal 
to the perpendicular drawn from one of the angles to the 
opposite side. 

4. Upon AB as base two triangles ABC, ABD are described, 
and a line cutting CA is drawn parallel to CD. From the 
points where this line meets AC, AD, lines are drawn to meet 
CB, DB, and parallel to the base. Shew that these lines are 
equaL 

5. If be the centre, and AB the diameter of a circle, and 
if on -40 as a diameter a circle be described, then the circum- 
ference of this circle will bisect any chord, drawn through it 
from A to meet the exterior circle. 

6. On a given base describe a triangle, having a given 
vertical angle, and one of its sides double of the other. 

7. From a point E in the common base of two triangles 
ACB, ADB, straight lines are drawn parallel to AC, AD, 
meeting BC, BD in F and G, Shew that the lines joining 
F, G and C, D will be parallel. 

8. From the angular points, of a tmii^<d AEC,^\K8kV^X!i»s^ 
JI?, B^, OF, are drawn perpendicoiar U> \»>afe o^^wssJ^ «Asak 
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and terminated by the drcamscribmg circle ; if £ be the point 
of their intersection, shew that XD, liE^ LF are bisect^ by 
the sides of the triangle. 

9. If X) and E be points in the sides of a triangle ABG^ 
such that AD and AE are respectiyelythe third parts of AB and 
AC, shew that BE and CD cut one another in a point of 
quadrisection. 

10. In AB, AC, two sides of a triangle, are taken points 
D, E ; AB, ^C are produced to F, 0, such Uiat BF=AD, and 
CG^AE : and BG, GF, FG are joined, the two former meet- 
ing in H. Show that the triangle FHG la equal to the 
triangles BHC, ADE together. 

11. If the angle, between the internal bisector of the angle 
of a triangle and the base, be equal to the angle between tiie 
external bisector and the greater side produced, a perpen- 
dicular on this side through the vertex will bisect the segment 
of the base between the internal and external bisectors. 

12. Triangles on equal bases and between the same parallels 
will have equal areas cut off by a line parallel to their bases. 

13. From A, B, the extremities of the diameter of a circle, 
lines ACE, BCD, are drawn through a point C, on the circum- 
ference, to points E and D, such that EB and DA touch the 
circle. Shew that ED meets the tangent at in AB produced. 

14. Draw a straight line cutting two concentric Gircles,80 
that the part of it which is intercepted by the circumference 
of the greater may be four times as great as the part inte^ 
cepted by the circumference of the less. 

16. Shew how to inscribe a rectangle DEFG in a triangle 
ABC, so that the angles D, E may be in AB, AG respectively, 
the side FG coincident with the base, and the area of the rect- 
angle be equal to half that of the triangle. 

16. If the bisectors of the opposite angles A, C, of a quadri- 
lateral figure ABCD, intersect on the diagonal BD, then will 
the hiaectoTB of the angles B, D m.fe^\. cs\i AC, 

17, Two sides of a quaM\aleit«X ^^OTi^i<5i\v2wss3X^^sss^^«A 
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parallel ; if the points of contact divide the other two sides 
proportionally, they are equally inclined to the first two. 

18. If two triangles, on the same base, have their vertices 
joined by a straight line, which meets the base, or the base 
produced, shew that the parts of this line, between the vertices 
of the triangles and the base, are in the same ratio to each 
other as the areas of the triangles. 

19. If perpendiculars be drawn from any point on the cir- 
cumference of a circle to two tangents and the chord joining 
the points of contact, shew that the square on the perpendicu- 
lar to the chord is equal to the rectangle contained by the 
other perpendiculars. 

20. If the angles JB, C, of the triangle ABGy be respectively 
equal to the angles D, Ey of the trumgle ADE^ and the angles 
B, Ef of the triangle ABE, to the angles D, 0, of the triangle 
ADCy then these pairs of triangles shall be respectively equal 
to each other ; and if BE, CD, intersect in F, the triangles 
BFJDf CFE, shall also be similar. 

21. If, from the extremities of the diameter of a semicircle, 
perpendiculars be let Ml on any line cutting the semicircle, 
the parts intercepted between those perpendiculars and the 
circumference are equal 

22. In a given circle place a chord, parallel to a given chord, 
and having a given ratio to it. 

23. ABC is an equilateral triangle. Through C a line is 
drawn at right angles to AC, meeting AB produced in D, and 
a Mne through A parallel to BC in E, Through K, the middle 
point of AB, lines are drawn respectively parallel to AE, AC, 
and meeting DE in F and G, Prove that the sum of the 
squares on KO and FG is equal to three times the square 
on FE. 

24. Find a point in the base of a right-angled triangle pro- 
duced such that the line drawn from it to the angular point 
opposite to the base, shall be to the base produced aa thf& 
perpendicular to the base itself. 
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25. AB IB a given straight line, and D a given point in it ; 
it is i«qaired to find a point P, in AB produced, snch tbat 
.IPistoP^asADisto BB. 

26. If two circles touch each other externally, and paralld 
diameters be drawn, the straight line, joining iJie extremities 
of those diameters, will pass through the point of contact 

27. If two circles touch each other, and also touch a strai^t 
line ; the part of the line, between the points of contact, ib a 
mean proportional between the diameters of the drdes. 

28. Two circles touch each other internally, the radius d 
one being treble that of the other. Shew that a point of tri- 
section of any chord of the larger circle, drawn firom the point 
of contact, is its intersection with the circumference of the 
smaller circle. 

29. If ABQ be a right-angled triangle, and 2> any point in 
its hypotenuse AB^ determine by a geometrical oonstmo- 
tion Uie point P, to which AB must be produced, so that PJ 
is to PP aa ^D is to DP. 

30. If a line touching two circles cut another line joining 
their centres, the segments of the latter will be to eac^ other 
as the diameters of the circles. 

31. If through the vertex of an equilateral triangle a pe^ 
pendicular be drawn to the side, meeting a perpendicular to 
the base, drawn from its extremity, the line, intercepted 
between the vertex and the latter perpendicular, is equiJ to 
the radius of the circumscribing circle. 

32. If on the diagonals of a quadrilateral as bases, parallelo- 
grams be described, equal to the quadrilateral, find the ratio 
of their altitudes. 

33. The opposite sides AB^ DC of a quadrilateral ABCD^ 
which can be inscribed in a circle, meet, when produced, at S ; 
F is the point of intersection of the diagonals, and JEP meets 
AD in ; prove that the rectangle EA^ AB is to the rectangle 

^D, DO as AO \» iQ GD. 
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34 If from the extremities of the diameter of a circle 
tangents be drawn, any other tangent of the circle, terminated 
by them, is so divided at its point of contact, that the radius 
of the drde is a mean proportional between the segments of 
the tangent. 

35. If the sides of a triangle, inscribed in the segment of a 
circle, be produced to meet lines drawn from the extremities 
of the base, forming with it angles equal to the angle in the 
s^ment, the rectangle contained by these lines will be equal 
to the square on the base. 

36. Describe a parallelogram, which shall be of a given 
altitude, and equal and equiangular to a given parallelogram. 

37. Two circles touch each other internally at the point Ay 
and from two points in the line joining their centres perpen- 
diculars are drawn, intersecting the outer circle in the points 
By Cy and the inner circle in the points X>, E. Shew that AB 
iBto AC aaABiBtoAE. 

38. Given of any triangle the base, and the point, where the 
line, bisecting the exterior vertical angle, cuts the base pro- 
duced, find the locus of the vertex of the triangle. 

39. Draw a line from one of the angles at the base of a 
triangle, so that the part of it cut off by a line drawn from the 
vertex parallel to the base, may have a given ratio to the part 
cut off by the opposite side. 

40. 11 AG be drawn from A too, point C in the base of the 
triangle ABB, so that ABB, ACB are similar triangles, shew 
that BA touches the circle described about ABC. 

41. K the centres Ay By of two circles be joined, and P be 
the point in the line ABj from which equal tangents can be 
drawn to the circles ; the tangents drawn from any point in a 
line, which passes through P at right angles to AB are all 
equaL 

42. Construct a triangle, similar to a given triangle, and 
having its angular points upon three given straight lines, which 
meet in a point. 
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43. Let ABGD be any parallelogram, BD its diagonal 
Then the perpendiculars, from A on BD, and from B and J) 
upon AD and ^jB, shall all pass through a point. 

44. If a quadrilateral be inscribed in a circle, its diagonals 
shall be to one another as the sums of the rectangles contained 
by the sides adjacent to their extremities. 

45. A square is described on the base of an isosceles triangle, 
remote from the vertex. Prove that, if the vertex be joined 
to the comers of the square, the middle segment of the base 
will be to the outer one in twice the ratio of the perpendicular 
on the base to the base. 

46. The base AB of an isosceles triangle ABC is produced 
both ways to D and E, so that the rectangle AD, BE is 
equal to the square on AC. Shew that the triangles DACj 
EEC, are similar. 

47. If each of the angles at the base of an isosceles triangle 
be double of the angle at the vertex, shew that either side is a 
mean proportional between the perimeter of the triangle, and 
the distance of the centre of the inscribed circle from either 
end of the base. 

48. ABC is a triangle, and is the centre of the circle 
inscribed in the triangle. Shew that AG passes through the 
centre of the circle described about the triangle BOC. 

49. Draw a line parallel to one of the sides of a triangle, bo 
that it may be a mean proportional between the segments into 
which it divides one of the other sides. 

60. K an equilateral triangle be inscribed in a circle, and 
the adjacent arcs cut off by two of its sides be bisected, shew 
that the line joining the points of bisection will be trisected by 
the sides. 

61. ABC is an equilateral triangle, BC is produced to D, 
and CD is made equal to BC : CE is drawn at right angles 
to DCB, and at A the angle CAE is made equal to the angle 

Z?C!A ; DB, DA are drawn. ^Ve^ VJci5^X ^^ \s«i\a5s^« 2>J, 
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GB is equal to the rectangle J)E^ AC together with the square 
mCB. 

52. Two straight lines AB, CD, intersect in E. If when 
AC, BD are joined^ the sides of the triangle ACE, taken in 
order, are proportional to those of the triangle DBE, taken in 
order, shew that A, C, B, D, lie on the circumference of the 
same circle. 

53. If any triangle be inscribed in a circle, and from the 
vertex a line be drawn parallel to a tangent at either extremity 
uf the base, this line will be a fourth proportional to the base 
smd two sides. 

54. K a triangle be inscribed in a semicircle, and a per- 
pendicular be drawn from any point in the diameter, meeting 
one side, the circumference, and the other side produced ; the 
segments cut ofif will be in continued proportion. 

55. K ABCD be any quadrilateral figure inscribed in a 
circle, and BK, DL be perpendiculars on the diagonal AC, 
shew that BK is to DL as the rectangle AB, EC is to the 
rectangle AD, DC, 

56. If a rectangular parallelogram be inscribed in a right- 
angled triangle, and they have the right-angle common, the 
rectangle, contained by the segments of the hypotenuse, is 
equal to the sum of the rectangles, contained by the segments 
of the sides about the right angle. 

57. If from the vertex of an isosceles triangle a circle be 
described, with a radius less than one of the equal sides, but 
greater than the perpendicular from the vertex to the base, 
the parts of the base cut off by it will be equaL 

58. Through a fixed point Jl on a circle, a chord AB is 
drawn, and produced to a point M, so that the rectangle con- 
tained by AB and AM is constant Find the locus of M. 

59. If two sides of a triangle be unequal, the sum of the 
greater side and the perpendicular upon it from the opposite 
angle is greater than the sum of tbe \eaa swSl^ «cA>iksa^^r^^- 
iicular upon it from the opposite ang\e. 
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00. From one angle of a triangle, perpendicalais are dropped 
on the external bisectors of the other two angles ; proYe that 
the distance between the feet of these perpendicalais is equal 
to half the sum of the sides of the triangle. 

61. Ay Bj P, Qy B, are fire points in the drcomference of 
a circle ; p, q, r, are the intersections of perpendicalais of the 
triangles ABP, ABQ, ABB respectively; proye that the 
triangles PQB, pqr are similar, equal, and similarly placed. 

62. AB, BE, CFtae perpendicalars from the angnlar points 
of a triangle on the opposite sides, intersecting in P. ProTe 
that the rectangle AP, BC is equal to the sum of the rectangles 
PE, AC and PF,AB. 

63. ABC is a triangle, and AB, AE, are drawn to points 
Bf Ef in the base, so as to make equal angles with AB^ AC, 
respectively. Shew that the square on AB is to the square on 
AGaa the rectangle BB, BE is to the rectangle CB, CE, 

64. Find a straight line, such that the perpendiculars, let 
Ml upon it from three given points, shall be in a given ratio 
to each other. 

65. Find a fourth proportional to three given similar 
triangles. 

66. If the sides of a triangle be bisected, and the points 
joined with the opposite angles, the joining lines shall divide 
each other proportionally, and the triangle, formed by the 
joining lines, and the remaining side, shall be equal to a third 
of the original triangle. 

67. Find the locus of a point, such that the distance between 
the feet of the perpendiculars from it upon two straight lines, 
given in position, may be constant. 

68. ABCB is a parallelogram, AC, BB diagonals. If 
parallel lines be drawn through A, C, and also through B, Df 
the diagonals of all parallelograms so formed will pass through 
the same point. 

69. OPQ is any triangle. OR \i\a^Q.\» PQ m R ; P^ST 
bisects OB in S, and cuts OQ *m T. ^V^^ >OBa.\» OQ^^^T^O'^. 
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70. If the side BQj of a triangle ABQy be bisected by a line, 
which meets AD and AG^ produced if necessary, in X> and E 
respectively^ shew that AB is to EC as AB is to BB, 

71. Two circles are drawn in the same plane, having a com- 
mon centre (7. If the tangent, at any point P of the inner 
circle^ meet the outer in Q, and be produced both ways to 
points A^ B, such that QA, QB, are each of them equal to QC, 
the area of the triangle CAB will be constant 

72. From P, a point without a circle, whose centre is C, 
two tangents PJl, PP, are drawn, and also a line, meeting the 
circle in D, and AB m E. li CF be perpendicular to PD, 
then FD is a mean proportional between FP and FE» 

73. Three circles touch the sides of a triangle ABC in the 
points where the inscribed circle touches them, and touch 
each other, in the points O^ H, K. Prove that AO, BH and 
CK meet in a point. 

74. If ABC be a right-angled triangle, and EF, parallel to 
PC, the hypotenuse, meet AB, AC in E, P, then EH, FL, 
AK being drawn perpendicular to PC, sh:w that the difference 
of the rectangles CK, CH and BL, BK is equal to the differ- 
ence of the squares on AB, AC, 

75. From a point A in the circumference of a circle two 
chords AB, AC are drawn, cutting off arcs greater than a quad- 
rant and less than a semicircle ; and from the extremity P of 
the greater chord, a line BD is drawn in a direction perpendi- 
cular to that of the diameter through A, and meets AC pro- 
duced in D. Shew that AD is to AB as AB is to AC 

76. Two circles intersect, and through a point of intersection 
two lines are drawn, terminated by the circumferences of both 
circles ; one of these lines remains fixed, while the other may 
have any position. Shew that the locus of the intersection of 
the lines joining their extremities is a circle. 

77. If the side BC of an equilateral triangle ABC be pro- 
duced to any point D, and AD be joined, and if a straight line 
CE be drawn parallel to AB, cutting AD in E, prove that the 
square on A B is to the rect DA^ DB aa t\v^ t^^jX., CFi^Ci^^SiNR. 
the square on DO. 
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78. In a triaDgle, rightHUi^ed at A, if tiie side AC be doable 
of ABy the angle B is more than doable the angle O. 

79. From the obtose angle of a triangle draw a line to the 
base, which shall be a mean proportional between the s^ments, 
into which it divides the base. 

80. ABy AC Ate two straight lines, B and C givf n points in 
the same ; BD is drawn perpendicular to ^O, and DE pe^ 
pendicolar to AlB ; in like manner CF is drawn perpendicolar 
to AB, and FG to AC. Shew that FO is parallel to Ba 

81. AB is the diameter of a circle, and CD a chord at li^t 
angles to it, ^ any point in CD. If AE and BE be drawn 
and produced to cut the circle in F and O, the quadrilateral 
FCOD has any two of its adjacent sides in the same ratio as 
the remaining two. 

82. ADEB is a semicircle ; AB the diameter ; DF, EO 
perpendiculars on the diameter ; C the centre of a circle, which 
touches the semicircle and these perpendiculars ; and CHu 
drawn perpendicular to the diameter. Shew that CH. is a 
mean proportional between A F and BG. 

83. Divide a straight line in a given ratio, and produce it 
so that the whole line thus produced shall be to the part pro- 
duced in the same ratio ; shew that the circle described on the 
line between the two points of section, as diameter, is such, 
that if any point of its circumference be joined with the ex- 
tremities of the given line, the straight lines so drawn shall 
also be in the given ratio. 

84 If any secant be drawn through the intersection of two 
tangents to a circle, and if the points of intersection be joined 
to the points of contact of the tangents, shew that the rect- 
angles under the pairs of opposite sides of the quadrilateral 
formed by the joining lines are equal 

85. Triangles on the same base, and with equal vertical 
angles, are to one another as the products of their sides. 

86. A line ACBD is divided, so that ^C is to OB as ^D is 
to DB. Shew that a BemicVrde, ^^cfOo^^ q«l CD\\a the lociw 

of P, snch that ^ P is to PB tvs AC \^ \.ci ei\. 
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87. If the two diagonals of a quadrilateral, inscribed in a 
rde, be given, shew that the quadrilateral is greatest, when 
lej are at right angles. 

88. ABC is a triangle, X>, j&r, the middle points of AB^ AC, 
id BE, CD, meet in ^ : a triangle is drawn, haying its sides 
irallel to AF, BF, CF» Shew that the lines, joining its angular 
oints to the middle points of its opposite sides, will be parallel 
> the sides of the triangle ABC 

89. A circle rolls within another, of twice its radius : if P be 
le point of contact, and A a given point of the rolling circle, 
*A will be constant in direction. 

90. Two circles intersect ; the line AHKB joining their 
sntres A, B, meets them in H, K. On AB is described an 
^uilateral triangle ABC, whose sides BC, AC intersect the 
ircles in F, E» FE produced meets BA produced in Q. 
hew that as GA is to OK, so is (aF to CE, and so also is GH 
^GB. 

91. ABC'iR^ triangle inscribed in a circle, and perpendiculars 
re drawn from any point in the circumference to the sides of 
be triangle. Prove that the points in which they meet the 
ides are in one straight line. 

92. An isosceles triangle has one of its equal sides a mean 
roportional between two sides of another triangle. If these 
NO sides include the same angle as the vertical angle of the 
losceles triangle, shew that the triangles are equaL 

93. Two triangles ABC, BCD, have the side BC common, 
le angles at B equal, and the angles ACB, BDC right angles, 
hew that the triangle ABC is to the triangle BCD as AB is 
)JBD. 

94 Given the straight line which is drawn from the vertex 
f an equilateral triangle to a point of trisection of the base, 
nd the side of the triangle. 

95. Straight lines being drawn from the angular points A, 
i, C, of a triangle through any the same point, so as to cut the 
pposite sides respectively in a, 6, c, shew that th^ xfifi^»s^s^<^ 
td. Be 18 to the rectangle Ac, JBa as Cb \f^ \x> Co. 
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ML ABCD is a qoadnhtenl immlwif in a ard^aiid its 
dbpxiak mtoBCci in #L SbevtlnttlieTeGtiii^AFyZDiBto 
the rectan^ £Fy FCm ^tMt sqnaze oa ilD is to the sqoaie 
on SCm 

97. ABCD is s qoadrilstaal figoze whose opposite ang^ 
axe noi supplemental ; tiie drde dfawrihed aboot ABD cots 
DC in Ej amd the eirde desczibed shoot BCB cuts AS in f, 
Sbew that the tziai^ ul^^ is eqaiaDgahr to die tnaDi^ .^^ 
and the tziang^ B(7^to the tziai^ ABD. 

98. ACB is a tziai^^ whereof the side AC is prodnoed to 
D nntil CD is eqoal to AC% and £D is joined: shewthat if 
any line drawn pondlel to AB eats the sides ^Cand CB^ and 
frnn die points of section lines be drawn pazsOel to DB^ these 
will meet AB in paints equidistant from its extzanitiesL 

99. A and B are fixed points, and ACj BD are perpendi- 
colazs on CD, a given strai^ line : ih» straight lines AD,BC, 
interaect in E, and EF is drawn perpendicular to CD. Shew 
that EF bisecte the an^ AFB. 

100. If be the centre of a circle circamscribed about the 
triaogle ABC, obtuse-angled at C, and if on OC as diameter a 
circle be described meeting AB in D and E^ then either CD or 
C^ shall be a mean proportional between the segments into 
which they respectively divide AB, 

101. The exterior angle CJBD of the triangle J^Cis bisected 
by the line BE, which cuts the base produced in E, Shew that 
the square on BE, together with the rectangle AB, BC, is 
equal to the rectangle AE, EC. 

102. ABCD is a quadrilateral figure inscribed in a circle ; 
BA, CD, are produced to meet in P, and AD, BC, are pro- 
duced to meet in Q. Prove that PC is to FB as QA is to QB, 

Also, shew that half the sum of the angles at P and Q is 
equal to the complement of the opposite angle ABC of the 
quadrilateral figure. 

103. Having given the vertical angle, and the ratio of the 
ndes containing it, and aAao t\ve ^\aAxv^\Ax Qit\.W ciccumscribiog 

circle, construct the triang\e. 
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104. From the centre of a giren circle draw a straight line 
to meet a given tangent to the circle, so that the segment of 
the line between the circle and the tangent shall be any required 
part of the tangent 

105. Find a point the distances of which from three given 
points not in the same straight line are proportional to |>, 9, r 
respectively, the four points being in the same plane. 

106. AB is the diameter of a circle, D any point in the 
drcomference, and C the middle point of the arc AD. If AC, 
AD, BCf be joined, and AD cut BC in E, the circle described 
about the triangle AEB will touch AC, and its diameter will 
be a third proportional to BC and AB, 

107. From a given point A a variable straight line is drawn, 
meeting a fixed straight line in P, and a point Q is taken on 
it so that the rectangle AP, AQ 'ib constant Find the locus 
oiQ. 

108. On a given base describe a rectangle, which shall be 
equal to the difference of the squares on two given straight 
lines, any two of the three given lines being together greater 
than the third. 

109. If the exterior angles of a triangle be bisected by 
straight lines, forming another triangle, shew that the two 
triangles cannot be similar, unless they be each equilateral. 

110. If ABC, A'BCf be similar triangles, and AB^A'Cf, 
shew the areas of the triangles are as J.0 to A'Bf, 

111. The alternate angles of a regular hexagon are joined: 
shew that the area of the hexagon formed by the intersections 
of the joining lines is one-third of the original hexagon. 

112. A triangle is divided by a straight line parallel to the 
base into two parts, the areas of which are as 1 to 8 : how 
does the straight line divide the sides ? 

113. The line AD is divided into three equal parts in the 

points B and C ; a circle is described with B as centre and 

BA as radius, and any circle cutting tbia \& dft'&^T>!(^^^\N^ ^ 

&8 centre. Shew that if a chord to \^o\iki >uiafe c\x^«^\ife tek^irsv 

21 
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firum A , through one of the points of intersection, it will be 
bisected by this point 

114. ABG is an acute-angled triangle, B and J* are the 
middle points of the sides AB and AQ, Shew that a line 
drawn from E^ equal to BA^ to meet the base, and another 
from jP, equal to EA^ also to meet it, will intersect the base 
at the same point. 

Hence explain how, by folding a piece of paper such as the 
triangle ABQ^ it may be 8he¥m that the three angles of a 
triangle are equal to two right angles. 

1 15. If ABG^ ADE be two equal triangles having the angles 
BAG^ DAE equal, and if they be placed so that BA^ AE are 
in a straight line, as also GA and AD ; and if BG^ DE be pro- 
duced to meet in F^ prove that FA will bisect CE and also 
BD. 

116. Within a circle, whose diameter is AB, another cirde 
is inscribed, touching the outer circle in Ay and passing 
through its centre 0. From a point JV, in AB, a line NQP is 
drawn perpendicular to AB, meeting the inner circle in Q, and 
the outer circle in P, AN being equal to one-sixth of AB. 
Prove that the duplicate ratio of NQ to NP is equal to the 
ratio of 2 to 5. 

117. Describe a square, which shall be equal to the sum of 
a given square and a given rectangle, a side of the given square 
being greater than half the difference of the two sides contain- 
ing the rectangle. 



BOOK XI. 

INTRODUCTORY REMARKS. 

In Book I. Def. 7.^ it is laid down that a Plane Surface is 
one in which, if any two points be taken, the straight line be- 
tween them lies wholly in that surfiEUje. 

This definition should be extended by the addition of the 
following words, and if the stradght line he produced, every point 
in the part produced will lie in the plane, 

Euclid professes to prove this in the first Proposition of 
Book XI., which is thus enunciated : " one part of a straight 
line cannot be in a plane, and another part out of the plane." 

But this has been assumed again and again in the proo& of 
earlier propositions ; thus, for example, we have called a circle 
ti plane figv/re, and having drawn any radius to a circle we have 
assumed that the radius, produced within the circumference, 
will meet the circumference. 

From the extended definition of a Plane Surface it follows 
that a straight line, which meets a plane, must either lie 
entirely in that plane, or meet it in one point only ; for if it 
met the plane in two points, it would lie entirely in the plane. 

The Definitions given at the commencement of Book xi. 
relate partly to Plane Surfaces and partly to Solid Figures. 
By a slight change in the order in which they stand in the 
Greek text, we obtain the advantage of arranging them in 
accordance with this twofold division. 

DEPINITIONa 

Relating to Plane Surfa^ces. 

I. A Plane Surfiice is one in which, if any two points be 
taken, the straight line between them lies wholly in that sur- 
face ; and if the straight line be produce^^ e^er^ ^<sv»X»\!&. *^^ 
part produced will lie in the plane. 
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II. When a straight line is at right angles to enefry straight 
line in a plane which meets it^ it is said to be perpendicular to 
the plane. 

Note,— It will be shown in Prop. nr. that when a straight 
line is at right angles to each of two other straight lines in 
a plane, which meet it, it is at right angles to eyeiy other 
straight line in the plane which meets it. 

III. A plane is perpendicular to a plane, when the straight 
lines, drawn in one of the planes perpendicular to the commoi) 
section of the two planes, are perpendicular to the other plane. 

IV. The inclination of a straight line to a plane is the acute 
aogle, contained by that straight line and another, drawn 
from the point at which the first line meets the plane, to the 
point at which a perpendicular to the plane, drawn from any 
point of the first line above the plane, meets the same plane. 

y. The inclination of a plane to a plane is the acute angle, 
contained by two straight lines, drawn firom any the same 
point of their common section, at right angles to it, one in one 
plane, and the other in the other plane. 

YI. Two planes are said to have the same inclination to one 
another, which two other planes have, when the said angles of 
inclination are equal to one another. 

VII. Parallel planes are such as do not meet one another 
though produced. 

Relating to Solid Figures, 

VIIL A Solid is that which has length, breadth, and thick- 
ness. 

IX. That which bounds a solid is a superficies. 

X. A Solid Angle is that, which is made by the meeting of 
more tb&D. two plane aag\ea,'^\ji^^'t^'c^^'^Vxv tke same plane, 

\t one point. 
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Definitions I. to X. are all that are required in the part of 
Book XI. included in this work. Those which follow are 
necessary to the explanation of some of the terms, which will 
be found in the Exercises and Examination Papers. 

XI. Similar solid figures are such, as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

XII. A Pyramid is a solid figure, contained by planes, which 
are constructed between one plane and one point above it, at 
which they meet. 

XIII. A Prism is a solid figure, contained by plane figures, 
of which two that are opposite are equal, similar, and parallel 
to one another ; and the others are parallelograms. 

XIV. A Sphere is a solid figure, described by the revolution 
of a semicircle about its diameter, which remains fixed. 

XY. The Axis of a Sphere is the fixed straight line, about 
which the semicircle revolves. 

XVI. The Centre of a Sphere is the same with that of the 
semicircle. 

XVII. The Diameter of a Sphere is any straight line, which 
passes through the centre, and is terminated both ways by the 
superficies of the sphere. 

XVIII. A Cone is a solid figure, described by the revolution 
of a right-angled triangle about one of the sides containing the 
right angle, which side remains fixed. If the fixed side be 
equal to the other side containing the right angle, the cone is 
called a right-angled cone ; if it be less than the other side, an 
obtuse-angled cone ; and if greater, an acute-angled cone. 

XIX The Axis of a Cone is the ftxed «\.Ti^'^\»\is>kfe^^wi^w 
which the triangle revolves. 
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XX. The Base of a Cone is the dide, described by that side, 
contaiiiing the right angle, which leyolves. 

XXI. A Cylinder is a solid figore, described by the revolu- 
tion of a rectangle about one of its sides, which remains fixed 

XXIL The Axis of a Cylinder is the fixed straight line about 
which the rectangle revolves. 

XXIII. The Bases of a Cylinder are the circles, described by 
the two revolving opposite sides of the rectangle. 

XXIV. Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. 

XXV. A Cube is a solid figure, contained by six equal 
squares. 

XXVI. A Tetrahedron is a solid figure, contained by four 
equal and equilateral triangles. 

XXVII. An Octahedron is a solid figure, contained by eight 
equal and equilateral triangles. 

XXVIII. A Dodecahedron is a solid figure, contained by 
twelve equal pentagons, which are equilateral and equiangular. 

XXIX. An Icosahedron is a solid figure, contained by twenty 
equal and equilateral triangles. 

XXX. A Parallelepiped is a solid figure, contained by six 
quadrilateral figures, of which every opposite two are parallel 

Postulate. 

Tjct it be granted that a piano may be made to pass through 
any given straight line. 
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Proposition I. Theorem. (Eucl. xi. 2.) 

If two straight lines meet one another j a plane can be drawn 
to contain boih ; and every plane containing both miLst coincide 
with the aforesaid plane. 



r 




Let the two st. lines AC, BC meet in C, 

Then a plane can be drawn to contain AG and BC. 
Let any plane EF be drawn to contain AC, Post. 

and let EF be turned about -4 C till it pass through B. 
Then •.* B and C are points in the plane EF, 

.'. BC lies in the plane EF. XI. Def. 1. 

AlsOf any plane containing AC and BCmust coincide with EF. 
For let Q be any point in a plane containing AC and BC. 
Draw QMN in this plane to cut BC, ACmM and N. 
Then '.• M and N are points in the plane EF, 

.*. Q is a point in the plane EF. XI. Def. 1. 

Similarly, any point in a plane containing AC, BC must lie 
in JE^^; 

and .'. any plane containing AC, BC must coincide with EF. 

Q. E. D. 



GoR. I. Hence it follows that a plane is compZetel'is dAt^^fTwvrwiA 
by the condition that it passes throaigli t^DO mlerwdrng ^Vcavjt^^* 
lines. 
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Cor. II. A straight line and a paint without the line determine 

a plane, 

rB 




Let AB be a straight line, and C a point without AB. 
Draw the st. line CD to any point D in AB. 
Then one plane can be drawn to contain AB and CD. XI. 1. 

.*. one AB and C. 

Again, any plane containing AB must contain D, 

.'. any plane containing AB and C must contain CD also. 
But there is only one plane that can contain AB and CD^ 

.'. there is only one plane AB and C. 

Hence the plane is completely determined. 

Cor. III. Three points, not in the same straight line, determine 
a plane. 

For let Af B, C be three such points (fig. Cor. 2). 
Draw the straight line AB. 

Then a plane, which contains A, B and C, must contain AB 
and C, 
and a plane, which contains AB and C, must contain A, Bj C. 
Now AB and C are contained by one plane, and one only, 

Cor. 2. 
.\ A, B, C are contained by one plane, and one only. 
Hence the plane is completely determined. 

Cor. IV. Tioo parallel lines determine a plane. 

For, by the definition of parallel lines, the two lines are in 
the same plane, and as only one plane can be drawn to contain 
one of the lines and any point Va. \i)aft ci>i3ti^x\\\i^^\^. V^^sw^ ihat 
»i7 one plane can be dw^m V> eoxv\a:\Tv\iQfOD.\vx«a.. 
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Proposition II. Theorem. (Eucl. xi. 3.) 

If two planes cut one another, thevr common section must he 
a straight line. 




Let AB and CD be two planes that cut one another. 
Then mixst their common section be a straight line. 

Let M and N be two points common to both planes. 

Draw the straight line MN. 

Then •.* M and N are common to both planes, 

.•. the St. line JOTlies in both planes. XI. Def. 1. 

And no point, out of this line, can be common to both planes. 

For, if it be possible, let P be such a point. 

But there can be but one plane common to the point P and 
the St. line MK XI. 1, Cor. 2. 

, •. P is not common to both planes. 

Hence every point in the common section of the planes lies 
in the straight line MN. 

Q. E. D. 

Note.-^The Propositions wblcb ioWorw w^ TMsc^^'t^ ^^^c 
Euclid. 
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Proposition IV. Theobeh. 

If a straight line stand at right angles to each of two straight 
lines, at the point of their intersection^ it must also he at right 
angles to the plane that passes through them. 




Let the st. line EF be ± to each of the st. lines ABy CD, 
at E, the pt. of their intersection. 

Then must EF he i. to the plane passing through AB, CD, 

Make AE, EB, CE, ED, all equal to one another, 
and through E, draw, in the plane in which AB, CD are, 
any st. line GEH, and join AD, CB. 

Take any pt. F, in EF, and join FA, FG, FD, FC, FH, FB. 
Then in A s AED, BEC, 

•.• AE=BE, and DE=CE, and z AED= l BEC, 1. 15. 
.-. AD=BC, and L DAE= l CBE, I. 4. 

Then in A s AEG, BEH, 
•.• z AEG = z BEH, and z GAE = z HBE, and AE=BE, 

.-. GE=HE, and AG=BH. I. b. p. 17. 

Then in A s AEF, BEF, 
\ ' AE= BE^ and EF is commoii, «:iv^ \\.. l AEF = rt z BEF, 
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So also, CF=DF 
Then in A s ADF, BCF, 
.• AD=BC, and AF=BF, and DF^CF 

.'. L DAF== L CBF. I. c. p. 18. 

Again, in As AFQ, BFH, 

•.• AF=BF, and AQ^BH, and z i^^G= z i'^If, 

.-. FQ^FH. I. 4. 

Then in ab FEG, FEE, 

\' GE=HE, and E-F is common, and FQ=^FH, 

.'.lFEG= aFEH, I. c 

./. EF ia± to GE. 

In like manner it may be shown that EF is ± to every st. 
line which meets it in tne plane passing through AB, CD. 

.\ EFis.iio the plane, in which AB, CD are. XL Def. 2. 

Q. S. D. 
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Proposition V. Theorem. 

If three straight lines meet aU at one point, and a straight 
line stand at right angles to eo/ch of them ai thai point, the thru 
straight lines must be in one and the same plane. 




Let the st. line AB be±to each of the st. lines BC, BD, 
BE, at B, the pt. where they meet. 

Then must BC, BD, BE be in one and the same plane. 

If not, let BD, BE be in one plane, and BC without it, and 
let a plane, passing through AB, BC, cut the plane, in which 
BD and BE are, in the st. Ime BF, XL 2. 

Then AB, BC, BF are all in one plane. 
And •.• ^^ is± to BD and BE, 

,', AB is± to the plane in which BD and BE are, XI. 4. 
and .*. AB is± to BF, a st. line in that plane. XI. Def. 2. 

Thus z ABF is a rt. z , 
and z ABC is a rt. z ; Hyp. 

.'.iABC^lABF, 
the less = the greater, which is impossible. 

.'. BC is not without the plane, in which BD, BE are, 

and ,\ BC, BD, BE aie in one ^sA the same plane. 

» 
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Proposition VI. Theorem. 

If two straight lines he at right angles to the same plane, they 
must he parallel to one another. 




Let the st. lines AB, CD be ± to the same plane. 

Then must AB he \\ to CD, 

Let AB, CD meet the plane in the pts. B, D, 

Join BB, and draw DEi. to BD, in the same plane. I. 11 

Make DE = AB, and join BE, AE, AD, 
Then *.• AB isx to the plane, 

. •. ^^ is ± to BD and BE, XL Def. 2. 

and .'. each of the z s ABD, ABE is a rt. z . 
So also, each of the z s CDB, CDE is a rt. z . 
Then, in A s ABD, EDB, 
-.' AB = ED, and BD is common, and rt. z ABD=Tt z EDB. 

.'.DA^BE, L4. 

Again, in A s ABE, EDA, 

'.' AB = ED, and BE = DA, and AE is common, 

.'. A ABE = I EDA, Lc. 

But z ABE is a rt. z ; 

.'. z EDA is a rt. z , 
and .*. ED is ± to AD. 
Thus ED is± to BD, AD, CD, at the pt. where they meet, 
and .'. BD, AD, CD are all in one plane. XL 5. 
But AB is in the plane, in which BD and AD are ; XL 1. 
and . *. AB, BD, CD are all in one plane. 
Then '.• each of the z s ABD, CDB is a rt. z , 

.-. ^5 is 11 to CD, V^^, 
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Proposition VIL Theorem. 

Ij two straight lines be pctrallel, the straight line drawn from 
any point in the one to any point in the other, is in the same 
plane with the parallels. 




Let AB and CD be parallel straight lines. 
Take any pts. E, F m AB and CD. 

Then must the st, line joining E a/nd Fhein the samie plane as 

AB, CD, 

If not, let it be without the plane, as EOF. 

In the plane ABCD, in which the parallels are, 

draw the st. line EHF from JS^ to 1^. 

Then the two st. lines EOF, EHF enclose a space, 

which is impossible. I. Post 5. 

.'. the St. line joining E and F cannot be out of the plane, 
in which the parallels AB. CD are. 

.'. it is in that plane. 

Q. E. D. 

Note. — We have proved this Proposition as Cor. rv. to 
Prop. I. 
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Proposition VIII. Theorem. 

If two straight lines be paraUel, and one of them he ai right 
angles to a planej the other must be at right angles to the same 
-plane. 




Let AB, CD be two || st. lines, 
and let one of them, AB, be ± to a plane. 

Then must CD be ± to the sa/me plane. 

Let ABy CD meet the plane in the pts. B, D ; and join BD: 
th^n AB, BD, CD are all in one plane. XI. 7. 

In the plane, to which AB is ± , draw DEl to BD, 

make DB^AB, and join BE, AE, AD. 
Then '.' AB is ± to the plane, 

. •. each of the i s ABD, ABE is a rt ^ ; XI. Def . 2. 
and •.• BD meets the || st lines AB, CD, 

.•. z s ABD, CDB together = two rt. i s, I. 29. 

and .'. I CDB is a rt, z , and CD is ± to BD, 
Then in the A s ABD, EDB, 
',' AB=ED, and BD is common, and rt. z ABD=rt. z EDB, 

.-. AD=EB, I. 4. 

Then in A s ABE, EDA, 

',' AB~ ED, and AE is common, and EB=AD. 

,\ I ABE « z EDA ; I, c. 

and .'. z EDA is a rt z . 
Hence ED is j. to DA, and it is also ± to BD, by constr., 

.'. ED is ± to the plane in which DA, BD «t^, "XV. '^^ 
and ,'.:^I>ia Lto DC, which Is in fVvay. v\a.iv^. "KV.'Xi^'v. "^L. 
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Hence CD is ± to BE. 
Now CD is ± to DB, 

.*. CD is X to the plane passing through 1>^,DJ5. XI. 4. 
/. CD is X to the plane to which AB is x . 

Q. E. D. 



Proposition IX. Theorem. 

Two straight lines, which a/re each of them parallel to the same 
straight line, and not in the same plane vnth it, are pa/raUel to 
one another. 



n 





Let AB, CD be each of them || to EF, 
and not in the same plane with it 

Then must AB he \\ to CD, 
In EF take any pt. (?. 

From G draw, in the plane ABEF, GH ± to EF, 
and, in the plane CDEF, GK i.to EF, 
Then *.• EF\ai.io GH and GKy 

,-, EF\&1. to the plane HGK ; 
and-.-j&^is || io AB, 

.', AB is ± to the plane HGK. 
So also CD is X to the plane HGK. 
,\ AB\a 11 to CD. 



1.11. 
XL 4. 

XL 8. 

XLS. 
XL 6. 



^'iK^i* 
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Proposition X. Theorem. 

If tioo straight lines meeting on^ another he parallel to two 
oiherSf thai meet one another, and are not in the same plane toith 
the first twOf the first two and the other two must contain equal 
angles. 




Let the two st. lines AB, BC, meeting at J5 in the plane ABC, 
be II to the st. lines DE, EF, meeting at E in the plane DEF, 

Then must l ABC = i DEF. 

Make BA = EDy and BC=^ EF, I. 3. 

and join AD, BE, CF, AC, DF, 
Then *.• AB is = and || to DE, 

.-. ^Dis = and||to£jE;. 
So also, CF is = and II to BE, 

.-. ^Dis=^andl|to CF, 
and .'. -40 is = and ll to DF, 
Then in A s ABC, DEF 

',' AB = DE, and BC = EF, and AC=DF, 

r. I ABC = I DEF, V^. 



1.33. 

Ax. 1 and XI. 9. 
1.33. 



22 



<^ ^.. ^. 
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Proposition XI. Problem. 

To draw a straight line perpendicular to a given plane, from 
a given point wiGumt it 




Let A be the given pt. without the plane BH, 

Jt is required to draw from A a st. line± to the pla/ne BH. 

In the plane, draw any st. line BC, 

and from A draw AD ± to BC. 1. 12. 

Then if -4 D be ± to the plane, what was required is done. 
If not, from D draw, in the plane BH, DF± to BC, I. 11. 
and from A draw AF± to DE : 1. 12. 

AF will be jl to the plane BH, 
Through F, draw GH \\ to BC. 1, 31. 

Then •.• BC is±to both AD and DB, 

,:BC is JL to the plane AFD ; XI. 4. 

and GH is || to BC, 
.-. GH is ± to the plane AFD, XI. 8. 

Hence GH is ± to the line AF in that plane ; XI. Def. 2. 

and .'. AF is±to GH. 
Also, AF is J. to DE, by construction ; 

. •. AF is ± to the plane passing through GH, DE, XI. 4. 
that is, AF is jl to the plane BH. 
Thus from A a line AF is drawn ± to the plane BH. 
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Proposition XII. Problem. 

To erect a straight line at right angles to a given plane, from 
a gi/ven point in the plane. 



Ji 




Let A be the given pt. in the given plane. 

It is required to erect a st, line from A ± to the pla/ne. 

From any pt. B, without the plane, draw BCi. to it, XI. 11. 
and from A draw AD || to BC, I. 31. 

Then '.• AD, BC are two II st. lines, 
of which BC is jl to the given plane, 
.*. AD is±to the plane, XI. 8. 

and a line has been erected from A±to the plane. 



Q, B. F. 
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Proposition XIII. Theorem. 

FT(ym the same point in a given plane, there cannot he two 
straight lines at righJt angles to the plane, upon the same side of 
it ; and there can he but one perpendicula/r to a plane from a 
point vdthont (he plane. 




If it be possible, let two st. lines AB, AC, he at rt. z sto 
a given plane, from the same pt. A in the plane, and upon the 
same side of it. 

Let a plane pass through AB, AC: the common section 
of this with the given plane, is a st. line, passing through 
A. XL 2. 

Let DAE be the common section of the planes. 

Then the st. lines AB, AC, DAE are in one plane. 

And •.* CA is at rt. z s to the given plane, 

.*. CA is at rt z s to every st. line that meets it in 
that plane, XI. Def. 2. 

and DAE, which is in that plane, meets it ; 

.'. z CAE is a rt. z . 

So also, z BAE is a rt. z . 

.'. z CAE = L BAE, in the same plane ; which is im- 
possible. 

Also, from a pt., without a plane, there can be but one 
perpendicular to that plane •, for if there could be two, they 
wovldi be parallel to one aiiot\ieiT •, 'w\v\Oci\^*vcK^^'&i^^. XI. 6. 
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Proposition XIV. Theorem. 

PlaneSf to which the same straight line is perpendicular, are 
parallel to one another. 




Let the st. line AB be± to each of the planes CD, EF. 

Then must CD he parallel to EF. 

If not, let them meet, and let the st. line GH be their com- 
mon section. 

In GH take any pt. K, and join AKy BK. 

Then •.* AB is± to the plane EF, 

. : AB is ± to BKf a st. line in that plane, XI. Def. 2. 

and .-. z ABK is a rt. z . 

So also, z BAK is a rt. z . 

Hence two z s of the A ABK are together = two rt. z s ; 
which is impossible. I. 17. 

.*. the planes CD, EF do not meet when produced, 

and .-. CD is 1| to EF, XI. Def. 7. 

Q. £. D. 
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Proposition XV. Theorem. 

If two straight linesy meeting one another^ he parallel to two 
other straight lines, which meet one another , hut are not in the 
sajne plane with the first two ; the plane, which passes through 
these, must he parallel to the plane passing through the others. 





Let AB, BC, two st. lines meeting one another, be || to DE, 
EF, which meet one another, but are not in the same plane 
with AB, BC. 

Then must the plane AG he \\ to the plane DF. 

From B draw BG ± to the plane DF, meeting it in G. XL H- 
Through G draw GH \\ to EB, and GK II to EF. I. 31. 

Then •.* BG is ± to the plane DF, 

.'. BG is J- to GH and GK, lines in that plane, 

XI. Def. 2. 
and .'. each of the z s BGH, BGK is a rt. z . 
Again •/ BA and GH are both |1 to ED, 
.'. BA is II to GH, 
and .'. IS GBA, BGH together = two rt. z s. 
But z BGH is a rt. z . 
.'. z GBA is a rt. z . 
Hence GB is ± to BA ; 

and GB is j. to BC, for the same reason ; 
.*. GB is i. to \\ie i^X^i^fe AG. XL 4. 

Also, GB is i. to tke ^Xaxife B¥ \ Constr. 

. •. the plane AQ is W to t\i^ ^X^^^^ X)1^ • "t^^^AV 



XL 9. 
L29. 
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Proposition XVI. Theorem. 

If two parallel planes he cut by another plane, their corrmum 
sections with it a/re parotid. 




A C 

Let the parallel planes AB, CD be cut by the plane EFHG, 
and let their coinmon sections with it be UFy OH. 

Then must EF he \\ to GH. 

If they be not ||, let them meet in K. 
Then *.• FF is in the plane AB, 

.*. jBC is a point in the plane AB. 
So also, ^ is a point in the plane CD. 

.*. the planes AB, CD meet, if produced. 
But they do not meet, for they are parallel 

.'. EF and GH do not meet, when produced. 
And EF, GH are in the same plane EFGH 

.'. EF ia \\ to GH. I. Def. 26. 

Q. E. D. 



XI. Def. 1. 
XI. Def. 1. 
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Proposition XVII. Theorem. 

If tico straight lines be cut by parallel planes^ they must he 
cut ill the same raXio, 




Let the st. lines AB^ CD be cut by the il planes 
GH, KL, MN in the pts. A,E,B\ 0, F, D. 

Then must AE be to EB as CF is to FD. 

Join ACy BD, AD. 

Let AD meet the plane KL in the pt. X; and join EX, XF. 

Then •.' the |l planes KZ, MN, are cut by the planie EBDX, 

.-. EX is II to BD. XL 16. 

And •.* the || planes GH, KL, are cut by the plane AXFC, 

.-. X^ is II to Aa XL 16. 

Now •.* EX is II to BD, a side of A ABD, 

.-. AE ia to EBaa AX is to XD ; VI. 2. 

and *.• XF is || to ^0, a side of A ADC, 

.-. JX is to ZD as C^is to FD. VI. 2. 

Hence AE ia to EBaaCFia to FD. V. 5. 

Q. E. D. 
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Proposition XVIII. Theorem. 

If a straight line he at right angles to a plane, every plane, 
which passes through it, must he at right angles to that plane. 




E K 




Let the st. line AB be ± to the plane CK. 

Then must every plane passing through AB he ± to 

the plane CK, 

Let any plane DE pass through AB^ and let CE be the 
common section of the planes DE, OK. 

Take any pt. F in CE. 

In the plane DE draw FG ± to CE. I. 11. 

Then •.* AB is± to the plane CK. 

.'. AB is± to CE, a st. line in that plane ; XI. Def. 2. 
and .*. z ABF is a rt. z . 
Now z GFB is a rt. z , by constraction ; 

.\ FG ia\\ to AB. L 28. 

And AB isxto the plane CK, 
.\ FG 13 ± to the plane CK. XL 8. 

Then *.• FG, a st. line in the plane DE, drawn ± to CE, 
the common section of DE and CK, is J. to CK, 

.'. the plane DE isi. to the plane CK. XL Def. 3. 

So it may be proved that all planes, which pass through AB, 
are ± to the plane CK. 
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Proposition XIX. Theorem. 

If two playies, which cut one another, he each of (hem perpefiir 
dicular to a third plane, their common section must be perpen- 
dicular to the same plane. 




Let the two planes AB, BC be each ± to a third plane, and 
let BD be the common section of AB and BC, 

Then must BD he ± to the third plane. 

If it be not, draw, in the plane AB, the st. line 

DE ± to AD, the common section of AB with the third 
plane ; I. 11. 

and draw, in the plane BC, the st. line DF jl to DC, the 
common section of BC with the third plane. I. 11. 

Then •.• the plane AB is± to the third plane, 
and DE is drawn in the plane ABjl to the common section, 
.-. D^ is± to the third plane. XI. Def. 3. 

So also, DF is± to the third plane. 

Hence, from the pt. D, two st. lines are drawn ± to the third 
plane, and on the same side of it; which is impossible. XI. 13. 

. •. no other line but BD caa\iQ i.\»o >iXi^ \3cixd ^lane at D ; 
, . '. BD is ± to the tliiid pVane. 
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Proposition XX. Theorem. 
If a solid angle he contained by three plane angles^ any tioo of 
them must he togetJier greater than the third. 




JB C 

liet the solid z at J. be contained by the three plane z s 
BAC, CAD, DAB, 

Any two of these must he together greater than the third. 
If the z s BAC, CAD, DAB, be all equal, any two of them 
are together greater than the third. 

If they are not equal, let BAC be that z , which is not less 
than either of the other two, and is greater than one of them, 
DAB. 

At A, in the plane passing through AB, AC, make 
z BAB = z DAB, I. 23. 

and make AE=AD, and through E draw the st. line BEC, 
cutting AB, AC, in the pts. B, C ; and join DB, DC, 
Then in a s ABD, ABE, 

'.' AD = AE, and AB is common, and z BAD = z BAE, 
,;DB=^BE. 1.4. 

Then *.• DB, DC together are greater than BC, I. 20. 

and DB=BE, a part of BC, 
.*. DC is greater than EC, 
Then in A s ADC, AEC, 

'.' AD=AE, and ACia common, and DC greater than EC, 
.; L DAC is greater than z EAC I. 25. 

Also, by construction, z DAB = z BAE, 

.-. z s DAC, DAB together are greater than z s BAE, 
EAC together ; 
that is, z s DAC, DAB together are greater than z BAC. 
Again, z BAC is not less than either ott\i<^ l^BACS.»\^a:s>^ 
and , : z BJ C with either oi t\iem \a ^^\«t ^«sjL*OBfe ^Siasst, 
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Proposition XXL TnEOREai. 

Every solid angle is contained hy plaiu angles, which are 
together less than four right angles. 




First, let the solid ii at J. be contaiiied by three plane z s 
BAC, CAD, DAB, 

These shall be together less than four right angles. 

Take, in each of the st. lines AB, AC, AD, any points 
B, €y Dy and join BC, CD, DB. 
Then •.• the solid z at 5 is contained by the three plane 

I s CBA, ABD, DBC, 
.-. z s CBA, ABD are together greater than z DBC. XI. 20. 
So also, z s BCA, ACD are together greater than z BCD, 
and z s CDA, ADB are together greater than z CDB. 
.-. the six z s CBA, ABD, BCA, ACD, CDA, ADB are 
together greater than the three z s DBC, BCD, CDB, and 
are .*. together greater than two rt. z s. 

Again, •.* the three z s of each of the A s ABC, ACD, ADB 

are together equal to two rt. z s, I. 32. 

.-. the nine z s CBA, BAC, ACB, ACD, CDA, DAC, ADB, 

DBA, BAD are together equal to six rt. z s ; and of these 

the six z s CBA, ACB, ACD, CDA, ADB, DBA, have 

been proved to be together greater than two rt. z s, 

and ,% the three l s BAO, CAD, DAB,^^:^^ ^^\i5^\sv nJw^ 

atAf are to/^ether less than iout t\,. l ^. 
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Next, let the solid l at J. be contained by any number of 
plane l s BAC, CAD, DAE, EAF, FAB, 

These must he together less than four rt, L 8, 




Let the planes, in which the i a are, be cut by a plane, and 
let the common sections of it with those planes be BC, CD, 
DB, EF, FB, 

Then •." the solid z at 5 is contained by the three plane 
z sCBA, ABF, FBC, of which any two are together greater 
than the third, XL 20. 

.-. z s CBA, ABF are together greater than z FBC 

So also, the two plane z s at each of the pts. C, D, E, F, 
which are at the bases of the A s having the common vertex A, 
are together greater than the third z at the same pt., which 
is one of the z s of the polygon BCDEF, 

.'. all the z s at the bases of the A s are together greater than 
all the z s of the polygon. 

Now all thezs of the as together = twice as many rt. z s 
as there are as, that is, as there are sides in the polygon 
BCDEF: L 32. 

and all the z s of the polygon, together with four rt. z s, 
together = twice as many rt. z s as there are sides in the 
polygon. I. 32. Cor. 1 

.'. all the z s of the as together = all the z s of the polygon 
together with four rt. z s. 

But all the z s at the bases of the A s have been proved to be 
together greater than all the z s of the polygon ; 

.*. all the z s at the vertex A ate tog|fe\\i"erc\Be!&^3BS)Svl<5k^ l^- 
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Miscdlaneofu Exercises on Bock XL 

1. If two straight lines in one plane, be equally inclined to 
another plane, they will be equally inclined to the common 
section of the two planes. 

2. Two planes intersect at right angles in the line AB ; from 
a point in this line are drawn OE and CF in one of the 
planes, so that the angle ACE is equal to BCF, Shew that 
CE and CF will make equal angles with any line through in 
the other plane. 

3. ABC is a triangle ; the perpendiculars from A, B, on the 
opposite sides, meet in i), and through D is drawn a straight 
line, perpendicular to the plane of the triangle ; if E he any 
point in this line, shew that EA, BC ; EB, CA ; and EC, AB : 
are respediyely perpendicular to each other. 

4. A number of planes have a common line of intersection : 
what is the locus of the feet of perpendiculars on them from a 
given point ? 

6. Two perpendiculars are let fall from any point on two 
given planes : shew that the angle between the perpendiculars 
will be equal to the angle of inclination of the planes to one 
another. 

6. If perpendiculars AF, A'F, be drawn to a plane from 
two points A^ A', above it, and a plane be drawn through A 
perpendicular to AA\ its line of intersection with the given 
plane \& perpendicular to FF\ 

7. Prove that equal straight lines drawn from a given point 
to a plane are equally inclined to the plane. 

8. Prove that the inclination of a plane to a plane is equal 
to the angle between the perpendiculars to the two planes. 

h 9, From a point above a pVam^ Xtnq ?\rracv^\»\\s:kfc^ ^jca drawn, 
lie at right angles to t\ie pUiie, ^«\i^ o'^^t ^\. tv^\» ^5ns^«. 
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to a given line in that plane : shew that the straight line join- 
ing the feet of the perpendiculars is at right angles to the given 
line. 

10. In how many ways may a solid angle be formed with 
equilateral triangles and squares 7 

1 1. Two planes are inclined to each other at a given angle. 
Cut them by a third plane, so that its intersections with the 
given planes shall be perpendicular to each other. 

12. ABy AC, ADy are three given straight lines, at right 
angles to one another. AE \a drawn perpendicular to CD, and 
BE is joined. Shew that BE is perpendicular to CD, 

13. Two walls meet at any angle. Shew how to draw on 
their surfaces the shortest line joining a point on one to a point 
on the other. 

14. Straight lines are drawn from two points to meet each 
other in a given plane. Find when their sum is the least 
possible. 

16. If two parallel planes be cut by a third plane in the 
straight lines AB, ah, and by a fourth plane in the straight 
lines AC, ac respectively, the angle BAC will be equal to the 
angle hoc, 

16. If four points be so situated, that the distance between 
each pair is equal to the distance between the other pair, prove 
that the angles subtended at any one point by each pair of the 
others are together equal to two right angles. 

17. Give a geometrical construction for drawing a straight 
line, which shall be equally inclined to three straight lines, 
meeting at a point. 

18. A triangular pyramid stands on an equilateral base. The 
angles at its vertex are right angles. The square on the per- 
pendicular from the vertex on the \»a^ Sa w\fe->QKs^ ^^^ 'visis^ 
square on either of the edges. 
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19. If one of the plane angles, forming a solid angle, be a 
right angle, and the sum of the other two be eqnal to two right 
angles, and a plane be drawn, cutting off equal lengths from 
the two edges, containing the right angle, the sum of the 
squares on the three straight lines, subtending the plane 
angles, will be double of the squares on the three edges, con- 
taining them. 

20. If P be a point in a plane, which meets the containing 
edges of a solid angle in A^ B, 0, and be the angular point, 
shew that the angles POA, FOB, POO are together greater 
than half the angles AOB, BOO^ 00 A, together. 



BOOK XIL 

LEMMA. 

If from the greater of two unequal magnitudes of the same 
kiiid there be taken more iha/n its half, and from the rema/inder 
more than its half and so on, there must at length remain a 
magnitude less than the smaller of the proposed magnitudes. 

Let A and B be two unequal magnitudes of the same kind, 
of which A is the greater. 

Then if from A there he taken more tha/n. its half, a/ndfrorri 
the remainder more than its half, a/nd so on; there m/ust aJt 
length remain a magnitude less than B, 

Take a multiple of B, as mB, greater than A ; and divide A, 
by the process indicated^ taking from it a magnitude greater 
than its half, and from the remainder a magnitude greater than 
its half, and carry this process on till there are m division?, 
and call the parts successively taken away 

0, A ^, F ^ 

Now mB=B, B, B repeated m times, 

and A is greater than the sum of C,D,E,„,Z m in number. 

Then Z, the last remainder, must be less than B, 

For if not, since each of the preceding remainders is greater 

than Z, each of them would be greater than B, and the sum of 

Cy D Z would therefore be greater than mB \ that is^ A 

would be greater than mBy which is contrary to the hypothesis. 

.•. Z 18 less than B. 
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Proposition I. Theorem. 

Similar jjolygons inscribed in circle are to <yne another as the 
squares on the diameters of the circles. 





Let ABODE, FGHKL be similar polygons inscribed in two 
® s, and let BM and GN be diameters of the ® a. 

Then must polygon ABCDE he to polygon FGHKL 
(w sq. on BM is to sq. on GN, 

Join AM, BE ; FN, GL. 

Then A BAE is equiangular to A GFL. 

.'. L AEB = L FLG, 
But L AMB— L AEB, in the same segment, 
and L FNG = l FLG, in the same segment, 

.-. z AMB=^ I FNG. 
also, z J?-4M= z GFN, each being a rt. z , 
.-. A ABMi^ equiangular to A FGN, 
.'. AB is to BM BsFGia to GN, 
and .'. AB is to FG&& JBMis to GN. 

.'. the duplicate ratio of AB to FG ==the duplicate ratio 
of BM to GN. V. 21. 

But polygon ABCDE has to polygon FGHKL the dupli- 
cate ratio of AB to FG. VI. 21. 
And sq. on BM has to sq. on GN the duplicate ratio of 
BM to GN. VI. 21. 
.-. polygon ABCDE is to polygon FGHKL as sq. on BM 
28 to sq. on GN. V. 5. 



VI. 21. 



III. 21. 



III. 31. 

VI. 4. 

V. 15. 



^^x^. 
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Proposition II. Theorem. 

Circles are to one another as the squares on their diameters. 







Let ABCDy EFQH be two ©s, and BD, FH their 
diameters : 

Then nmst © ABGD he to © EFGH as sq. on BD 

is to sq, on FH, 

For, if not, sq. on BD must be to sq. on FH as © ABCD 
is to some space either less than © EFGH, or greater than it. 

First, if possible, let it be as © ABCD is to a space S less 
than © EFGH. 

In © EFGH describe the square EFGH. IV. 6. 

This square is greater than half of the © EFGH. 

For the sq. EFGH is half of the square, which can be 
formed by drawing straight lines to touch the circle at the 
points E, F,G,H; and the square thus formed la ^^"^X.^'t *^^8isx 
the ®; 

. sq. EFGH is greater t\iaii laaii oi tV^ <5:> • 
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Bisect the arcs J^J^, FG, GH, HE at the pts. K, L, M, A', 
and join EK, KF, FL, LG, GM, MB, HN, NE. 

Then each of the A s EKFy FLG, GMH, HNE, is greater 
than half of the segment of the circle in which it stands. 

For A ^JO' = half of the O, formed by drawing a si line 
to touch the at K, and parallel st. lines through E and jP; 
and the £U thus formed is greater than the segment FEK\ 

.'. A EKF is greater than half of the segment FEK, and 
similarly for the other A s. 

.*. sum of all these triangles is greater than half of the sum 
of the segments of the , in which they stand. 

Next, bisect EK, KF, etc., and form A s as before. 

Then the sum of these A s is greater than half of the sum of 
the segments of the , in which they stand. 

If this process be continued, and the A s be supposed to be 
taken away, there will at length remain segments of s, which 
are together less than the excess of the EFGB. above the 
space 8y by the Lemma. 

Let segments EK, KF, FL, LG, GM, MB, HN, NE be 
those which remain, and which are together less than the 
excess of the of the above 8, 

Then the rest of the © , i.e, the polygon EKFLGMHN, is 
greater than 8. 

In ABGD inscribe the polygon AXBOGFDB similar to 
the polygon EKFLGMHN. 

The polygon AXBOGFDB is to polygon EKFLGMHN as 
sq. on BD is to sq. on FH, XIL 1. 

that is, as ABGD is to the space 8. Hyp. and V. 6, 

But the polygon AXBOGFDB is less than ABGD, 

.'. the polygon EKFLGMHN la less than the space S; V. 14 
but it is also greater, which is impossible ; 

. *. sq. on BD is not to sq. on FH as ABGD is to any space 
loss than EFGH. 
In the same way it may \)e ii\iQ>^ni ^Oaa^ 
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sq. on ¥K is not to sq. on BD as © EFGH is to any space 
less than © ABCD. 

Nor is sq. on BB to sq. on FH as © ABCD is to any space 
greater than © EFGH. 

A 







For, if possible, let it be as © ABCD is to a space T, greater 
than © FFGH. 

Then, inversely, sq. on FH is to sq. on BD as space T is 
to © ABCD, 

But as space T is to © ABCD so is © EFGH to some 
space, which must be less than © ABCD, because space T is 
greater than © EFGH. V. 14. 

.*. sq. on FH is to sq. on BD as © EFGH is to some space 
less than © ABCD ; which has been shewn to be impossible. 

.*. sq. on BD is not to sq. on FH as © ABCD is to any 
space greater than © EFGH 

And it has been shown that 

sq. on BD is not to sq. on FH as © ABCD is to any 
space less than © EFGH, 
.\ sq. on BD is to sq. on FH as ABCD Sa\ic> Qi "E.^^^- 
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Fap&rs on Euclid {Books VI., XI., and XIL) set in the 
Cambridge Mathematical Tripos, 

1849. VI. 4. Apply this proposition to prove that the rect- 

angle, contained by the segments of any 
chord, passing through a given point within 
a circle, is constant. 

XI. II. Prove that equal right lines, drawn from a 
given point to a given plane, are equally 
inclined to the plane. 

1850. VI. 10. AB is a diameter, and P any point in the cu> 

cumference of a circle ; AP and BP are 
joined and produced, if necessary ; if from 
any point C of AB a perpendicular be drawn 
to ABy meeting AP and BP in points D 
and E respectively, and the circumference of 
the circle in a point Fy shew that CD is a 
third proportional to CE and CF, 

1861. VI. 3. If A, By C be three points in a straight line, 

and D a point, at which AB and BC subtend 
equal angles, show that the locus of the 
point i) is a circle. 

XI. 8. From a point E draw EC, ED perpendicular 
to two planes CAB, DAB, which intersect 
in AB, and from D draw DF perpendicular 
to the plane CAB, meeting it in Fi shew 
that the line, joining the points C and F, 
produced if necessary, is perpendicular to 
AB, 

1862. VI. 2. If two triangles be on equal bases, and between 

the same parallels, any line, parallel to their 
bases, wiH c\i\» oS fec\\\a3L «t^^ from the two 
triangles. 
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2. XI. 11. ABCD is a regular tetrahedron, and, from 

the vertex A, a perpendicular is drawn to 
the base BCD, meeting it in : shew that 
three times the square on -4 is equal to twice 
the square on AB. 

3. Ti. 6. If the vertical angle 0, of a triangle ABC, be 

bisected by a line, which meets the base in 
Dy and is produced to a point E, such that 
the rectangle, contained by CD and CE, is 
equal to the rectangle, contained hy AC and 
CB : shew that if the base and vertical angle 
be given, the position of -S is invariable. 

XI. 21. If BCD be the common base of two pyramids, 
whose vertices A and J.' lie in a plane pass- 
ing through BC, and if the two lines AB, AC, 
be respectively perpendicular to the faces 
BA'D, CA'D, prove that one of the angles at 
A, together with the angles at A', make up 
four right angles. 

4. VI. 16. EA, EA' are diameters of two circles, touching 

each other externally at jE7 ; a chord AB of 
the former circle, when produced, touches the 
latter at C, while a chord A'B of the latter 
touches the former at C : prove that the rect- 
angle, contained by AB and A'B', is four 
times as great as that contained by BC and 
B'C. 

XI. 20. Within the area of a given triangle is described 
a triangle, the sides of which are parallel to 
those of the given one : prove that the sum 
of the angles, subtended by the sides of the 
interior triangle, at any point, not in the plane 
of the triangles, is less than the sum of the 
angles, subtended at the same point by the 
sides of the exterior triangle. 

i5. VI. 2. A tangent to a circle, «k\. \\i^ -^ydX* A^'-vsXK^'Si^ji^ 
two parallel tangen^a m B, C,^^ ^«v^^^ ^ 
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contact of which with the circle are D, B^ 
respectively : shew that if BB^ CD, intersect 
in Ff AF is parallel to tho tangents BDy CE. 

1855. XI. 16. From the extremities of the two parallel straight 

lines AB^ CD, parallel lines Ack^ Bh, Cc, Dd, 
are drawn, meeting a plane m€t,h,eyd: prove 
that AB is to CD as a6 is to c(2, taking the 
case, LD which A, B, Cy D axe on the same 
side of the plane. 

1856. VI. Def. 1. Enunciate the propositions, which prove 

that in the case of triangles the conditions of 
similarity are not independent 

XL 11. Shew that the perpendicular, dropped from the 
vertex of a regular tetrahedron upon the 
opposite base, is treble of that dropped from 
its own foot upon any of the other bases. 

1857. VI. 19. Any two straight lines, BW, 0(7, drawn parallel 

to the base D!/, of a triangle ADI/, cut 
AD in B,C, and AU in jB', C ; BCT, B'G, 
are joined, prove that the area AB(7 or 
AB^C varies as the rectangle, contained by 

BB\ca. 

XL 16. A triangular pyramid stands on an equilateral 
base, and the angles at the vertex are right 
angles : shew that the sum of the perpendi- 
culars on the facbii, from any poiat of the 
base, is constant. 

1858. vi. 15. Find a point m the side of a triangle, from 

which two lines, drawn one to the opposite 
angle, and the other parallel to the base, shall 
cut off, towards the vertex and towards the 
base, equal triangles. 

XI. 11. Two planes intersect : shew that the loci of the 
points, from which perpendiculars on the 
planes ate ftc^u-aV \» «. ^^«b. ^Njwa^t line, are 
straight Wtvea •, wA ^i^Qa^.iwa ^^$ss^<b^ ^ssss^Xr, 
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drawn, each passing through two of these 
lines, such that the perpendiculars, from any 
point in the line of intersection of the given 
planes, upon any one of the four planes, shaU 
be equal to the given line. 

59. VI. 31. Shew that, on a given straight line, there may 

be described as many polygons of different 
magnitudes, similar to a given polygon, as 
there are sides of different lengths in the 
polygon. 

XI. 20. Three straight lines, not in the same plane, 
intersect in a point, and through their point 
of intersection another straight line is drawn 
within the solid angle formed by them : prove 
that the angles, which this straight line makes 
with the first three, are together less than the 
sum, but greater than half the sum of the 
angles which the first three make with each 
other. 

160. VI. A. If the two sides, containing the angle, through 

which the bisecting line is drawn, be equal, 
interpret the result of the proposition. 
Prove from this proposition and the preceding, 
that the straight lines, bisecting one angle of 
a triangle internally, and the other two ex- 
ternally, pass through the same point. 

xj. 17. If three straight lines, which do not all lie in 
one plane, be cut in the same ratio by three 
planes, two of which are parallel, shew that 
the third will be parallel to the other two, if 
its intersections with the three straight lines 
are not all in one straight line. 

561. VI. 6. From the angular points of a parallelogram 

ABCD, perpendicviiXaia wt^ ^^s»:wcl ^ts. *viw^ 
diagonals, meetmg VJtieai m ia»'E<>^'>^ "^ 
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spectively ; prove that EFGH is a parallelo- 
gram similar to ABCD. 

1861. XI. 12. Shew that the shortest distance between two 

opposite edges of a regular tetrahedron is 
equal to half the diagonal of the square, de- 
scribed on an edge. 

1863. Yi. 1. Lines are drawn from two of the angular points 

of a triangle, to divide the opposite sides in 
a given ratio ; prove that the line, joining 
the third angular point with the point of in- 
tersection of these two lines, either bisects 
the opposite side, or divides it in a ratio 
which is the duplicate of the given ratio. 

XI. 21. If four points be so situated that the distance 
between each pair is equal to the distance 
between the other pair, prove that the angles 
subtended at any one of these points by each 
pair of the others, are together equal to two 
right angles. 

1863. YT. 4. The internal angles at the base of a triangle, and 

the external angle at the vertex, are bisected 
by straight lines ; prove that the three points, 
in which these straight lines meet the oppo- 
site sides respectively, lie on one straight 
line. 

Ki. 17. If each edge of a tetrahedron be equal to the 
opposite edge, the straight line, joining the 
middle points of any two opposite edges, 
shall be at right angles to each of those 
edges. 

1864. VI. 23. If one parallelogrdm have to another parallelo- 

gram the ratio, which is compounded of the 
ratios of their sides, the parallelograms shall 
be equiangular. 

XL 12. On a giveii ec\\xWsA,ct?iJL \>T^^!cci^le describe % 
regular tetxaJaedtoTu 
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1866. VT. 19. The opposite sides, BA^ CD of a quadrilateral 

ABCDy which can be inscribed in a circle, 
meet, when produced, in ^ ; jP is the point 
of intersecti/*^ of the diagonals, and EF 
meets AD in : prove that the rectangle 
EA, ^P is to the rectangle EDy DCasAO 
is to GD. 
XI. 16. In the triangular pyramid ABCD, AB is at 
right angles to CD, and -40 to ^JD : prove 
that AD is at right angles to BC 

1866. VI. 4. ABC is an isosceles triangle ; AE is the perpen- 
dicular from A on the base BC; D is any 
point in AE ; and CD produced meets the 
side AB at F : shew that the ratio of AD to 
DE is double of the ratio of AF to FB. 

x[i. 1. Give an outline of Euclid's demonstration that 
circles are to one another as the squares on 
their diameters. 

1807. VI. A. Each acute angle of a right-angled triangle and 

its corresponding exterior angle are bisected 
by straight lines meeting the opposite sides ; 
prove that the rectangle, contained by the 
portions of those sides intercepted between 
the bisecting lines is four times the square on 
the hypotenuse. 

SI 21. Two pyramids are described, the one standing 
on a square as a base, the other on a regular 
octagon, the vertex of each being equally 
distant from the angular points of its base ; 
if this distance be the same for each pyramid, 
and the perimeters of the bases be equal, 
prove that the plane angles, containing the 
solid angle at the vertex of the former, are 
together greater than the plane angles, con- 
taining the solid angle at the vertex of the 
latter. 
1868. VI. 2. Without assuming 0117 «v3LV>^%Q^'ec\» ^^«^g«®iH^^^5vv., 

prove that the eqvxiaxi^QXswL \x\»si^«^ '^s^. «^v.«^ 
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of ihe figures of this proposition, are to each 
other in the duplicate ratio of the sides oppo- 
site to the equal angles. 

1868. XI. 11. Of the least angles, which a given line in one 

plane makes with any line in another plane, 
the greatest for different positions of the 
given line is that which measures the inclina- 
tion of the two planes. 

1869. XI. 20. If be a point, within a tetrahedron ABCDy 

prove that the three angles of the solid angle, 
subtended by BCD at 0, are together greater 
than the three angles of the solid angle at A, 

1870. VI. 16. Two straight lines are given in position, and a 

third straight line is drawn so as to cut ofiF 
a triangle equal to a given triangle ; through 
the middle point of this third side is drawn 
a straight line in a given direction, termin- 
ated by the two given straight lines : prove 
that the rectangle under the segments of the 
intercepted part is constant. 

XI. 7. In a tetrahedron each edge is perpendicular to 
the direction of the opposite edge ; prove 
that the straight line joining the centre of 
the sphere, circumscribing the tetrahedron, 
to the middle point of any edge, is equal and 
parallel to the straight line joining the centre 
of perpendiculars to the middle point of the 
opposite edge. 

1871. Yi. 2. ABC is a triangle, and lines -40, BO, CO cut 

the opposite sides in D, ^, ^ ; if EF cut BC 
in G, prove that ^JD is to DO as 5(3^ is to 
GC, 

XI. U. The perpendiculars from the angular points of 
a tetrahedron on the opposite faces meet in a 
point : prove that the necessary and sufficient 
condition ioi t\iL\a \a >iXia.\. 'Coa ^\\n& of the 
squares on pma oii o^^Q^\\ft ^^^^%\i^ ^n^aJiu 
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1872. VI. 2. Draw through a point a straight line, so that the 

part of it intercepted between a given straight 
line and a given circle may be divided at the 
given point in a given ratio. Between what 
limits must the ratio lie in order that a 
solution may be possible ? 

XI. 20. If the opposite edges of a tetrahedron be equal 
two and two, prove that the faces are acute- 
angled triangles. Prove also that a tetra- 
hedron can be formed of any four equal and 
similar acute-angled triangles. 
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